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A  RELATIVISTIC  THEORY  OF  QUANTA 

By  D.  J.  Stbuik  and  Noibbbt  Wibnw 

Introduction 

It  is  the  purpose  of  the  present  paper  to  develop  a  form  of  the 
theory  of  relativity  which  shall  contain  the  theory  of  quanta,  as 
embodied  in  Schrodinger’s'  wave  mechanics,  not  merely  as  an 
afterthought,  but  as  an  essential  and  intrinsic  part.  The  mathe¬ 
matical  theory  underlying  our  work  is  Cotton’s  theory  of  the 
differential  invariants  of  linear  partial  differential  equations  of 
the  second  order*  We  arrive  at  the  possibly  startling  con¬ 
clusion  that  there  is  an  intimate  and  direct  connection  between 
the  Einstein  field  equations  and  the  Pock-E)e  Donder  form*  of 
the  Schrodinger  wave  equation  in  general  relativity. 

The  fundamental  idea  of  the  Einstein  theory  b  that  the  laws 
of  physics  should  be  stated  in  a  form  invariant  under  a  general 
point-transformation  of  space-time,  or  in  other  words,  in  tensor 
form.  In  order  for  such  a  theory  to  assiune  a  content,  there 
must  be  certain  fundamental  physical  tensors  of  the  universe  to 
which  it  applies.  Einsteip  takes  as  his  fundamental  tensor  a 

iSee  the  various  memoirs  which  SchrOdiiwer  has  collected  into  hk  “Abhaad- 
lungen  sur  Wellenmechanik”  (Leipzig,  J.  A.  Barth,  1927). 

*£.  Colton,  Sur  les  invariants  diif^imtieb  de  qudques  Aiuations  linMras 
aux  d^v^  partielles  du  second  ordre.  Ann.  Ec.  Norm.  Sup.  (3)  17  (19(X0, 
pp.  211-244. 

Cf.  also  r.  lAoi  Cioita,  Sulla  trasformazione  delle  equazioni  lineari  a  derivate 
parziali  del  secondo  online.  Atti  R.  1st.  Veneto  3a,  ser.  15,  tomo  72  (1912-13), 
pp.  1331-1357. 

As  we  shall  point  out,  these  papers  contain  the  potentiality  of  the  entire 
Weyl  theory  of  linear  connection.  TI^  have  not,  however,  exerdaed  an 
influence  on  the  development  of  relativity  and  of  qtiantum  theory.  Recently 
7^.  Do  Donder  and  G.  von  Lerberghe  have  publiued  a  note  in  which  they 
devdop  a  portion  of  Cotton’s  theory  for  application  to  quantum  theoiy 
(Th4om  invariantive  des  ondes  (PrenuSte  communication)  Aouldnie  Royafe 
de  Belgique,  Clasae  des  sdencee,  5e  wMo,  tome  XIII,  pp.  191-200).  Thev 
do  not  seem,  however,  to  be  aware  of  the  existence  cf  Cotton’s  prior  work 
on  the  subject. 

tv.  Foci.  Uber  die  invariante  Form  der  Wellen-und  der  Bewegungs- 
gleichungen  fOr  einen  geladenen  Massenpunkt.  Ze.  fdr  PhysOc  39  (1926),  pp. 
2^232. 

Tk.  Do  Donder.  Bull.  Clasae  des  Scteoas,  Acad.  Roy.  de  Belgique,  sdaooe 
du  5  f^vrier  et  du  5  mars  1927,  comp,  also  his  book  "The  mathonatical 
theory  of  relativity,"  published  by  Mass.  Inst,  of  Techn.,  1927,  x+lOS  p. 
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second  order  covariant  tensor  gj^,  which  determines  “interval”  in 
the  universe  in  accordance  with  the  definition 

ds*^'^gj^dx^dx^.  (0.1) 

This  tensor  determines  the  kinematical-gravitational  properties 
of  the  universe. 

So  long  as  the  universe  is  conceived  as  an  assemblage  of  particles 
in  motion,  the  concept  of  interval  is  natural.  It  was  at  once  appar¬ 
ent,  however,  that  electromagnetic  phenomena  require  the  intro¬ 
duction  of  other  non-gravitational  tensors.  These  tensors  occupy 
a  secondary,  extra-geometrical  position  in  the  first  fcirms  of 
Einstein’s  theory.  It  is  the  service  of  Weyl  to  have  introduced  a 
more  general  form  of  geometry  in  which  the  roles  of  electricity 
and  of  gravity  are  equally  recognized. 

Weyl’s  geometry  has  been  shown  to  generate  a  unique  Einstein 
gravitational  field  and  a  unique  associated  electromagnetic  vector. 
This  is  done  through  the  introduction  of  the  idea  of  natural  gauge.* 
That  is,  the  physical  significance  of  the  Weyl  theory  is  not  so  much 
the  invention  of  a  new  type  of  geometry  and  physics  as  the  dis¬ 
covery  of  a  new  approach  to  the  Einstein  physics  and  the  Riemann 
geometry.  In  a  world  of  mixed  gravitational  and  electromagnetic 
phenomena,  a  particular  phenomenon  does  not  have  its  gravita¬ 
tional  and  electromagnetic  parts  separately  labelled.  Weyl’s 
theory  gives  us  a  rule  for  dissecting  the  gravitational  and  the 
electromagnetic  aspects  of  the  world  away  from  one  another. 

There  are,  however,  two  difficulties  in  the  Weyl  theory.  The 
first  is  that  the  Weyl  linear  connection  is  but  one  among  a  vast 
congeries  of  such  connections,  and  that  its  preferred  position  is  in 
need  of  explanation.  If  a  Weyl  physics,  why  not  an  Eddington 
physics,  a  Schouten  physics?  The  second  and  by  far  the  more 
important  difficulty  is  that  in  addition  to  gravitational  and  electro¬ 
magnetic  phenomena,  the  world  contains  a  third  class,  that  of 
quantum  phenomena,  and  that  the  Weyl  theory  contains  no 
place  for  these. 

Thus  the  need  for  a  new  theory  appears:  that  is,  for  a  method 
of  dividing  the  mixed  gravitational-plus-electromagnetic-plus- 

*11.  Weyl.  Raum.  Zeit,  Materie,  4.  Aufl.  1921,  p.  289,  oomp.  A.  S.  Edding- 
ton,  The  mathematical  theory  of  relativity,  2d  ed.  (1924),  p.  207. 
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quantum  phenomena  of  the  world  into  their  three  parts,  and  of 
defining  the  entities  with  which  the  Einstein  and  the  Maxwell 
theories  deal.  It  is  natural  to  seek  for  a  suggestion  of  the  form  of 
such  a  theory  in  that  modification  of  the  theory  of  quanta  which 
has  recently  made  the  greatest  progress:  that  is,  in  the  Schrodinger 
wave  mechanics.  This  theory  finds  that  the  central  phenomenon 
of  what  we  know  as  the  motion  of  a  single  electron  in  an  electro¬ 
magnetic  field  of  force  is  a  wave  motion  represented  by  a  certain 
second  order  linear  homogeneous  differential  equation  of  the 
properly  hyperbolic  type  in  four  independent  variables.  The 
question  thus  arises,  can  we  proceed  from  an  equation  of  this 
type  to  an  unambiguous  definition  of  a  gravitational  and  an  electro¬ 
magnetic  field?  This  question  we  shall  answer  in  the  affirmative. 
We  shall  further  discuss  the  effect  of  the  Einstein  field  equations 
on  the  form  of  the  original  wave  equation.  In  other  words,  w’e 
shall  cany  the  Weyl  theory  of  natural  gauge  one  step  further, 
and  shall  thus  provide  a  place  for  quantum  phenomena.  We 
shall  indeed  explain  why  it  is  that  just  the  Weyl  type  of  linear 
connection  is  physically  important. 

It  may  be  interesting  to  trace  the  history  of  the  Schrodinger 
theory.  It  owes  its  inception  to  the  brilliant  suggestion  of  de 
Broglie,  that  the  quantum  principle  of  the  selection  of  certain  orbits 
is  due  to  interference  effects  from  a  wave  accompanying  the 
motion  of  an  electron,  in  such  a  manner  that  the  electron  moves 
along  a  ray  of  the  wave.*  Schrodinger’s  step  was  to  discard  the 
particle-electron  altogether,  and  to  account  for  the  selection  of 
certain  specific  levels  of  energy  by  the  moving  electron,  by  the 
theory  of  the  characteristic  functions  of  a  linear  partial  differential 
equation.  The  first  form  of  the  Schrodinger  theory  was  non- 
relativistic,  but  both  Schrodinger  and  de  Broglie  soon  modified 
it*  so  as  to  make  it  include  the  phenomena  of  restricted  relativity. 

The  non-relativistic  Schrodinger  equation  could  be  employed  to 

■L.  de  Broglie.  Recherches  sur  la  thdorie  des  quanta.  Annales  de  Physique, 
lOe  sMe,  3  (1925),  pp.  22-128.  This  paper  was  preceded  by  several  notes 
in  the  Comptes  Rendus. 

*£.  Sckrddinger.  Qtiantisierung  als  Eigen wertproblem.  Vierte  Mitteilung- 
Annalen  der  Phytik  (4)  V(d.  81  (1926),  pp.  109-1^.  Book  referred  to  sub.  ('), 
pp.  139-169. 

L.  de  Broglie.  Les  principes  de  la  nouvelle  m5canique  ondulatoire.  Journal 
de  Physique  (6)  7  (19^),  pp.  321-337. 
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give  an  account  of  the  Stark  and  the  Zeeman  effects.  To  this  end, 
Schrodinger  developed  a  form  of  the  theory  of  pertubations.  On 
the  other  hand,  the  so-called  fine  structure  of  the  lines  of  the 
hydrogen  atom  is  a  relativistic  effect  even  in  the  Bohr-Sommerfeld 
particle  mechanics  theory.  However,  when  Schrodinger  attempted 
to  use  his  relativistic  theory  to  account  for  the  fine  structure,  he 
was  met  with  the  difficulty  that  while  his  wave  theory  gave  a  fine 
structure,  it  gave  half  quantum  numbers  for  the  so-called  azimuthal 
number.  As  there  was  a  certain  amount  of  evidence  that  the  real 
azimuthal  quantum  numbers  should  have  half  values,  which  are 
masked  by  a  phenomenon  of  the  nature  of  the  Goudsmid  and 
Uhlenbeck  spinning  electron,  Schrodinger  did  not  regard  this 
difficulty  as  fatal.  Recently  Epstein’  has  carried  through  in 
detail  the  mathematical  analysis  of  the  fine  structure,  using  a 
special  case  of  Schrodinger’s  relativistic-magnetic  generalized 
equation  as  his  starting  point.  He  supposes  that  the  field  of 
force  in  which  the  hydrogen  electron  moves  is  not  that  of  a  mere 
electrostatic  point-charge,  but  has  superimposed  on  it  a  certain 
small  magnetic  dipole.  He  obtains  the  correct  energy  levels,  but 
his  work  has  been  criticized  in  so  far  as  the  determination  of  the 
intensities  of  the  hydrogen  lines  is  concerned.  This  criticism  prob¬ 
ably  concerns  the  interpretation  of  his  results  more  than  the 
differential  equation  which  he  chooses.  It  may  be  said  at  any 
rate  that  Schrodinger’s  relativistic-magnetic  equation  has  proved 
adequate  for  the  discussion  of  all  the  quantized  orbits  of  the  single 
charged  particle  under  sp>ecial  relativity. 

We  have  already  cited  the  papers  of  Klein  and  De  Donder 
which  accomplish  the  transition  to  general  relativity.  Neither  of 
these  papers  derives  the  fundamental  gravitational  tensor  from 
the  Schrodinger  equation  itself,  but  starts  instead  with  a  given 
metric.  Although  De  Donder  and  Van  Lerberghc  devote  a  later 
p)aper  to  a  preliminary  discussion  of  the  invariantive  theory  of 
the  Schrodinger  equation,  they  do  not  proceed  to  the  stage  of 
our  “normalization  theory,”  which  is  the  analogue  of  the  Weyl 
theory  of  natural  gauge.  In  this  pap)er,  however,  the  quantum 

^P.  Epstein.  The  magnetic  dipole  in  undulatory  mechanics.  Proc.  Nat. 
Acad.  Sc.  U.  S.  A.  13  (1927),  pp.  232-237.  Comp,  also  C.  F.  Richter.  The 
hydrogen  atom  with  a  spinning  electron  in  wave  mechanics.  Ib.  pp.  476- 
479. 
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theory  and  relativity  are  both  derived  from  the  invariant  theory 
of  a  single  differential  equation. 

To  outline  our  procedure:  we  shall  reconstruct  the  essential 
features  of  the  Cotton  invariant  theory.  We  shall  develop  our 
theory  of  normalization,  and  shall  give  a  physical  interpretation 
of  the  coefficients  of  our  normalized  equation.  We  shall  discuss 
the  meaning  of  the  Einstein  field  equations,  as  applied  to  the 
Schrodinger  equation.  We  shall  discuss  the  Kaluza-Fock-Klein 
five-dimensional  quantum  theory.*  We  shall  show  that  it  is  merely 
the  homogeneous  theory  corresponding  to  our  fundamental  equa¬ 
tion,  which  is  non-homogeneous  in  order.  We  shall  show  that  it 
is  equivalent  with  our  theory  except  in  the  important  respect, 
that  it  does  not  admit  of  a  theory  of  normalization. 

We  shall  finally  make  some  general  remarks  concerning  the 
problems  of  two  and  more  bodies,  outlining  what  seem  to  us  to 
be  promising  modes  of  attack. 


Part  I.  The  Mathematical  Theory* 

§1.  The  Fundamental  Form.  We  consider  an  expression  in  n 
independent  variables  x",  v  =  l,  2,  .  .  .  ,  n  of  the  form 


(1.1) 


Here  Oa  and  Oo  are  functions  of  the  only.  All  functions  con¬ 
sidered  in  this  paper  are  to  be  continuous  with  continuous  first 
and  second  derivatives  over  the  region  over  which  we  consider 
them. 

The  given  form  (1.1)  is  called  the  fundamental  form.  If  these 
variables  are  transformed  into  another  set 


V=y'(z«,  ** . z")  (1.2) 

•  Th.  Kaluwa.  Zur  UnitAtsproblem  der  Physik.  Sitzungsberichte  Berliner 
Akademie,  Physik.-Mathem.  Classe  1921,  pp.  966-972. 

0.  Klein.  Quantentheorie  und  funfdimensionale  Relativit&tstheorie.  Zs. 
ftir  Phys.  37  (1926),  pp.  895-906. 

V.  Fock,  1.  c.  sub.  *. 

*  In  Part  I  we  give  a  sketch  of  Cotton’s  theory  of  a  linear  partial  differential 
equation  of  the  second  order. 


6 


STRUIK  AND  WIENER 


with  non-vanishing  determinant  D: 

.-1-1.0, 


(1.3) 


the  fundamental  form  is  changed  into  another  form  of  the  same 
construction 


(1.4) 


The  equations  connecting  the  old  and  the  new  coefficients  are 


(1.5) 

(1.6) 

'oo-oo. 

(1.7) 

By  definition,  a  contravariant  vector  is  a  system  of  components 
»'  which  are  transformed  under  the  transformations  (1.2)  according 
to  the  rule 


(1.8) 


We  thus  see  from  (1.5)  that  the  coefficients  behave  like  the 
components  of  a  contravariant  tensor,  and  in  accordance  with 
this,  we  write  g''  in  place  of  a^.  Our  law  of  transformation  now 
reads 


l***.fl 


Kit 


dxT  dx' 


(1.9) 


We  see  from  (1.6)  that  the  a*  do  not  behave  like  the  components 
of  a  contravariant  vector,  inasmuch  as  the  first  term  of  the  right- 
hand  member  appears  in  their  equations  of  transformation.  It 
is,  however,  not  difficult  to  derive  from  the  a*  a  more  complicated 
expression  with  vector  character,  provided  that  A,  the  determinant 
of  the  g***,  does  not  vanish.  That  is. 
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Under  this  hypothesis,  there  exists  a  covariant  tensor 
Minor  of  in  A 


and  a  covariant  differential  operator 

V  ill.  ^ 

dxT 


(1.11) 


(1.12) 


where 


1^1 


'•'-S-siTK 


are  the  Christoffel  symbols  of  the  second  order  with 


(1.13) 


respect  to  the  gi^^. 

Let  us  now  consider  the  generalized  Laplacian  of  ijt: 

A,  H  A.  M  A,(», »  ^  ^ 

-_4=  V— 

where  g“A"*  is  the  determinant  of  the  We  see  that  (1.1) 
can  be  written  as  follows: 

F(i/.)=at^+ 

From  (1.14)  and  (1.4)  we  can  deduce  the  fact  that  the  coefficients 
of  ^  in  this  equation  have  the  character  of  the  components  of  a 
contravariant  vector.  We  shall  call  this  vector— 2p*;  so  that: 

o*®*’ 


We  may  also  write  this  in  the  form 

1 

2  4 


-f 

jA  V' 
ay  2  av 


(U6b) 


I 
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By  introducing  in  (1.14),  we  may  write  our  fundamental  form 
in  the  invariant  way 

«,(,)=  □,(,-22 (116), 

A 

This  gives  us 

Theorem  I.  A  fundamental  form  F(\l/)  determines  a  contra- 
variant  tensor  g**  and  a  scalar  function  Oo.  If  the  determinant  of 
the  g***  does  not  vanish,  it  also  determines  a  covariant  tensor  gx^  and 
a  contravariant  vector  p*'. 

From  p*‘  we  then  may  derive  the  covariant  vector 

“  (1.17) 

§2.  The  Fundamental  Equation.  We  now  consider  the  invari- 
antive  theory  of  the  equation 

(2.1) 

under  those  transformations  of  the  form  (1.2)  which  satisfy 
(1.3).  This  is  equivalent  to  the  conformal  theory  of  the  funda¬ 
mental  form.  Equation  (2.1)  is  called  the  fundamental  equation. 
We  suppose  that  g  does  not  vanish. 

Let  us  subject  the  fundamental  form  to  the  conformal  trans¬ 
formation 

'F(i/»)-/?F(iA)  (2.2) 

where  F  is  a  function  of  the  n  variables  Then 

(2.3) 

'oo  “  Roo 

may  be  shown  to  follow  from  equations  (1.6)  that  in  any  geometry 
of  paths  determined  by  a  set  of  where  a  form  (1.1)  is  introduced,  the 
laws  of  transformation  of  rlii  assume  the  same  form  as  that  which  is 
assumed  by  our  a*.  If  we  restrict  the  by  the  equation 

*»• 

the  fundamental  form  f(W)  may  be  written 

where  the  V  a  represent  covariant  differentiation  with  respect  to  the  1^ , 
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and  the  determinant  of  the  gx^  is  transformed  according  to  the 

formula: 

'g-IT’g. 

(2.4) 

As 

'ax ’“Rax 

(2.5) 

and 

(2.6) 

we  find 

y-Rf/- 

4  oxr 

(2.7) 

In  (2.6)  and  (2.7)  we  follow  the  now  familiar  custom,  and  omit 
the  sign  Z  where  two  identical  indices  occur  in  the  same  term 
underneath  and  we  shall  adhere  to  this  practice  in  the  future. 
From  (2.7)  and  (2.3)  we  obtain 

(2.8) 

4  0)r 


That  is,  is  altered  by  an  additive  term  which  is  a  gradient  func¬ 
tion.  Now,  the  linear  connection  introduced  by  Weyl'*  is  determ¬ 
ined  by  a  vector  <f>^  and  a  tensor  which  are  subject  to  the 
following  transformations: 


/JL  _JL  3 logo- 

i?- 


If  we  put  O’  —  /T*  and  <f>^ 
and  (2.8).  Hence 


4 

n-2 


p^,  we  obtain  our  formulas  (2.3) 


Theorem  n.  A  fundamental  equation  F(</>)“0  determines  in  a 
unique  way  a  linear  connection  of  the  Weyl  type,  with  metrical  tensor 
4 

and  gauge  vector  — -  p^. 

n—2 

The  last  term  in  F(</»)  —0  has  no  influence  on  the  Weyl  connec¬ 
tion.  Indeed,  it  may  even  vanish  without  affecting  this  con- 
nection.“ 

l*Cf.  e.g.,  H.  Weyl,  Raum,  Zeit,  Materie,  (Berlin  J.  Springer)  4e  Auflage 
1921,  p.  260. 

uSuch  aquations  have  been  considered  by  T,  Levi  Cimta,  I.  c.  sub  *. 
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[  We  thus  see  that  the  scalars  and  tensors  belonging  to  the  Weyl 

I  connection  are  uniquely  determined  by  the  fundamental  equation. 

[  As  examples  we  may  mention,  if  the  Weyl  Rienmnn-Christoffel 

curvature  tensor  is  G^,  the  Weyl  contracted  curvatiu’e  tensor 
and  the  Weyl  curvatxire  scalar  G.  This  latter  is,  however, 
I  not  an  absolute  invariant  with  respect  to  a  conformal  transforma¬ 

tion.  It  is  defined  by  the  formula 


n—2  n—2 

~K+4—(V.pr-p,ir)“ 

n  —  2 


(2.10) 


where  K  is  the  curvature  scalar  of  the  gj^,  and  its  law  of  trans¬ 
formation  under  a  conformal  transformation  is 


'G-^RG.  (2.11) 

It  follows  from  this  equation  and  (2.5)  that  every  linear  com¬ 
bination  of  G  and  Oo  has  the  same  law  of  transformation: 

'G+rao~R(G+Iao).  (2.12) 

Here  I  can  assume  the  value  of  any  invariant  with  respect  to  the 
transformation  in  question. 

The  curl  of  p),  is  also  an  absolutely  invariant  tensor,  since  we 
have  by  (2.8)  under  transformations  (2.2) 


9'pk  _  _  dpi,  dp^ 

a'x*  d'x*  ~  dx^  dx*  ■ 


(2.13) 


This  bivector  is  proportional  to  the  alternating  part  of  the  con¬ 
tracted  Weyl  curvature  tensor.'* 

I 

§3.  The  Nonnalization  of  the  Fundamental  Equation.  As  the 
solutions  of  the  fundamental  equation  are  not  changed  by  the 
multiplication  of  the  equation  with  any  function  R  of  the  x', 
we  may  so  determine  that  the  eqxiation  assumes  a  normal  form. 

l*Cf.  A.  S.  Eddington,  The  Mathematical  Theory  of  Rdativity.  Cam- 
bridae,  University  Pnm,  2d.  ed.,  1924,  p.  206. 

l4Bddington,  loc.  cit.  Cf.  e.g.,  J.  A.  Schouten,  Der  Rkd  KalkUl,  Berlin, 
J.  Springer,  19^,  p.  219. 
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A  natural  mode  of  normalization  is  sugf^ested  by  equation  (2.12). 
Let  us  determine  R  so  that  G-\-I(h  assvimes  a  given  value  V : 

R{G+Iao)~V  (3.1) 


G~i~  Ida 


In  the  normalized  equation; 


K+i*i-liv^ir-p^pr)+iao~  V. 
n—2 


We  may  hence  write  it  in  the  form 


+  i[v-  (3.4) 


If  we  put 


we  get 


□.(.-2#.*  ^  ( V-/o]-/-0.  (3.6) 


A  special  case  of  (3.6)  is 


which  gives  us 


□.(.-2/^,  +\p,pr-'p,tr+\!^(C-lci\<l,-o.  (3.8) 

oz  L  4  J  j 

C  is  here  any  constant  other  than  0,  which  is  not  admissible. 
Equation  (3.7)  means  that  for  the  normalized  equation,  we  have 
in  accordance  with  (2.10): 

(7+4  — oo-C  (3.9) 

n-2 


n—2 
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We  may  sum  up  the  facts  of  this  paragraph  in 

Theorem  III.  If  g^O,  we  may  normalize  our  fundamental 
equation  by  means  of  a  multiplicative  factor  determined  as  in  (3.2). 
The  normalized  equation  determines  a  unique  Riemannian  geometry 
and  abo  a  unique  vector  field  superimposed  on  it.  The  scalar  held 
belonging  to  the  equation  is  no  longer  independent,  but  becomes 
a  function  of  the  given  tensor  and  vector  fields**. 


§4.  The  Normalization  of  the  Dependent  Variable.  Besides 
the  point  transformations  of  the  coordinates  and  the  multiplica* 
tion  of  the  fundamental  form  by  an  arbitrary  function  of  the 
coordinates,  there  is  another  transformation  which  leaves  invariant 
the  form  of  the  fundamental  equation.  This  is  the  multiplication 
of  the  dependent  variable  by  an  arbitrary  function  of  the  coordi¬ 
nates.  Let  this  function  be  S.  The  fundamental  form  then 
becomes 

FiSiji)  -  □  -  2p*  ^  +  OoS^lf.  (4.1) 

dx 

We  shall  not  consider  this  form  directly,  but  the  related  form 


5-‘F(5i^)- 

(ao-25-y  ^  -h5-‘D5)i^ 
(4.2) 

which  leads  to  the  same  fundamental  equation  as  (4.1).  Under 
this  transformation  we  have  the  following  relations 

'g^~g^  (4.3) 

'  .  ^  ^  ^  dxT  (4.4) 

'ao-ao-2p*5“*— ,  (4.6) 

Bx 

(4.6) 


Hence 


'•An  alternative  theory  of  normalization  has  been  given  by  7*.  Levi  Civile 
Ooc.  dt.).  This  theory,  however,  does  not  seem  to  be  adapted  to  the  needs 
of  quantum  theory. 
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It  follows  from  (4.6)  together  with  (3.10)  (which,  by  the  way, 
completely  characterizes  our  normalization)  that  this  normaliza¬ 
tion  is  not  in  any  way  influenced  by  the  transformation  (4.2). 
On  the  other  hand,  our  vector  is  modified  by  the  addition  of  a 
gradient. 

(5.  The  Invariant  Adjoint  Equation.  In  the  theory  of  the 
solution  of  such  partial  differential  equations  as  our  fvmdamental 
equation,  a  certain  related  equation  known  as  the  adjoint  is 
introduced.  The  equation  generally  known  by  this  name  is, 
however,  not  invariantly  related  to  the  original  equation  under 
the  multiplication  of  the  equation  by  a  function  of  the  coordinates 
and  under  point  transformations  of  these  coordinates.  In  our 
invariant  theory,  we  consider  the  fundamental  eqiiation  with 
respect  to  the  general  manifold  of  the  x”,  in  which  we  define  a 
Weyl  or  Riemannian  displacement  by  the  intrinsic  properties  of 
the  equation.  On  the  other  hand,  the  classical  definition  of  the 
adjoint  presupposes  a  given  Euclidean  space  in  which  the  x*  lie. 
It  is  only  in  this  space  that  the  classical  adjoint  has  an  invariant 
meaning. 

It  is,  however,  a  simple  matter  to  define,  not  only  for  the 
equation,  but  also  for  thq  fundamental  form,  a  new  adjoint  in 
which  the  only  metric  is  the  intrinsic  metric  of  this  form.  As  in 
(1.16),  we  write 

F(^)=  □  ^  +  a<^.  (5.1) 


We  now  consider  the  new  expression 

Gi^fi)=^^+2p^  +  (2Vxf>*+ao)i^.  (5.2) 

dx 

We  readily  deduce  the  identity  for  two  functions  u  and  s  of  the 
x': 

uF(z) -aGiu)^unz-znu- 2p*^« ^  -f- x - 2(VaP*)«<.  (5.3) 
Hence 


uF(z)-zGiu)~V^ir 


(5.4) 
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where 


Bz  Bu  _ 

BxT  BxT 


(5.5) 


^7  As  uF(z)—z^iu)  is  the  divergence  of  a  vector,  we  can  apply  the 
integral  identity 


.dtr 


(5.6) 


where  dt  is  the  invariant  volume  element  of  a  bounded  domain  of 
the  n-dimensional  manifold,  d<r  the  invariant  volume  element  of 
the  («  — l)-dimensional  boundary,  and  n'  the  vector  perpendicular 
to  this  boundary  in  the  sense  pertaining  to  the  given  metric  and 
directed  towards  the  outside. 

Thus  it  appears  that  (7(i/i)  may  be  considered  as  the  adjoint 
form  of  F(i/»).  We  call  it  the  invariant  adjoint  of  F(i/»).**  In  the 
same  way  G'(i/»)«*0  is  then  the  invariant  adjoint  equation  of 
F(V»)»0. 

The  invariant  adjoint  of  the  normalized  equation  (3.6)  is 

(5.7) 

Bx  L  4n  — 1  J 

It  differs  from  (3.6)  only  by  the  change  of  the  sign  of  p^.  Hence 
the  fundamental  equation  in  its  invariant  form  is  self-adjoint 
when  and  only  when  p^  *  0.*’ 


Part  n.  The  Physical  Theory 

§6.  The  Fundamental  Equation  of  Wave  Mechanics.  It 

seems  that  the  most  elementary  phenomenon  in  nature  is  what 
we  are  accustomed  to  call  the  motion  of  an  electron.  What  we 
may  term  the  classical  notion  of  the  electron  envisages  it  as  a 
small  charged  particle  of  matter  which  in  some  way  or  other 
moves  like  a  very  small  material  sphere  under  the  influence  of 
certain  forces.  In  this  paper  we  shall  free  ourselves  entirely  from 
this  conception,  and  shall  follow  Schrodinger  in  defining  the 
Cotton,  1.  c.,  Cf.  De  Donder-Van  Lerberghe,  1.  c. 

If  we  introduce  a  connection  of  the  type  considered  in  footnote  10,  every 
fundamental  equation  is  self-adioint.  For  such  a  connection  we  must  replace 
(5.0)  by  the  integral  identity  belonging  to  this  connection.  See  e.g.,  Schouten, 
Der  Ricci  Kalkul.  (Berlin,  Springer,  1924),  Ch.  II. 
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motion  of  an  electron  as  a  wave  phenomenon  in  foiir  independent 
variables,  determined  by  the  equation 

where 

(6.2) 

and  where  the  ff  rm 

gx^dx^di^  has  signature  -|-  -h  +  —  (or - h)  (6.3) 

Then  the  equation  F(i/»)*0  is  of  the  normal  hyperbolic  type 
(Hadamard). 

Under  conditions  (6.2)  and  (6.3)  the  solutions  of  the  funda¬ 
mental  equation  are  determined  by  their  initial  values  and  the 
initial  values  of  their  derivatives  on  a  given  three-dimensional 
hypersurface  which  does  not  contain  differential  elements  deter¬ 
mined  by  the  characteristics 

=  (6.4) 

This  means  that  if  we  interpret  a  particular  hypersurface  of  this 
sort  as  all  space  at  a  particular  instant,  and  take  our  remaining 
variable  to  be  the  time,  th.e  value  of  i/i,  a  solution  of  the  funda¬ 
mental  equation,  is  determined  by  its  values  at  all  points  of  the 
world  at  a  particular  time  and  by  their  rate  of  change.  This  is 
the  law  of  causality  which  underlies  the  classical  Newtonian 
physics.  No  other  type  of  homogeneous  linear  differential  equa¬ 
tion  than  (6.1),  with  the  auxiliary  conditions  (6.2)  and  (6.3),  is 
compatible  with  a  causality  of  this  type. 

As  we  have  shown  in  the  preceding  paragraphs,  (6.1)  and  (6.2) 
define  a  Weyl  geometry  in  which  determines  the  metrical  con¬ 
nection  and  px  the  electromagnetic  potential.  That  is,  (6.1)  and 
(6.2)  yield  us  a  certain  uniquely  defined  quadratic  tensor  and  a 
certain  uniquely  defined  vector.  Einstein  has  given  us  a  physical 
interpretation  for  a  tensor  of  this  sort  as  the  gra\4tational-metrical 
field  of  the  universe,  and  Minkowski  has  shown  us  how  to  interpret 
a  vector  as  an  electromagnetic  potential.  Inasmuch  as  our  tensor 
and  oiu-  vector,  in  accordance  with  (2.3)  and  (2.8),  are  related 
by  the  laws  of  a  Weyl  geometry,  all  the  arguments  which  Weyl 
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adduces  to  render  his  world-geometry  plausible  may  be  used  to 
support  our  interpretation  of  these  two  quantities. 

Furthermore,  whereas  the  Weyl  connection  is  only  one  of  a 
large  number  of  possible  linear  connections,  so  that  its  preferred 
position  is  a  little  hard  to  understand,  our  theory  accounts  for 
it  as  an  inevitable  consequence  of  the  law  of  causality  of  the 
universe,  combined  with  the  assumption  that  the  fundamental 
facts  of  nature  are  of  a  linear  character. 

At  a  later  stage  of  his  theory,  Weyl  returns  to  the  Einstein 
theory  with  a  fixed  gxtt  Rnd  a  fixed  To  this  end  he  assumes  a 
“gauge  equation.”  This  idea  may  be  introduced  into  wave 
mechanics  in  the  following  way. 

Replace,  in  our  theory,  this  gauge  equation  by  the  normaliz¬ 
ation  condition  (3.7).  We  choose  this  condition  as  the  simplest 
assumption  we  can  make  to  determine  V.  We  are  manifestly 
unable  to  put  V— 0.  A  more  general  V  would  lead  to  the  same 
physics,  but  a  more  complicated  mathematics.  This  is  the  first 
point  at  which  the  constant  C  makes  its  app>earance,  and  here 
it  is  absolutely  essential.  Let  us  choose  the  fimction  V  so  that  the 
normalization  takes  place  in  accordance  with  the  formulas  (3.8) 
and  (3.10).  Let  us  further  assume  that  in  the  normalized  equation, 

A'-O.  (6.6) 

This  is  certainly  true  whenever  we  may  assume,  being  the 
contracted  Riemann-Christoffel  tensor  belonging  to 

(6.6) 

Einstein’s  law  for  empty  space.  We  then  have,  after  (3.10): 

V^pr-p^pr+ao~Ci'*  (6.7) 

where  Ci  is  a  constant  given  a  priori.  We  shall  call  this  constant 
the  quantitation  constant  and  (6.5)  the  quantum  condition.  Then 
the  normalized  fundamental  equation  becomes 

(6.8) 

ox 

1  For  at  “O,  we  have  the  normalization  ^uation  of  the  Weyl  geometry,  if 
wetake  K  equal  to  a  constant  in  (6.5).  This  last  assumption,  however,  does 
not  modify  our  theory.  See  A.  S.  Eddington,  l.c.  sub*,  p.  206. 


I 

J 


A  RELATIVISTIC  THEORY  OP  QUANTA 


17 


and  determines  a  fixed  metrical  field  a  fixed  electromagnetic 
field  p^,  and  a  set  of  solutions  determined  by  these  fields  and  the 
fixed  constant  C\. 

In  order  to  bring  our  work  into  harmony  with  existing  theories, 
we  assign  to  Ci  the  value 


C,-- 


4ir*nf*c* 


Here  m  is  the  rest-mass  of  the  electron,  c  the  velocity  of  light,  and 

h  the  Planck  constant.  These  only  occur  in  the  combination^, 

h 

so  that  at  this  stage  of  the  theory,  this  combination  alone  has  a 
physical  meaning.  Equation  (6.8)  has  been  obtained  independently 
by  Fock  and  De  Donder  (footnote  3). 

§7.  The  Quantum  Theory  of  the  Single  Electron.  Let  us  now 
introduce  the  potential  vector  defined  by 

(71) 

27re 

where  e  is  the  charge  of  the  electron.  This  equation  merely  involves 
a  change  of  units.  Let  uS  furthermore  so  calibrate  our  wave- 
function  xjt  that 

V^p^-0.  (7.2) 

According  to  §4  this  is  alwa3rs  possible.  Equation  (7.2)  is 
known  as  Maxwell's  supplementary  condition,  and  fixes  the  initial 
values  of  the  potential.  The  equation  of  the  single  electron  then 
assumes  the  form 

(,.3) 

Under  special  relativity,  (7.3)  becomes 

dSf/  1  3*i/»_4irt^/  ,  dtj/  I  d\/t  ,  •  di/t  _  i<f>t 

Bx'  dy*  c*  3/*  he  \  ^  dx  By  *  Bz  c  Bt  ) 

(7'*) 
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As  there  is  no  longer  any  difference  between  covariant  and  con- 
travariant  vectors,  we  have  lowered  all  indices.  Here  we  have 
introduced  as  a  new  constant  c,  the  velocity  of  light. 

If  we  put 

Ai,  <f>t^  A$,  (7.6) 

Ai,  At,  At  being  the  components  of  the  magnetic  potential,  V 
the  electric  potential,  we  see  that  (7.4)  is  identical  with  Schrod- 
inger’s  relativistic-magnetic  generalization  of  his  wave  equation,'* 
We  are  hence  in  a  position  to  annex  to  our  theory  all  the  successes 
of  the  Schrodinger  theory. 

It  is  to  be  noted  that  the  first  order  terms  of  our  generalized 
Schrodinger  equation  (and  these  alone)  are  pure  imaginaries.  That 
is,  our  equation  is  the  conjugate  of  its  adjoint,  or,  we  may  say, 
is  self-adjoint  in  the  Hermitian  sense.  This  fact  explains,  why  it 
is  possible  to  derive  the  Schrodinger  equation  from  a  minimization 
problem. 

If  we  put 

<^*-0,  (7.6) 


we  get  the  equation  of  the  free  electron, 

dhf,  dHff  dHI>  1  dhjf  iirhnV  ^ 

dx*  dy*  32*  c*  31*  h* 

Up  to  now,  we  have  imposed  the  sole  condition  on  the  gravita¬ 
tional  field  that  /f—0,  and  no  condition  (other  than  that  of  real¬ 
ness)  on  the  electromagnetic  field.  If  we  put 


3/  3x^ 


we  further  have  without  any  assumptions 


dx”  3x* 


3*'* 


«0. 


(7.8) 


(7.9) 


is  the  electromagnetic  bivector,  and  (7.9)  constitute  the  first 
set  of  Maxwell  equations. 

**£.  Sckrddinier.  Quantitierung  als  Eigenwertproblem  (Vierte  Mitteilung). 
Annalen  der  I^ysik  (4)  Vol.  81.  (19^),  p.  133,  formula  (36). 
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We  may  follow  Einstein  in  assuming  as  the  law  of  gravitation 
outside  certain  singular  points,  lines,  and  regions 

iCv-0.  (7.10) 

This  equation  is  in  other  words  the  definition  of  “empty  space.” 
In  empty  space  we  assume  the  second  set  of  Maxwell’s  equations: 

(7.11) 

Outside  of  empty  space,  defines  the  impulse-energy  tensor  of 
matter  and  defines  the  current  vector. 

The  simplest  non- vanishing  set  of  which  satisfies  (7.11)  is 
the  Coulomb  electric  field 

>li-0,  A,-0,  >1,-0,  F-l,  (7.12) 

f 

This  gives  the  correct  values  for  the  main  energy  levels  of  the 
hydrogrti  atom,  as  Schrodinger  himself  has  shown.  It  also  gives 
a  theory  for  the  relativistic  fine  structure  of  the  hydrogen  lines, 
but  not  the  correct  one,  as  it  leads  to  azimuthal  half  quantiun 
numbers.  As  we  have  said  in  the  introduction,  Epstein  has 
recently  developed  a  theory  leading  to  correct  fine-structure  levels. 
His  <^A  are 

<A.-0,  (7.13) 

1*  IT  ■  r 

which,  like  (7.12),  satisfy  the  Maxwell  equations  except  at  the 
origin.** 


§8.  The  Five-Dimensional  Theory.  Kaluza**  has  sought  to 
unify  the  gravitational  and  electromagnetic  fields  of  particle 
relativity  by  combining  the  second  order  tensor  gA^  of  16  com- 
**  E.  SchrddiHger.  Quantisierung  als  Eigenwertproblem  (Dritte  Mitteilung)- 
Annalen  der  Physik  (4)  80  (1926),  pp.  437-490,  part  p.  439 —  book  cit.  sub  (7), 
p.  87. 

P.  Ebstein,  I.  c.  sub  (7).  The  equation  with  (7.13)  was  already  given  by 
V.  Foci.  Zur  SchrOdingerschen  Wellenmechanik,  Zs.  fUr  Physik  38  (1926) 
pp.  242-250. 

L.c.  sub  (8).  Comp,  also  A.  Einstein.  Zu  Kaluza's  Theorie  des  Zusammen- 
hanges  von  Gravitation  und  Elektrizit&t.  Erste  Mitteilung.  Sitzungsber. 

Ereuss.  .\kad.  Berlin.  Physik.  Math.  Classe  1927,  pp.  23-30;  andL.de  Broglie. 

'Univers  k  cinq  dimensions  et  la  m^canique  ondulatoire.  Journal  de  I^y- 
sique  (6)  sec.  (1927),  pp.  65-73.  L.  Rosenfetd.  L’univers  k  cinq  dimensions 
et  la  m^canique  ondulatoire.  Bulletin  Classe  des  Sciences  Acad.  Roy.  Bel¬ 
gique  (5)  13  (1927)  no.  61. 
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ponents  and  the  vector  <f>x  of  4  components  with  a  constant  into 
a  symmetric  tensor  of  25  components.  This  involves  the 
introduction  of  a  new  parametric  dimension  *•.  The  equations  of 
definition  of  the  ®re 

yxM  -f  1.  •  •  •  .  4 

yx.  -<^A  (8.1) 

yu  *  1. 

which  possess  the  solutions: 

/fA^“yAM-r»AyiM 

=yAi  X,  fi- 1,  2.  3,  4  (8.2) 

g  *  y  —  Determinant  of  the  yx^. 

The  Einstein  and  the  second  set  of  Maxwell  equations  can  now  be 
combined  into  the  single  minimization  principle  {K  being  the 
curvature  scalar  of  the 

^fK\/—ydx'dx*dx*dx*dx*^0.  (8.3) 

It  should  be  noted  that  the  tensor  yx^  is  not  general,  but  is  subject 
to  the  conditions  that  all  the  components  should  be  independent 
of  X*,  and  that  yu  should  be  1.  Thus  the  symmetry  of  the  com¬ 
bined  Einstein-Maxwell  principle  is  largely  specious. 

Fock  and  Klein*  have  adapted  the  Kaluza  theory  to  the  needs 
of  wave  mechanics.  They  form  the  contravariant  symmetric 
tensor  y*'; 

X.ft-1, 2, 3, 4  (8.4) 

y“-l+<^x<^* 

and  define  the  five-dimensional  Laplacian 

They  then  write  the  wave  equation  in  the  form 

□  «-0  (8.6) 

5 

which  is  homogeneous  in  order.  The  transformation 

**,  X*,  X*);  (8.7) 

»  Loc.  dt.  sub  (3)  and  (8). 
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reduces  this  equation  to  an  equation  in  four  variables  of  the 
type  (2.1). 

The  transformations  of  ac*.  je*,  af*.  which  leave  the  form  of 
our  equation  unchanged,  and  preserve  a  variable  filling  the  role 
of  ac*  are 

V  * f’ixWx*),  V  - 1.  2,  3,  4 

'*»-**+/*  (8.8) 

The  effect  of  this  transformation  on  (2.1)  is  the  same  as  that  of 
a  point  transformation  (1.2)  in  four-space,  accompanied  by  the 
transformation 

'F(i/»)»5r'F(5i/»)  (8.9) 

of  §4.  On  the  other  hand,  the  transformations  of  §2  have  no 
analogue  in  five  dimensions,  inasmuch  as  the  multiplication  of  an 

expression  of  the  form  D«  by  a  function  of  the  form  R{x'x'x*x*) 
6 

does  not  leave  its  form  unchanged. 

In  other  words,  up  to  the  point  where  we  normalize  our  equa¬ 
tion,  there  is  no  pronounced  preference  to  be  made  between  the 
four-and  the  five-dimensional  theories,  although  the  five-dimen¬ 
sional  theory  is  not  so  symmetrical  as  it  superficially  appears. 
Our  normalization,  howevCT,  which  is  the  main  idea  of  our  theory, 
and  which  forms  the  connecting  link  between  the  Einstein  field 
equations  and  the  theory  of  quanta,  and  is  analogous  to  Weyl’s 
natimil  gauge  equation,  has  not  been  introduced  into  the  five¬ 
dimensional  theory,  and  cannot  be  introduced  into  this  theory 
without  further  damaging  its  symmetry. 

It  has  been  shown  that  in  the  five-dimensional  theory,  the 
motion  of  an  electron  in  an  electromagnetic  field  may  be  repre¬ 
sented  as  a  projection  on  the  manifold  of  x*,  x*,  x*  of  a.  geodesic 
line  of  the  five  dimensional  manifold.”  This  seems  to  be  an 
advantage,  as  a  simple  interpretation  of  this  sort  without  the  aid 
of  a  fifth  dimension  does  not  seem  to  be  very  satisfactory.”  We 
may  remark  in  this  connection  that  the  whole  conception  of  the 
motion  of  a  charged  particle  in  a  field  of  force  has  entirely  changed 
its  meaning  in  wave  mechanics,  and  that  the  Lorentz  equation 
ss  Einstein,  Fock,  De  Broglie,  I.  c.  sub  (8)  and  (20). 

MComp.  L.  P.  Eisenhart.  The  geometry  of  paths  and  general  relativity. 
Annals  of  Math.  (2)  24  (1923),  pp.  367-3W. 
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of  the  charged  electron  has  been  superseded  by  our  fundamental 
equation.  It  can  indeed  be  shown  that  this  equation  leads  to  the 
Lorentz  equation  in  a  limiting  case,  and  this  is  all  that  can  be 
expected  in  the  new  theory.  For  if  we  use  the  methods  suggested 
by  Schrodinger**  to  pass  from  wave  mechanics  to  fiarticle  mechan¬ 
ics  and  p>article  electrodynamics,  we  have  from  our  fundamental 
equation  (6.8)  with  (7.2) 

and  this  is  the  Hamilton  equation  for  the  Lorentz  electron  in 
general  relativity. 

§9.  Notes  on  the  Problem  of  Several  Bodies.  In  the  classical, 
point-mechanics  form  of  the  problem  of  several  bodies,  each 
body  is  conceived  as  tracing  a  locus  in  a  four-dimensional  space- 
time.  In  the  wave  mechanics,  a  body  is  a  phenomenon  pervading 
the  whole  of  space-time.  In  order  to  preserve  the  identity  of 
different  bodies,  it  is  apparently  necessary  to  attribute  to  each  a 
set  of  sp>ace  dimensions  of  its  own.**  If  we  then  wish  to  hold  any 
form  of  a  theory  of  relativity,  it  is  hard  to  see  how  we  can  avoid 
attributing  to  each  body  a  time  of  its  own  as  well.  That  is,  the 
world  of  the  problem  of  two  bodies  is  an  eight-dimensional  world. 

It  is  thus  natural  to  seek  for  the  two  body  analogue  of  the 
Schrodinger  theory  in  the  theory  of  the  invariants  of  a  second 
order  partial  differential  equations  in  eight  variables.  The  develop¬ 
ment  of  this  theory,  however,  leads  us  to  suspect  that  the  theory 
of  a  single  equation  may  not  be  adequate,  but  that  an  auxiliary 
equation  may  be  necessary.  We  are  reserving  this  investigation 
for  a  later  paper.  The  whole  theory  is  intimately  connected  with 
the  theory  of  the  Hamiltonian  equation  of  the  problem  of  two 
bodies  in  restricted  point  relativity.  This  theory  merits  a  more 
thoroughgoing  investigation  than  any  which  it  has  yet  received. 

**  E.  Sckrddinier,  I.  c.  sub  (6),  p.  133  ~ book  p.  163. 

**C7.  D.  Birkhoff.  (A  theory  of  matter  and  electricity.  Proc.  Nat.  Acad, 
of  Sc.  13  (1927),  pp.  160-165)  has  considered  a  physics  in  which  the  proton  and 
the  electron  intopmetrate.  This  view  involves  problems  such  as  those  dis¬ 
cussed  in  this  section.  Birkhoff’s  quantum  theory,  though  widely  different 
from  ours  in  detail,  also  involves  a  separation  of  the  forces  of  the  universe 
into  three  types:  the  gravitational  forces,  the  electromagnetic  forces,  and  the 
intra-atomic  forces.  These  correspond  in  a  general  way  to  our  gA*i,  Pk,  and  a«. 
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One  matter  of  a  considerable  amount  of  importance  is  that  of 
forming  some  sort  of  a  well-defined  four-dimensional  space-time 
from  the  multi-dimensional  world  of  the  problem  of  several  bodies. 
Perhaps  the  solution  of  this  problem  is  to  be  found  in  the  notion 
of  the  exploring  particle.  If  we  introduce  into  a  physical  system 
a  fictitious  particle,  affected  by  the  system,  but  with  a  mass  and 
charge  too  slight  to  influence  the  system,  we  may  take  the  intrinsic 
space  and  time  of  this  particle  as  the  four-dimensional  space- 
time  of  the  system.  Whether  this  is  the  true  explanation  of  the 
four-dimensional  character  of  the  world  can  only  be  established 
by  a  careful  examination  of  its  consequences. 


A  GENERAL  OPERATIONAL  ANALYSIS 
By  W,  O.  Pennell* 


§  1 .  Introduction.  This  paper  outlines  the  elements  of  a  general 
operational  analysis.  Operational  methods  have  been  developed 
and  used  by  many  mathematicians.  In  recent  years,  especially, 
Heaviside  has  used  an  operational  calculus  in  connection  with  the 
solution  of  electrical  problems. 

Broadly  speaking,  however,  mathematicians  have  not  taken 
readily  to  operational  calculus.  One  reason  has  undoubtedly  been 
the  feeling  that  the  methods  and  proof  lacked  the  rigor  character* 
istic  of  other  branches  of  mathematics.  Another  reason  probably 
is  the  fact  that  a  knowledge  of  operational  methods  and  their 
power  is  not  very  general  or  wide  spread.* 

§2.  Notation.  The  letter  p  will  be  the  general  s)rmbol  used  for 
an  operator.  Different  operators  in  the  same  problem  will  be 
denoted  by  subscripts,  for  example  p\,  pt,  etc.  The  operator  is 
always  placed  to  the  left  of  the  operand.  p(F)  represents  p  operat¬ 
ing  on  the  expression  F.  Without  any  written  operand,  p  may 
either  represent  the  symbol  of  operation  alone,  or  p  operating  on 
imity.  The  context  will  usually  remove  any  ambiguity  of  meaning. 

The  expression  <ff(x)ptft(x)  represents  the  algebraic  product  of 
if>(x)  into  the  result  of  p  operating  on  Similarly,  Pip^(x) 

represents  the  result  of  applying  pi  to  the  result  of  the  operation 
pt  on  ^(x). 

*Chief  Engineer,  Southwestern  Bell  Telephone  Company,  St.  Louis,  Missouri. 
The  present  paper  was  given  as  a  lecture  at  the  Massachusetts  Institute  of 
Technology,  April  25,  1927. 

S  For  a'bibliography  of  the  work  on  operational  methods  see  Eugene  Stephens, 
Washington  University  Studies,  Vol.  XII,  Scientific  Series,  No.  2,  1925,  pp. 
137-162;  S.  Pincherle,  Equations  et  op^ations  fonctionnelles,  Encyc.  des  sci. 
math.,  tome  II,  vol.  6,  fasc.  1,  1912.  Among  more  recent  papers,  cf.  J.  R. 
Carson,  Bell  Telephone  Technical  Magazine,  Oct.  1925,  Jan.  and  ^ril  1926; 
E.  J.  Berg,  Jour.  Franklin  Institute,  Nov.  1924;  J.  J.  Smith,  ibid.,  Dec.  1925; 
N,  Wiener,  Math.  Ann.  95  (1926),  pp.  557-584;  Max  Bom  and  Norbert  W'iener, 
this  Journal,  Feb.  1926;  Davis,  Am.  Jour,  of  Math.,  Jan.  1927;  P.  L4vy,  Bull, 
des  sc.  math.  (2)  50  (1926),  pp.  174-192;  G.  Doetsch,  Math.  Ann.  89  (1923) 
pp.  192-207;  tdm.  Math.  2icitschr.  22  (1926),  pp.  289-306;  T.  v.  Stac 
Acta  lit.  ac  sci.  reg.  un.  hung.  Fran.-Jos.,  Vol.  Ill,  pp.  107-1^. 
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§3.  Definition  of  Operator.  An  operator  p  is  a  symbol  which 
when  placed  to  the  left  of  its  operand  indicates  any  transformation 
of  the  operand  which  we  may  define.  The  operator  is  defined  by 
a  "definition  equation"  showing  its  action  on  the  independent 
variable  as  follows : 

b). 

As  an  illustration,  if  the  operator  is  one  which  squares  the  inde¬ 
pendent  variable  -together  with  its  coefficient,  the  definition 
equation  is 

p(a**)  =  (a**)*. 

If  *lt(x)  i5  a  function  of  x  which  can  be  expanded  in  a  convergent 
power  series  in  x,  as  for  example 

^(x)  ^ai,+atx^+atx'^+atx^+  •  •  •  , 

we  define 

Note  that  if  p  is  defined  as  a  certain  operation  on  ax*,  then  p^{x) 
does  not  in  general  denote  the  same  operation  on  as  a  whole. 
For  example,  if  p(ax*)  *  (ax*)*,  then  p^{x)  is  not  (i^(x)]*,  but  rather 

o*o+(aix*')*-|-(a»x*0*+*  •  •  . 

Since  the  operator  when  attached  to  its  operand  is  an  algebraic 
quantity,  the  associative  and  commutative  laws  of  addition  apply. 
For  example, 

Fi<^(*)+Fji/»(x)+PiA(x)  *  [ptMx)+pi4>(x)]+pi^ix), 

and  so  forth.  The  symbols  of  operation  are  distributive  with 
respect  to  the  operand.  That  is, 

IFi+Fj+*  •  •  ]<t>{x)==:pi<f>{x)-\-pt^{x)+‘  •  •  . 

This  law  is  true  by  definition.  That  is,  the  left  side  of  the  above 
equation  is  defined  as  meaning  the  expression  on  the  right  side. 
In  general,  however, 

p{4t(x)  +i/»(x)]  p<f>(x)+fnf/(x). 

Cf.  §9. 

The  symbol  of  operation  is  in  general  not  commutative  with  its 
operand.  That  is, 

p<l>(x)^<f>ix)p. 
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For  p<f>{x)  means  the  transformation  resulting  from  p  operating 
on  <f>ix),  while  <f>{x)p  represents  <f>(x)  multiplied  with  the  result  of  p 
operating  on  unity,  and  in  general  these  two  operations  are  not 
identical. 

The  symbols  of  operation  in  general  are  not  commutative  with 
one  another  in  multiplication.  That  is, 

pip,^ix)^ptpi<f>ix). 

Pipti>(x)  denotes  the  result  of  applying  pi  to  the  result  of  applying 
pi  to  <f>(x),  while  Pipi<f>{x)  denotes  the  result  of  applying  />*  to  the 
result  of  applying  pi  to  <f>ix),  and  in  general  the  results  of  the  two 
different  sequences  of  operations  are  not  the  same. 

§4.  Reciprocal  Operators.  1/p  or  />"*  is  defined  as  the  inverse 
operation  to  p.  That  is 

p-il/p)<f>(x)~<f>ix), 

or 

{l/p)-p<l>{x)~<f>ix). 

For  example,  let  px*  =  ax"'*’*.  Then 

(l/p)x“-x-‘/(a-l). 

§5.  The  Iterated  Operator.  If  an  operator  p  operates  n  suc¬ 
cessive  times  on  its  operand,  the  combined  operation  is  represented 
by  p".  Thus  ppp<f>ix)  ^  p*<f>{x) .  Again,  if  then 

§6.  Theorem  I.  Any  combination  of  operators  can  always  he 
represented  by  a  single  operator.  For  any  combination  of  operators 
acting  on  x*  brings  about  a  certain  change.  This  change  may  be 
represented  by  a  single  operator,  since  by  definition  an  operator 
may  define  any  change  which  we  please.  For  example,  let 

p.x--ax-‘; 

Then  if  we  put 

“  (pi+Pi)*"  * 

we  have 

ptx“**ax“'^+x^. 
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§7.  Algebraic  Multiplication  is  an  Operational  Process.  Since 
we  have  defined  an  operational  process  as  any  algebraic  trans¬ 
formation  acting  upon  each  term  of  which  a  function  is  comprised, 
it  follows  that  algebraic  multiplication  is  an  operational  process. 
Thus  if  we  define  p  by 

px‘~x*-^\ 

we  have 

pV**V. 

Quadratic  and  other  algebraic  equations  may  be  solved  by  opera¬ 
tional  division. 

§8.  An  Operator  Need  Not  Have  the  Same  Definition  Equa¬ 
tion  Throughout  its  Range.  For  example,  we  may  define  an 
operator  by 

*) 

for  certain  values  of  o,  and  for  other  values,  by 

x). 

Again,  the  definition  equation  may  change  with  the  sequence  of 
terms  operated  on,  being  one  equation  for  the  first  n  terms,  another 
equation  for  the  second  m  terms,  etc.  As  will  be  seen  later,  opera¬ 
tors  which  square  a  given  function  of  x,  or  cube  the  function,  or 
take  the  square  root  of  the  function,  etc.,  have  a  different  definition 
equation  for  each  term  operated  upon. 

§9.  Scalar  Commutative  Operators.  Some  operators  are  com¬ 
mutative  with  scalars  and  some  are  not.  With  every  scalar  com¬ 
mutative  operator  p, 

pax*’ ^apo^. 

The  definition  equation  of  scalar  commutative  operators  need 
not  show  the  coefficient  of  x.  Scalar  commutative  operators  have 
important  properties,  as  will  be  shown  later.  An  example  of  a 
scalar  commutative  operator  is  the  differential  op>crator  p,  defined 
by 


1 
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It  clearly  follows  from  the  definition  of  scalar  commutative 
operators  that  if  p  is  such  an  operator, 

p(ai+a,+aa+*  •  •  •  . 

For 

p(ai+a,-H’  •  *  OF** 

«  aiF**  +  a*F**  +•  •  • 

«  paix^  +  paix'*  +•  •  •  . 

As  a  corollary  to  the  above,  if  the  operand  of  a  scalar  commutative 
operator  with  a  single  definition  equation  is  expressed  as  a  sum  of 
terms  which  are  functions  of  the  dependent  variable,  such  an 
op)erator  is  distributive  as  regards  these  terms.  That  is, 

/>(!/»(*) •  •  . 

This  is  not  generally  true  except  for  scalar  commutative  operators. 

§10.  Theorem  n.  Polynomials  containing  only  one  kind  of 
scalar  commutative  operator,  with  integral  exponents  and  constant 
coefficients,  may  be  multiplied  like  algebraic  quantities.*  For  example, 

(ap^+p)  (bp*+cp)^ix)  »  (abp*+acp*+bp*+cp*)^l/(x). 

This  follows  immediately  from  the  distributive  law,  §3,  the 
definition  of  a  repeated  operator  in  §5,  and  the  definition  of  a 
scalar  commutative  operator  in  §9. 

§11.  Theorem  111.  Given  a  polynomial  containing  only  one  kind 
of  scalar  commutative  operator  with  integral  exponents  and  constant 
coefficients,  such  as 

then  the  reciprocal  operator  is 

_ 1 _ 

where  the  fraction  is  defined  by  algebraic  long  division  of  the  numer¬ 
ator  by  the  denominator. 

•  Unless  otherwise  specified,  when  scalar  commutative  operators  are  men¬ 
tioned,  only  those  with  a  single  definition  equation  are  included. 
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This  long  division  will  give  for  a  quotient  a  polynomial  in  p, 
which  we  shall  consider  as  an  operator.  This  op>erator  operated 
upon  —  that  is,  by  theorem  II,  multiped  by  —  tf/  (p)  will  equal 
imity.  Hence  ^p)  and  [^(p)r*  are  by  definition  reciprocal  opera¬ 
tors  when  is  defined  by  algebraic  long  division. 

§12.  Theorem  IV.  Any  fraction  whose  numerator  and  denom¬ 
inator  are  polynomials  in  a  scalar  commutative  operator  with  integral 
exponents  and  constant  coefficients  is  in  itself  an  operator  which  is 
defined  by  long  division  of  numerator  and  denominator.  That  is, 
if  ^(p)  and  <f>(p)  are  such  polynomials,  ^p)/4^(p)  as  defined  by 
long  division  is  an  operator.  For  1  /^(p)  —  is  the  reciprocal 

operator  to  ^(p),  by  theorem  III,  and  remains  an  operator  when 
multiplied  by  t/*(p),  by  theorem  II. 

§13.  The  Generalized  Power  of  an  Operator.  Let  us  define 

pbx“^\ff(b,  x,a). 

Let 

^(6,  X,  a,  n)  “  a,  n)*' 

be  defined  for  all  real  values  of  n,  so  that  for  integral  values  of  n 
p"i)**»^(6,  *,  o,  n). 

Let  •  5 

<f>ib,  X,  a,  ni+nj)  ^  Z^,{b,  a,  «i)<^(6,  x,  v,  ni) 

when  ni  and  ni  are  any  real  numbers.  We  shall  then  take  <^(6, x,a, n) 
to  be  the  definition  of  p"&c*  for  all  real  values  of  n.  The  laws  so  far 
given  hold  for  general  exponents  as  well  as  for  integral  exponents. 
As  an  example,  let 

px*»<t>{a)x-^^/<f>{a+k). 

Then 

pV-<^(o)x-+-*/<^(o+ni(:). 

Again,  let 

px  ^  ax 

For  integral  «, 

p"**— o(o— 1)  •  •  •  (a— n+l)**^. 

We  may  write  this 

pV-  r(o+l)**^/r(o-n+l). 

It  may  be  shown  that  this  last  formula  holds  for  non-integral 
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arguments.  This  operator  is  of  great  importance,  and  has  been 
used  by  Heaviside  in  the  solution  of  many  electrical  problems. 

§14.  Theorem  V.  Polynomials  containing  only  one  kind  of 
scalar  commutative  operator  with  constant  coefficients  may  be  mul¬ 
tiplied  or  divided  like  algebraic  quantities.  Since  in  §13  fractional 
exponents  were  so  defined  as  to  follow  the  same  laws  as  integral 
exponents,  theorem  V  follows  directly  from  theorems  II,  III, 
and  IV. 

§15.  The  General  Solution  of  a  Linear  Operational  Equation. 
Let  us  consider  the  equation 

piy-\-^{x)p,y-\-4>(x)p,y-\-  •  •  •  +6(x)y=^A{x), 
where  A(*),  ^(x),  <f>{xy,  etc.  represent  analytic  functions  of  x.  We 
may  write  this  equation  in  the  form 

[pi+>l>{x)pt+<f>{x)pt+  •  •  •  +^(x)]y«A. 

This  yields  us  the  operational  equation 

y-A/[pi+i/»(x)/)j+«^(x)pi+  •  •  •  +^(x)l, 

where  the  division  is  of  course  operational.  To  show  by  an  example 
how  this  division  is  carried  out,  let  us  consider  the  equation 
p*y4-xy“l, 

where 

Here  il/p)x“~x“-^/(a-l) 

and  (1 //>*)*• =x""*/((a-l)  (a-2)). 

We  have  y“l/(p*4-x). 

This  is  carried  out  according  to  the  scheme 


f^+x  1  1 

1 

x"*  x”* 

2p»^  2*-3/>* 

1+ — 

2 

l!- 

x"®  x"* 

2 

2*-3'^2*-3»-4 

1 

1 

2  2*-3 


2*-3 
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There  are  two  lines  in  the  quotient,  the  upper  being  the  quotient 
expressed  operationally,  and  the  lower  being  the  evaluation  of  the 
result  of  applying  this  operator  to  1.  We  thus  get 
x'*  x~* 

Y~ 

Tliis  is  not  the  complete  solution  of  the  original  functional 
equation,  but  is  rather  a  particular  integral.  If  we  had  taken 


leaving  our  other  equations  unaltered,  our  method  of  division  would 
have  yielded  a  particular  integral  of  the  differential  equation 
/'+xy=l. 

This  method  is  capable  of  extension  to  the  general  linear  different 
equation,  whether  ordinary  or  partial.* 


§16.  Proof  of  the  Validity  of  the  Solution  by  Operational 
Division.  As  above,  let  A,  «/»(x),  <f>{x),  etc.,  be  analytic.  Let 

Piiy)-^^ix)pi{y)+<f>(x)pt{y)+  •  •  •  +^(x)y“A. 

If  we  put  p,{y)"‘[^{x)pf^<f>{x)pi+  •  •  •  +0{x)]y, 
we  have  Piy+Psy’^  A. 

Operational  division  gives  us 


•  Cf.  the  author’s  paper,  "A  New  Method  for  Determining  a  Series  Solution 
of  Linear  Differential  Equations  with  Constant  or  Variable  Coefficients.” 
Am.  Math.  Monthly,  June  and  July,  1026. 
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The  quotient  series  may  or  may  not  converge.  Let  us  suppose  that 
it  converges.  Let  o’,  be  its  nth  partial  sum,  and  let 


Then 


PlO‘n  +  Ps<^n^Sn. 


s. 


Pi)— +pll 

*A_ 

Vpi  /pi  ' 

^pl  / 

Pi 

Vpi  /  pi 

+  pi  —  “Pi 

-+  • 

••+(-i)"pi  (-p^*"*- 

Pi 

^pl  / 

Pi 

Vpi  /  pi 

+(-l)"'''pl(-pl)"’'- 
Vpi  /  pi 

A+(-l)"'*-Vi(-Pi' 

'pi  > 

f  p^ 

Since  the  quotient  series  converges, 


It  is  thus  plausible  to  assume  that  in  the  ordinary  case. 


It  follows  at  once  that  the  result  of  the  operational  division  satis¬ 
fies  the  operational  equation.  Thus  we  see  that  under  very  general 
circumstances,  if  the  formal  solution  by  operational  division 
terminates  or  converges,  it  yields  a  valid  solution  of  the  operational 
equation. 


§17.  An  Example  of  an  Operational  Solution.  Let  it  be 
required  to  find  the  equation  of  a  curve  such  that  the  slope  of  the 
tangent  at  any  point  is  equal  to  the  product  of  the  ordinate  and 
abscissa  of  a  point  on  the  curve  whose  abscissa  is  equal  to  one-half 
the  abscissa  of  the  point  at  which  the  tangent  is  drawn.  The 
operational  equation  is 
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§18.  Constants  of  Operation.  The  term  constants  of  operation 
is  applied  to  the  arbitrary  constants  which  correspond  to  the 
constants  of  integration  in  differential  equations.  If  the  opera¬ 
tional  symbol  is  a  differOTtial  operator  then  the  constants  of 
operation  are  the  constants  of  integration.  Some  operational 
equations  have  no  constants  of  operation. 

In  general  we  may  expect  constants  of  operation  when  p  is  such 
an  operator  that  a  value  of  a  can  be  found  which  makes  pAx^^O 
vanish  where  A  is  any  constant.  If,  for  example,  p  is  the  differential 
operator,  then  when  a  —  0,  pAx*  vanishes. 

The  usual  method  of  bringing  the  constants  of  operation  into 
the  solution  is  as  follows:  let 

•  •  •  +py~<f>{x) 

be  an  operational  equation.  Then 

*  *  *  +/>)•  (a) 

Suppose  that 

pA}?if’~t^A^*‘»  ••• 

We  may  then  write  our  equation  in  the  form 

y^[<f>{x)-\-pAiX^+  •  •  •  +P"^»**]/(p"+p""‘+  •••  +/>) 
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as  we  have  merely  added  to  the  numerator  of  our  relation  (o) 
quantities  which  are  equal  to  zero.  If  we  now  perform  the  opera¬ 
tional  division  indicated  in  the  last  form  of  our  equation,  the  n 
constants  of  operation  Ai,  •  •  • ,  An  appear.* 

Some  illustrations  will  be  given : 


Example  1. 
which  we  may  write, 
with  solution 


y"+xy+y~l, 

f^y+xpy+y-l, 


y~(l-^t^A+pB)/{p>+xp-\-l). 

Example  2. 

f^y+py+xyx* 

(where 

p*‘-(a-2)x-'l) 

Here 

/>**«*p*x*«'0. 

The  solution  is 

y^{x*-\-pAx*+p>Bx^/p*-\-p+x. 


Example  3.  Let  z  be  a  function  of  x  and  y.  Consider  the  equation 
dhs/dx'+xdhi/dxdy+XZ’^l 


and  let  p,  and  py  represent  differentiation  with  respect  to  x  and  y, 
respectively.  The  equation  then  becomes 

p,h+xpnpyzA-xz-l. 


We  have 


*  -  (1  +  /pM*+XpnPy+X. 

Here  ^(y)  and  ^(y)  are  constants  with  respect  to  x. 


§19.  Operational  Division:  Arrangement  of  Terms  in  Divisor, 
(a)  When  the  divisor  contains  only  one  kind  of  operator  p, 
different  results  will  be  obtained  according  to  whether  the  terms  of 
the  divisor  are  arranged  in  descending  or  in  ascending  powers  of  p. 
Very  often  one  result  will  be  a  convergent  series  and  consequently 

•  Sometimes  a  different  process  of  obtaining  the  first  term  of  the  power 
solution  by  an  index  equation,  and  thus  obtaining  the  arbitrary  constants 
for  the  dividend  by  working  backwards,  gives  a  simpler  division  operation. 
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a  solution,  and  the  other  result  will  be  a  divergent  series.  Some¬ 
times  both  results  are  convergent  or  finite,  and  both  are  solutions. 

(6)  When  the  divisor  contains  several  different  kinds  of 
operators  pi,  Pt,  p»,  etc.,  different  results  will  be  obtained  depending 
upon  which  operator,  pi,  pt,  etc.,  is  the  first  term  of  the  divisor. 
The  sequence  of  the  other  terms  is  immaterial.  A  finite  result  of 
a  convergent  series  is  in  general  a  solution. 


§20.  Example.  A  unit  mass  moves  at  an  irregularly  accelerated 
velocity  under  the  influence  of  a  varying  force.  The  acceleration 
at  any  time  t  is  equal  to  the  velocity  of  time  /*.  We  are  to  find  the 
distance  covered  in  time  t,  and  the  expression  of  the  force  as  a 
function  of  t. 

We  put  as  the  distance  covered  in  time  t.  pi  is  the 

operation  of  differentiating  with  resjject  to  the  time,  and  the 
velocity  is  pi's.  We  write  pt  for  the  operator  defined  by  the 
equation 

The  operational  equation  then  becomes 

pi's—piPiS^O 

which  gives 

s~Api*/(pi'-ptpi)  (1) 

and 

s^Bpi/ipi'-ptpi).  (2) 

The  solution  of  (1)  is 

Pi*-Pspi\  Api*  M _ 

Api'-O 


while  that  of  (2)  is 

pi*-ptpi\  Bpi 

Bpi—B 


B 

B-BP 

BP 


PP  pi*  Pi*  3p,» 


2  3-4  3-7-8 


BP  - 


3 

3 
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Thus 

S->l  +  Br/+-+  — + •••  1; 

L  2  3-4  3-7-8  J 

F~  —  -Brn-/*+-+---T 

d/*  L  3  j 


§21.  Example.  We  are  to  find  a  power  expansion  in  terms  of  x 
whose  first  differential  coefficient  is  a  series  whose  first,  third,  fifth 
etc.  terms  are  the  squares  of  the  corresponding  terms  in  the  power 
expansion,  and  whose  second,  fourth,  sixth  etc.  terms  are  equal 
to  the  corresponding  terms  of  the  power  expansion.  We  shall 
write  y^tlf(x)  for  the  power  expansion,  pi  for  the  differential 
operator,  and  pi  for  the  operator  which  has  the  effect 

pi(ax*) 


when  acting  on  the  odd  terms,  and 

pt(ax^+ax* 

when  acting  on  the  even  terms.  We  have 


y=^Api/(pi—pt). 


The  long  division  is 

Pi-Pt  I  i4pi 

Api-A* 

A* 

A*-A*x 

A*x 


.^A*A*x^A*x*,  A*x*  , 

A-\ - 1 - 1 - 1 - h 

Pi  pi  2*-pi  2*-5-p, 

A  i  Ar^iAh;*  A*3^  A*x* 

A+A*x-\ - - - h' 

2  2**5  2*-6-6 


A*x- 


A*x* 

2* 


A*x* 

2* 

A*x* 

2* 


A*x* 

2*-5 


■.A+A*x+—+^+--^  + 
2  2**5  2*-5-6 


0 


and  we  get 
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§22.  The  Operator  which  Squares  a  Function.  It  may  be  of 
value  to  have  the  operator  which  squares  the  entire  function. 
That  is,  if 

we  are  to  have 

When  this  operator  acts  on  the  first  term  a  of  the  quantity  to  be 
squared,  it  must  yield  o*.  When  it  operates  on  the  second  term  b, 
it  must  jdeld  6*+2o6.  Similarly,  when  operating  on  the  third  term 
c,  it  must  yield  c*+2ac+2bc,  and  so  on.  Let  us  call  this  operator  pt 
in  the  following  example,  and  let  the  differential  operator  be  pi. 
Then  the  differential  equation 


may  be  written 
The  division  is 


P\*y-\-Piy=x. 


Pi*+P»  I 


X 


X* 

(3!)> 

(30* 


jc _ £*_  2y“ 

Pi*  (30*pi*'^(30*-7-8pi*'^  ’** 

**  _ 2x'* 

3\  ~(30*>7»8  (30*-7-8-12-13'^ 


—  -I-  — :: — 

(30*»7»8  (30*-7»-8» 

2x" _ x‘* 

(30*-7-8  (30‘*7*-8* 


and  the  particular  integral  is 

^  “  3!  (30*-7-8  (30*-7-8-12-13'^ 

Opierations  which  cube  a  function  or  take  its  square  root  may  be 
used,  the  definition  equations  being  obtained  in  a  manner  similar 
to  that  shown  above.  Theoretically,  we  may  introduce  operators 
performing  many  other  operations  on  the  function  as  a  whole. 
In  many  cases,  however,  such  operations  become  cumbersome  and 
involved. 
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§23.  Examples  of  Special  Operators.  Let  us  consider 

y'-\-{yy-\-xy~x. 

We  may  write  this 

Pi*y+ptpiy-\-xy*x 

where  pi  is  the  differential  operator,  and  pt  is  the  operator  which 
sqxiares  a  function. 

y~x/ipi*+ptpi-\-x) 

is  a  particular  solution,  yidding 

X*  X*  7x*  53a;»  _ 

^*3!  72  "^(72)*  6-ll-(72)* 

The  complete  solution  is 

y  (x-^  Api*-i-  Bpi)  /  (pi*+ptpi+x). 

yielding 

^  i  B'x*  il-A+2Bn)  2B-AB+3B*, 
y^A+Bx’i - ! - -  xt - ! - x*+’'-  • 


As  may  be  readily  seen,  if  we  put  the  constants  of  integration  equal 
to  0,  we  obtain  the  particular  solution  already  given. 

Again,  let  us  consider 

y”-\-xy'^^\ 

which  becomes 

P^yA-xpiy^X 

when  p\  is  the  differential  operator  and  pt  is  the  operator  which 
takes  the  square  root  of  a  function.  We  have 

y*(l+Api*+Bpi)/(pi*+xpj), 

which  yields  us  as^  a  result  of  long  division  the  particular  solution 

**  _  **  **  -L  Jg*  4.  . . . 

^~2\  3^*  ^  3*-5-7-2‘ 
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MULTIPLE  INVARIANTS  AND  GENERALIZED  RANK 
OF  A  P-WAY  MATRIX  OR  TENSOR 
By  Prank  L.  Hitchcock 


1.  Mtiltiply  invariant  properties  of  a  matrix. 

In  former  papers^  arose  properties  of  a  matrix  A,-^ . .  which 
persist  after  any  non-singular  linear  transformation  on  an  arbi¬ 
trarily  chosen  index  t'm 

summed  on  the  Greek  index  from  1  to  n.  First  of  all  are  multi¬ 
ple  invariants  in  the  narrow  sense,  polynomials  homogeneous  in 
the  A,-^..*p  which,  under  (1),  are  merely  multiplied  by  a  power  of 
the  determinant  A  of  T.  That  is,  if  F(A,^ . .  is  a  polynomial 
homogeneous  in  the  original  components  A,-^ . . and  if  F(A',-j.. ) 
is  the  same  function  of  the  new  components  obtained  by  the 
transformation  (1),  the  condition  that  F  shall  be  a  multiple  invari¬ 
ant  of  A  is 

F(A\-...ip)-A'‘F(A.,..fp)  (2) 


for  every  T  and  for  every  choice  of  the  index  (See  IV,  p.  246 
and  V,  p.  166.) 

The  two  following  properties  have  also  been  established: 

(A)  The  rank,  simple  or  multiplex,  of  the  matrix  on  any 

index  or  on  any  group  of  indices  is  a  multiply  invariant  number, 
i.e.,  it  is  the  same  for  the  new  matrix  (V,  p.  177). 

(B)  The  possibility  of  expressing  the  matrix  A,^..jp  as  a  sum 
of  products 


j-h 


(3) 


*1.  Determinanlal  Expression  of  Multiple  Products,  etc.,  by  Lepine  Hall 
Rice  (this  Journal,  Vol.  IV,  No.  2,  p.  130,  April  1925). 

II.  The  Multiple  Complement  of  One  or  More  Polyadics,  Rice  and  Hitchcock 
(this  Journal,  Vol.  IV,  No.  3,  p.  179,  May  1925). 

III.  A  Theory  of  Ordered  Determinants  (Vol.  IV,  No.  4,  p.  205). 

IV.  A  New  Method  in  the  Theory  of  Quantics  (Ibid.,  p.  l&S). 

V.  The  Expression  of  a  Tensor  or  a  Polyadic  as  a  Sum  of  Products, 
(Vol.  VI,  No.  3,  p.  164,  ^ril  1927). 

These  papers  will  be  relWred  to  by  the  Roman  numerals  as  listed. 


MULTIPLE  INVARIANTS  OP  P-WAV  MATRIX  OR  TENSOR 

is  a  miiltiply  invariant  property  of  the  matrix,  given  the  value 
of  h.  Here  the  indices  ui  •  •  are  either  simple  or  multipartite; 
SO  that  the  B’s  denote  either  vectors  or  matrices  (polyadics, 
tensors),  of  class  agreeing  with  the  multipartite  character  of  their 
respective  indices  (V,  p.  174). 

2.  Multiply  covariant  matrices. 

Closely  related  to  (A)  and  (B)  are  matrices  whose  com¬ 
ponents,  considered  separately,  are  not  multiple  invariants,  but 
which,  taken  as  a  whole,  possess  multiply  invariant  properties. 
Let  there  be  a  matrix  F  of  class  r  with  components  Fj^ .  rational, 
integral  and  homogeneous  of  degree  q  in  the  or  else  zero. 

Let  F  be  a  new  matrix,  also  of  class  r,  whose  components  are 
the  same  functions  of  the  that  the  Fj^..j^  were  of  the 

untransformed  A  Now  on  the  other  hand  let  a  matrix  F' 

be  obtained  by  transforming  F  in  the  following  manner;  each  of 
the  r  indices  of  F  is  to  be  associated  with  or  belong  to  a  particular 
index  of  A;  it  may  be  that  all  indices  of  F  belong  to  the  same 
index  of  A,  or  some  of  the  ji  •  •  /,  belong  to  ,one  of  the  ii  •  •  tp, 
others  to  another;  when  the  arbitrary  index  of  A  on  which 
the  transformation  (1)  is  to  occur  has  been  selected,  the  same 
transformation  is  then  carried  out  simultaneously  on  those  indices 
of  F,  if  any,  which  belong  to  »n„  but  on  no  others:  the  resulting 
matrix  is  F'. 

Definition  I.  If 

F  =  A'‘F  (4) 

I  shall  say  that  F  is  a  multiple  covariant  of  A. 

Equation  (4)  is  the  same  as 

=  (4a) 

constituting,  for  a  particular  choice  of  t„,  a  system  of  n'  equations; 
and  since  there  are  p  choices  of  the  definition  imposes  pn' 
conditions  upon  the  components  of  F. 

As  an  illustration  let  n  =  2,  p  =  3,  i.e.,  let  A  be  a  binary  triadic 
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and  let  F  be  a  dyadic  whose  components  are  the 
cubic  determinants 


Aiy'j 

Auj, 

Anj, 

Aiijj 

Anj, 

Aiy^ 

that  is 

~  ■^*y, 

so  that 

Fn  “2(AiuAjii~AijiAju),  Fii“2(AiuAm— AujAiu) 

Fii*  Ffi  “  AiuAjb“  AiiiAiii— AiiiAin+AaiAiji.  (7) 


(These  are  the  quantities  (33)  of  V,  p.  179,  i.e.,  F  is  the  Fi((A*)) 
of  that  paper).  Both  indices  of  F  belong  to  u  of  A. 

To  verify  by  direct  calculation  that  F  satisfies  (4)  take  first 
Then  F'«F  because  no  index  of  F  belongs  to  »i  and  so 
F  is  by  definition  untransformed.  On  the  other  hand  F“AF; 
for  by  definition  . 


Aa,li,Ta,2 


Aa,2jTa,j 

Ao,2j,Ta,2 


Aa,2j,To,l 
Aa,ijTo,2  Aa,2jTa,2 


(8) 


i.e.,  the  3-way  determinant  (8)  is  equal  to  the  product  of  the  2-way 
determinant  A  into  the  3-way  determinant  (5),  by  the  Cayley- 
Rice  law  of  multiplication.  Thus  (4)  is  satisfied  with  when 

*ii.**i- 

Next  let  <m“*2-  The  proof  is  similar  with  again  Finally 

letting  *,n**3  we  have  by  definition 


Aiia,Ta,7, 

AuojToj, 

AiiOjTa^j, 

AiiojTojj, 

AiiOjTa,)', 

Ano,Ta^i 

Ajia^To^jj 

Ano,Ta,j, 

On  the  other  hand  the  transformed  components  are 

Fa^Ta,;To,jj  and  are  identical  with  (9)  because,  in  a  cubic 
determinant,  a  factor  of  every  element  of  a  layer  is  a  factor  of 
the  determinant.  (Note  that  ai,  a*,  and  at  are  dummies.)  There¬ 
fore  F“F'  and  (4)  is  satisfied  with  ft  — 0  when  *„*»».  It  has 
thus  been  shown  that  F  is  a  multiple  covariant  of  A. 
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3.  Vacant  and  filled  indices. 

Let  an  index  of  A  which  has  no  index  of  F  associated  with  it 
be  called  a  vacant  index,  and  an  index  of  A  which  has  one,  two, 
or  k  indices  of  F  associated  with  it  be  called  one-filled,  two-filled, 
or  k-filled. 

When  the  transformation  (1)  occurs  on  a  vacant  index,  F  is 
by  definition  untransformed,  i.e.,  F'  —  F  (as  in  the  case  im^ii 
above),  so  that  F  —  A^F  if  (4)  is  satisfied.  This  is  the  same  as  say¬ 
ing  that  each  component  of  F  is  an  invariant  of  A  on  the  index  in 
question.  We  may  thus  state 

Theorem  I.  That  a  matrix  F  may  satisfy  the  conditions  of 
multiple  covariance  with  respect  to  the  vacant  indices  of  A  it  is 
necessary  and  sufficient  that  each  component  of  F  shall  be  an 
invariant  of  A  on  each  vacant  index. 

Since  F  is  of  the  same  degree  in  the  components  of  T  as  in  those 
of  A,  and  since  the  right  member  of  the  equation  F“A'‘F  is  of 
degree  fin  in  those  of  T,  it  follows  that  F  must  be  of  degree  fin 
in  those  of  A  and  we  have 

Theorem  U.  If  F  is  a  multiple  covariant  of  A  and  if  a  vacant 
index  exists,  F  is  of  degree  fin  in  the  components  of  A  where  fi 
is  a  positive  integer. 

Corollary.  If  several  vacant  indices  exist,  fi  has  the  same 
value  for  all. 

But  if  an  index  is  ib-filled  F'  is  of  degree  k  in  the  compo¬ 
nents  of  T.  Hence  by  comparing  both  sides  of  (4)  we  may  write 

Theorem  UI.  If  F  is  a  multiple  covariant  of  A  and  if  a  ili-filled 
index  exists,  the  components  of  F  are  of  degree  fin-\-k  in  those 
of  A,  where  fi  is  a  positive  or  a  negative  integer  or  zero. 

As  an  obvious  consequence  follows  the 

Corollary.  If  an  index  is  ib-filled  and  another  is  ib'-filled,  k  and 
k'  differ  at  most  by  a  multiple  of  n. 


4.  The  significance  of  multiple  covarianta. 

The  utility  of  multiple  covariants  is  largely  a  consequence  of 
the  following  theorem: 
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Theorem  IV.  Any  multiply  invariant  property  possessed  by 
F  is  also  possessed  by  F. 

Proof.  The  assumed  property  is  possessed  by  F'  because  the 
transformation  of  F  into  F'  on  the  k  indices  which  belong  to 
may  be  carried  out  in  k  successive  steps  one  for  each  index. 
Multiplication  by  A**  may  be  regarded  as  a  linear  transforma¬ 
tion  on  one  index.  Thus  F  can  be  converted  into  F  by  a 
succession  of  transformations  each  of  which  pertains  to  a  single 
index.  Hence  the  assumed  property  is  possessed  by  F. 

Corollary  1.  The  rank  of  F,  simple  or  miiltiplex,  on  any  index 
or  group  of  indices,  is  a  multiply  invariant  number  belonging  to  A. 

Corollary  U.  If  F  vanishes  in  all  components  so  does  F. 


5.  The  relation  of  multiple  covariants  to  covariants  of  algebraic 
forms. 

We  may  suppose  the  Ai^ . .  to  be  coefficients  of  a  multilinear 
algebraic  form 

A,  ..  I  *1^**  •  •  •  (summed  on  all  indices)  (10) 


similarly, 


where  the  x’s  are  p  sets  of  n  variables  each, 
may  determine  another  multilinear  form 


(summed  on  all  indices) 


where  the  y’s  are  r  other  sets  of  n  variables  each.  An  arbitrary 
transformation  (1)  on  f'm  is  equivalent  to  an  equally  arbitrary 
transformation  on  one  set  of  variables  If  *m  is  a  vacant 

index  no  set  of  y’s  is  affected  but  if  is  ife-filled  k  sets  of  y's  are 
cogredient.  Any  set  of  y’s  is  cogredient  with  one  and  only  one 
set  of  x's.  “Whether  we  think  of  such  forms,  or  of  the  matrices, 
or  of  some  physical  or  geometrical  entity  determined  by  them  is, 
from  a  purely  algebraic  point  of  view,  wholly  a  question  of  taste.”* 

If,  instead  of  requiring  the  covariant  property  to  hold  for  each 
separate  index  we  had  adopted  the  less  stringent  condition  that 
all  variables  be  simultaneously  transformed  by  the  same  T,  then 

*  Freely  translated  from  the  Imariantentheorie  of  E>r.  Roland  Weitzenbock 
Noordhoff  1923)  s.  253. 
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F  would  be  a  covariant  of  the  given  algebraic  form  (10)  in  the 
sense  of  the  classical  theory,  and  would  also  be  a  covariant  of  A 
as  a  polyadic  (IV,  p.  249).  In  other  words  a  mtdtiple  covariant 
is  a  covariant,  though  of  special  type. 

If,  less  generally,  we  were  not  only  to  suppose  all  the  x’s  and 
all  the  y’s  to  be  cogredient  but  were  also  to  make  all  these  p+r 
sets  the  same  set  (in  which  case  the  matrices  F  and  A  may  be 
taken  as  symmetrical)  the  form  (10)  reduces  to  a  quantic  of 
order  p  in  one  set  of  variables  and  (11)  to  an  ordinary  covariant 
of  a  single  quantic. 

On  the  other  hand,  as  a  supposition  closer  to  the  present  investi¬ 
gation,  we  might  make  both  F  and  A  symmetrical  while  still 
maintaining  the  p-\-r  sets  of  variables  distinct  and  not  in  general 
cogredient.  If  then  F  is  a  multiple  covariant  of  A  it  is  a  covariant 
of  A  regarded  as  a  quantic  of  order  p.  It  follows  that  the  covari¬ 
ants  of  a  single  quantic  may  be  classified  according  to  whether 
or  not  they  are  multiple  covariants. 

In  any  case,  however,  the  present  discussion  assumes  a  definite 
order  to  exist  among  the  indices  or  sets  of  variables,  as  well  as  a 
definite  order  from  1  to  n  among  the  variables  of  a  set.  In  a 
sense  this  assxunption,  if  we  abstract  from  all  arithmetical  and 
geometrical  connotations,  makes  the  form  (10)  equivalent  to  a 
polyadic;  and  polyadics  may  be  said  to  arise  by  adopting,  for 
economy,  a  definite  order  of  writing  instead  of  upper  indices,  just 
as,  in  decimal  arithmetic,  positional  significance  replaces  denomi¬ 
national  symbols;  then,  to  emphasize  non-commutativity,  ei  •  •  e„ 
are  written  for  giving 

A  »  A»,..  1^6,^  •  •  e,p  (summed  on  all  indices)  (12) 
and  similarly  for  F. 

6.  Polyadic  or  symbc^c  representation  of  multiple  covariants. 

By  whichever  of  various  possible  methods  we  prefer  to  estab¬ 
lish  relationship  between  matrices,  forms,  and  polyadics,*  we  may 
*e.f.,  we  might  begin  with  (13),  defining  the  vector  factors  of  any  one 
index  as  non-commutative  symbols  of  which  any  n  +  l  are  linearly  related; 
then  choose,  for  each  value  of  y,  a  set  of  n  not  so  related  to  serve  as  the  basis 
vectors  of  that  index;  and  obtain  the  A<,..«p  by  resolving  into  components. 
Or,  beginning  with  A<,.  .^,  we  might  define  addition  and  general  multiplication 
as  in  V,  p.  164  and  basis  vectors  as  in  V,  p.  166.  Or  again  we  may  regard  the 
polyadic  as  due  merely  to  omission  of  indices,  gener^  product  being  a  con¬ 
sequence  of  ordinary  multiplication.  All  these  are  but  aspects  of  one  system. 
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always  for  lar^e  enough  h  write  as  a  special  case  of  (3) 

A»aia*  •  •  ap+b|bt  •  •  bp+ •  •  to  h  terms  (13) 

and  similarly  for  F,  The  m.i.p.  product  (III,  p.  212)  of  A  into 
itself,  denoted  by  [AA]  or  (A*)  is  then  given  by 

(A*)  -  aibiasb,  •  •  Kpbp  (14) 

omitting  symbols  of  summation  when  no  confusion  results.  The 
right  member  may  by  analogy  be  called  the  symbolic  representa¬ 
tion  of  !A*1,  and  similarly  in  all  cases.*  In  matrix  notation  if 
the  left  member  be  called  the  equivalent  of  (14)  is 

•  •  h>ip  “  •  •  «p  A;,  •  'jp-  ( 14a) 

The  utility  of  the  polyadic  or  symbolic  method  is  exemplified 
by  the  ease  with  which  we  may  establish  such  theorems  as  the 
following : 

Theorem  V.  The  polyadics  Fi,((A"))  are  multiple  covariants 
of  A. 

Proof.  By  definition  (III,  p.  228)  the  required  piolyadics  are 
obtained  from  lA"j  by  folding  all  but  the  last  k  factors.  It  will 
be  sufficient  to  carry  out  the  case  n*4,  p>-5,  ik  —  3,  the  proof 
being  in  all  cases  similar.  We  have  symbolically 

Fa((A0)-(aibiCidi)(ailhCtdi)aibiCi<l,a4b4C4d4a6biC(di  (15) 

evidently  a  polyadic  of  order  12  whose  first  four  indices  belong  to 
«i,  the  next  four  to  it,  and  the  rest  to  u.  The  indices  and  it 
are  vacant.  The  multiple  covariant  property  is  evident  by  inspec¬ 
tion:  if*m**i  we  have  ft*l  because  (a'lb'ic'id'i)  -  A(aibiCidi) ; 
if  /i-*0  since 

F  -  F'  -  (aibiCidi)  (atbiCsds)a'ib'ic'id'ia4b4C4d4a(b6C4di ; 
and  similarly  in  all  cases. 

7.  Pn^rties  of  the  multiple  covariants  F|(((A")). 

The  polyadics  of  Theorem  V  make  up  the  simplest  class  of 
multiple  covariants  having  vacant  indices  with  They  evi- 

*  i.e.,  vector  factors  take  the  place  of  symbolic  or  ideal  factors  which  are 
no  longer  necessary,  —  or  we  may  say  that  ideal  factors  are  given  a  new 
interpretation. 
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dently  constitute  a  special  case  of  the  polyadics  Fk((P,  Q,  •  • )) 
which  were  studied  in  detail  in  III.  In  the  notation  of  that 
paper,  if  A  be  expanded  on  its  last  k  factors  as 


where  the  M’s  are  a  set  of  n^*  polyadics  of  order  k,  it  was  shown 
that  Fk((A"))  may  be  written  as  an  ordered  determinant  of  class 
p—k+1  and  order  n  with  all  layers  of  the  first  direction  alike. 
The  elements  of  any  layer  of  the  first  direction  are  the  Ma, .  .op_i,; 
the  development  is  by  m.i.p. 

It  was  also  shown  that  the  components  of  Fk((A"))  are  them¬ 
selves  determinants  of  class  p—k-\-l  and  order  n  each  element  of 
which  is  one  of.  the  components  of  the  original  matrix. 

To  express  any  component  of  Fk((A"))  in  the  language  of  matrices, 
the  last  k  indices  of  are  assigned  fixed  values  (the  fixed 

indices  riSi”Zi  of  III,  p.  231);  each  element  carries  an 

upper  index  thus 


which  is  a  dummy  because  the  polyadics  P,  Q,  •  •  are  all  equal 
to  A;  this  dummy,  together  with  the  first  p—k  indices  of  A,‘,..»p 
give  the  p—k-{-l  "directions”  of  the  required  component  of  F, 
and,  as  they  run  from  1  to  n,  yield  the  required  n^*'*'*  elements 
of  this  component.  In  matrix  or  tensor  language  we  may  there¬ 
fore  write 


•  ...A-*"'-  •  n7\ 

•'Hr-kJk  +  l"J2k  ^»i”‘p-kJnk-k  +  r'Jnk 


where  the  upper  numbers  (/)  •  •  (n)  denote  n  choices  of  the  values 
of  the  indices  *i  •  •  fp-k,  which  are  signant. 

The  matrices,  polyadics,  tensors,  or  multilinear  forms  F  k((A“)) 
are  fully  determined  by  (17),  which  might  have  been  taken  as 
the  definition  of  these  quantities,  irrespective  of  the  folding  or 
symbolic  process  by  which  they  were  originally  obtained.  The 
illustration  (6)  of  Art.  2  is  one  of  the  simplest  special  cases.  As 


lilndhl'ttTwIiitii 
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another  example,  the  case  (15),  written  by  (17)  instead  of  by 
folding,  would  be 

p.  .  •  -  A-***  •  •  •  •  -  a}*-  •  ■  • 

and  similarly  for  aU  cases  of  F|t((A")). 

When  p— Af  is  even,  the  diunmy  is  non-signant,  and  no  com¬ 
ponent  of  Fk((A"))  vanishes  indentically.  But  if  this  integer  is 
odd  the  dummy  is  signant  and  any  component  vanishes  identi¬ 
cally  for  which  one  set  of  k  indices  /ik+i  •  '/ik+k  and  another  set 
with  different  i  agree  in  value  each  to  each;  for  if  so  two  layers 
in  a  signant  direction  are  alike.  To  take  a  simple  case  of  this 
sort,  let  n»2,  p«3,  Ar»=2,  i.e.,  fold  the  binary  triadic  into 
itself  on  the  first  factor  only;  Fs((A*))  is  then  equal  to  the  m.i.p. 
development  of  the  2-way  determinant 

which  in  matrix  language  gives 

the  indices  /i  and  jt  belong  to  it,  and  /i  and  f\  belong  to  t|.  Pour 
of  the  sixteen  components  vanish.  The  12  other  components  are 
numerically  alike  in  pairs  of  opposite  sign.  Thus  there  are  only 
six  distinct  components,  neglecting  signs  and  null  components. 
These  six  are  in  fact  the  2d  order  minors  of  the  first  index  (V, 
p.  170)  or,  what  is  the  same  thing,  the  duplex  minors  of  the  other 
two  indices  (V,  p.  173).  The  way  these  minors  and  their  nega¬ 
tives  occur  in  the  matrix  will  appear  from  the  following 

four-way  display  of  the  components  (20) 


(21) 


0 

Fnu 

Fun 

Fuu 

—  Fan 

0 

Fun 

Pua 

—  Fun 

~Fmi 

0 

Fan 

—  Fuu 

-F,m 

—  Fau 

0 

upon  Aj  yields  a  multiply  covariant  matrix  of  class  kn 


MULTIPLE  INVARIANTS  OP  P-WAY  MATRIX  OR  TENSOR  49 

in  which  the  components  taken  as  positive  are  the  determi¬ 
nants  of  the  matrix  V,  p.  170  (10). 

Similarly  for  any  values  of  n  and  p,  if  we  take  k^p—1,  that  is 
if  we  fold  [A®!  on  the  first  index  only,  we  determine  a  matrix 
Fp_i  ((A"))  some  of  whose  components  vanish  while  the  rest  are 
the  n***-order  simple  minors  of  the  first  index,  each  occurring  n! 
times  with  proper  sign. 

8.  Extension  of  the  concept  of  minor. 

It  has  thus  been  shown  that  the  operation  Fit((A"))  performed 


whose  components  are  the  (p— ik-|-/)-way  determinants 

(17).  By  analogy  it  appears  natural  to  regard  these  determinants 
as  minors  of  A,-^..tp  in  a  slightly  extended  sense.  Varying  the 
first  p—k  indices  from  1  to  n  while  the  remaining  k  indices  are 
fixed  in  value  yields  a  (p — ife)-way  block  of  components.  There 

are  n*  choices  of  the  fixed  indices.  The  n*  blocks,  each  of  (p—k) 
dimensions,  if  adjacent  to  one  another,  form  a  matrix  of  p—k+t 
dimensions  or  ways.  The  files  in  all  but  one  direction  will  con¬ 
tain  n  compionents  each ;  in  this  one  direction  each  file  will  contain 
n*  components,  —  these  latter  files  being  in  fact  identical  with 
the  ife-plex  files  of  the  last  k  indices  (V,  p.  174).  The  determi¬ 
nants  (17).  are  then  merely  the  (p— ife-|-/)-way  n“'-order  determi¬ 
nants  of  this  matrix  (with  proper  sign)  under  the  following  funda¬ 
mentally  important  proviso:  repetitions  are  to  be  allowed  in  using 
the  {p—k)-way  blocks.  All  directions  in  any  (p— jfe)-way  block  are 
signant.  The  direction  of  the  multiplex  files  (corresponding  to 
the  dummy  in  (17))  is  signant  or  not  according  as  p—k+1  is 
even  or  odd.  These  determinants  I  shall  call  the  ip—k+I)-way 
n^^-order  simple  minors  on  the  first  p—k  indices.  They  include 
as  special  cases  the  two-way  -order  simple  minors  on  the  first 
index  defined  in  V,  p.  169. 

As  examples  of  the  matrix  from  which  these  minors  are  formed, 
the  case  (20)  corresponds  to  the  two-way  matrix  of  V,  p.  170, 
as  already  noted.  The  case  (6)  corresponds  to  the  unmodified 
cubic  matrix  of  the  the  repetitions  occurring  in  the  layers 

of  the  third  direction.  The  case  (18)  corresponds  to  a  three-way 
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matrix  of  4X4X64  conponents,  with  repetitions  allowed  in  the 
4X4  layers. 

9.  Multiple  concomitants  in  general. 

With  the  notation  of  Art.  2,  if  F'  is  obtained  by  letting  all 
indices  of  F  be  contragredient  to  the  indices  of  A  with  which 
they  are  associated,  instead  of  being  cogredient  as  originally  de¬ 
fined,  and  if  F«  A^F',  I  shall  say  that  F  is  a  multiple  contravariant 
of  A.  More  generally,  if  some  indices  of  F  are  cogredient  and 
some  contragredient  to  their  associated  indices  of  A,  I  shall  say 
that  F  is  a  multiple  concomitant  of  A  when  F  A'‘F'. 

The  following  generalization  of  Theorem  V  may  now  be  given: 

Theorem  VI.  The  polyadics  Fk((A‘’))  are  multiple  concomit¬ 
ants  of  A. 

Proof.  By  definition  the  required  polyadics  are  obtained  from 
[A**]  by  folding  all  but  the  last  k  factors.  It  will  be  sufficient  to 
carry  out  the  case  n»4,  p»5,  q^2,  the  proof  being  in  all 

cases  similar.  We  have  symbolically 

F»((A*))  “  (sibi)  (aibj)aibia4b4a6b6  (22) 

where  (Sibi)  denotes  the  space  complement  of  Sibi  and  similarly 
in  all  cases.  The  indices  not  folded  are  evidently  multiply  co¬ 
variant  since  for  them  F  “  F'  with  ft «  0.  If  — 1 1  we  have  (a'lb'i)  — 
A(aibi)"  by  IV,  p.  252,  and  similarly  in  all  cases  where  less  than 
n  vectors  are  folded;  that  is  F  —  AF'  for  any  folded  index  which  is 
contragredient  in  F.  Therefore  F  is  multiply  contravariant  on 
those  of  its  indices  which  belong  to  a  folded  index  of  A. 

Corollary.  The  polyadics  Fo((A‘*))  are  multiple  contra  variants 
of  A  when  q  is  less  than  n. 

I 

10.  Properties  of  the  multiple  concomitants  Fk  ((A*’)). 

When  q<n  there  are  no  vacant  indices.  The  results  of  III, 
pp.  228-231  hold  without  change.  The  components  of  FkCCA**)) 
are  in  general  determinants  of  class  p—k+J  and  order  q  which 
may  be  expressed  in  a  form  closely  resembling  (17). 


(23) 
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where  the  kq  indices  fi*  •  si  {i^I,  •  • ,  q)  have  fixed  values  and 
where  the  upper  niunbers  (/)  •  •  (q)  denote  q  distinct  choices  of 
the  values  of  the  indices  *i  .  .  *p_k.  which  are  signant.  The 
dummy  upper  index  is  signant  only  when  p—k+I  is  even.  The 
important  difference,  as  compared  with  (17),  is  that  ti  •  •  tp_i, 
instead  of  running  from  1  to  n  are  each  restricted  to  a  range  of 
q  particular  values  chosen  from  1,2,  •  •  ,  n.  Each  component  of 
the  form  (23)  occurs  not  once  merely  but  is  the  coefficient  of  the 
polyadic  (38)  of  III,  p.  231,  as  very  fully  exemplified  in  that 
paper. 

As  a  further  illustration,  any  non- vanishing  component  of  (22) 
is  ±  a  cubic  determinant  of  the  second  order 


(24) 


in  which  the  index  ti  is  restricted  to  two  of  the  four  values  1,  2, 
3,  4 1  while  *j  is  also  restricted  to  two  values,  which  may  be  the 
same  as  the  range  of  ti  or  different.  For  instance  let  ii  have  the 
range  1,  2  and  it  have  the  range  1,  S  and  let  ri,  'Si,  fi,  fj,  St,  it  have, 
in  order,  the  values  I,  2,  3,  2,  3,  4’  certain  components  of  (22) 
will  be  ±  the  cubic  determinant 


Aiiiti 

Aiim 

Aimi 

Aiin4 

All  in 

Anus 

Ajin4 

Ann4 

(25) 


in  which  the  first  two  subscripts  are  signant. 

As  a  generalization  of  a  similar  remark  at  the  close  of  Art.  7 
we  may  now  note  that  if,  for  any  values  of  n,  p,  and  q,  we  take 
ksep—i,  that  is  if  we  fold  [ A'*)  on  the  first  index  only,  we  determine 
a  matrix  Fp_i  ((A**))  some  of  whose  components  vanish,  while  the 
rest  are  the  ^‘’'-order  simple  minors  of  the  first  index,  each  occur¬ 
ring  a  certain  number  of  times  with  proper  sign. 


11.  Fiurther  extension  of  the  concept  of  minor. 

It  has  thus  been  shown  that  the  operation  Fk((A'’))  performed 
upon  the  given  matrix  A,|..,p  yields  a  new  matrix  whose  com¬ 
ponents  are  either  zero  or  else  one  of  the  (p— Ar-f-/)-way  g“'-order 
determinants  (23)  with  proper  sign.  Considering  again  the  ma¬ 
trix  of  p—k-\-l  ways  built  of  {p—k)-vra.y  blocks  as  described  in 
Art.  8,  the  determinants  (23)  are  merely  q“’-order  determinants 
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of  this  matrix  with  repetitions  allowed  as  before,  and  may  be 
called  the  ip—k-\-l)-u'ay  q"‘-order  simple  minors  of  the  first  p  —  k 
indices. 

For  example  (25)  is  a  cubic  2d -order  simple  minor  of 
on  1  it't,  which  may  be  picked  from  the  three-way  matrix  of  4  X  4  X  64 
components  mentioned  at  the  close  of  Art.  8. 

12.  Folding  on  arbitrarily  chosen  indices. 

More  generally  we  may  fold  on  any  p—k  indices  instead  of 
merely  on  the  first  p—k.  The  notation  Fi,((A‘'))  temporarily 
adopted  in  III,  p.  228  now  requires  amplification.  Since  the 
formation  of  the  m.i.p.  product  (A**)  in  any  case  precedes  folding, 
the  folded  indices  may  be  indicated  by  superscripts  appended  to 
[A**];  or  those  not  folded  may  be  written  as  subscripts;  or  both 
sets  may  be  written.  Thus  the  four  expressions 

F,((A*))  [A*l‘'‘*  [A*],-  [A]‘>^ 

will  all  be  ways  of  denoting  the  matrix  (6)  when  n*2,  p  —  3. 
There  can  exist  no  one  notation  most  convenient  in  every  cir¬ 
cumstance.  I  shall  continue  to  reserve  Fit((A*’))  for  indicating 
folding  on  all  but  the  last  k  indices. 

In  what  follows  I  shall  reserve  small  capitals  a,  b,  •  •  ,  g  to 
denote  p—k  indices  chosen  from  *i  •  •  ip  on  which  folding  occurs, 
and  r,  s,  •  • ,  z  to  denote  the  remaining  k  indices  on  which  folding 
does  not  occur:  this  is  the  notation  of  III,  p.  231.  The  expression 

IA'>]^*'°  (26) 

r  •  •  z 

accordingly  means  the  new  matrix  obtained  from  by  first 

forming  the  m.i.p.^  product  [A**]  and  then  replacing  each  group  of 
vector  factors  carrying  the  designated  indices  a  •  •  g  by  its  space 
complement. 

There  is  nothing  in  the  proof  of  Theorem  VI  requiring  folding 
to  be  on  the  first  p—k  indices.  It  is  evident  therefore  that  (26) 
is  a  multiple  concomitant  of  A.  Its  components  can  be  written 
as  in  (23),  replacing  t'l  •  •  ip_k  by  a,  •  • ,  G, 

\(q) 

"a..O  fq..2q 


Vi  A 

r, ..  t, 


(27) 
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the  upper  niunbers  (/)  •  •  (q)  denoting  q  choices  of  values  for  the 
indices  a  •  •  o  which  are  signant  and  which  are  restricted  to  a 
range  of  q  values.  It  is  to  be  emphasized  that  the  indices  here 
denote  any  desired  permutation  of  A  “ip;  but  without  loss  of 
generality  we  may  usually  suppose  the  order  of  a  ••  c  to  be  that 
of  the  same  indices  in  t’l  •  ‘ip;  and  similarly  for  r  •  •  z. 

In  any  chosen  component  (27)  the  q  sets  of  k  indices  each 
Ti-'Zi  •  •  q)  have  fixed  values:  those  particular  com¬ 

ponents  wherein  these  q  sets  of  values  occur  in  natural  order 
(V,  p.  169)  may  be  called  the  (p— fe-)-/)-way  9*’'  -order  simple 
minors  of  on  the  indices  a,  b,  •  •  ,  o.  All  other  components 

(27)  either  vanish  or  differ  from  these  minors  at  most  in  sign. 

The  foregoing  facts  may  be  stated  as 

Theorem  Vn.  Any  polyadic  is  a  multiple  concomitant 

of  A  of  which  any  component  is  either  zero  or  is  ±  a  {p—k-\-l)- 
way  9*’’-order  simple  minor  of  on  the  indices  a  ••  g;  and 

all  such  minors  occur  at  least  once  among  the  components  of 
this  polyadic. 

13.  Extension  of  the  concept  of  simple  rank. 

I  shall  now  lay  down  the  following 

Definition  n.  The  (p— fe+/)-way  simple  rank  of  A,^..jp  on 
the  p—k  indices  a  ••  g  is  the  greatest  value  of  q  for  which  the 
(p— ik-f /)-way  q“‘-order  simple  minors  on  these  indices  are  not 
all  zero. 

Rank  as  thus  defined  evidently  includes  as  a  special  case  simple 
(two-way)  rank  on  a  single  index  (V,  p.  170),  which,  in  turn,  is  a 
generalization  of  the  ordinary  rank  of  a  two-way  matrix. 

Theorem  IV  and  its  two  corollaries  hold  without  verbal  change 
when  F,  instead  of  being  merely  a  multiple  covariant,  is  any 
multiple  concomitant. 

Theorem  Vni.  The  (p— ik-|-/)-way  simple  rank  of  A,-^,.,p  on 
any  p—k  designated  indices  a,  b,  “G  is  a  multiply  invariant 
number  belonging  to  A. 

Proof.  Let  the  rank  in  question  be  a  number  q^.  Suppose 
q>qi  and  let  F=  fA'’]*”®.  By  Theorem  VII’ we  have  F  —  0. 
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By  Corollary  II  of  Theorem  IV  we  therefore  have  F  —  0;  that  is, 
Q]  is  a  multiple  invariant  of  A. 

It  is  obvious  that  any  (p— fe+/)-way  simple  rank  as  thus 
defined  is  in  general  and  at  most  equal  to  n. 

14.  Explicit  formulation  of  the  matrix 
How  minors  of  their  negatives,  and  the  zero  com¬ 

ponents,  occur  in  the  matrix  Fk((A‘*))  is  fully  determined  by  the 
polyadic  (38)  of  III,  p.  231,  and  the  ease  with  which  any  desired 
component  may  be  found  was  illustrated  in  detail  in  that  place. 
When  the  folding  is  on  any  p—k  indices  we  may  suppose  an 
isomer  of  A  to  be  first  formed  such  that  its  first  p—k  indices  are 
the  ones  to  be  folded.  The  method  of  III  then  applies  to  this 
isomer,  yielding  a  polyadic  similar  to  III,  (38).  The  order  of 
indices  a  •  •  gr  •  •  z  of  that  polyadic  may  then  be  rearranged  to 
agree  with  the  original  order  *i  •  •  ip.  We  thus  pass  from  the 
polyadic  form  of  [A'^j*"®  to  the  explicit  formulation  of  any  or  all 
components. 

If  preferred,  however,  this  multiple  concomitant  can  be  defined 
without  use  of  the  folding  or  symbolic  process.  Let  the  determi- 
nantal  polyadic 

Cl  e,  •  •  •  e, 

©1  *  •  •  ©» 

©1  ©1  •  •  •  ©, 

be  denoted  by  E.  Its  components  are  +1  or  —1  when  the 

indices  are  an  even  or  odd  permutation  of  /,£,•••,  n  and  zero 
when  two  indices  are  equal.  The  space  complement  of  q  vectors 
ai.  A,  *  *  *  aq,  Aq  is  thOT 

A,  (29) 

summed  on  Aj  •  •  Aq.  It  follows  at  once  from  the  definition  of 
Fk((A‘*))  that  this  matrix  is  the  same  as 

Fa  1  ••  Z I  ••  Zn-qr,  ••  »’q5  Jq  «q 

“Fa,..an-qA, ..Aq  •  •  *  Fg,..f„_qC,..CqAA|..c,r,..i,  *  *  *  AAq..qqrq..Sq 


(30) 
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summed  on  the  q(p— k)  indices  Ai  •  •  Gi  •  •  •  Aq  •  •  g,.  If  (30) 
denotes  Fk((A‘*)),  i.e.,  if  the  first  p—k  indices  alone  are  folded  the 
order  of  indices  a  •  •  g  is  the  same  as  t'l  •  •  Their  order  agrees 
with  that  of  the  groups  of  complementary  indices  a,  •  •  g.  The 
indices  r  •  •  s  are  the  same  as  tp-k+r  *  *p-  But  (30)  may  equally 
well  denote  (A'*]''”®,  i.e.,  the  folding  may  be  on  any  p—k  indices 
A  •  •  G,  provided  we  are  willing  to  suppose  that  the  indices  a  •  •  or  •  •  z 
stand,  not  in  the  order  written,  but  as  they  actually  occur  in 
ii  •  •  «p.  The  order  of  the  groups  a  •  •  g  is  always  the  same  as  that 
of  A  •  •  G. 

There  is  still  another  method  for  passing  from  symbolic  to 
explicit  formulation,  closely  analogous  with  one  used  in  simple 
cases  in  the  classical  theory  of  invariants,  namely,  given  such  a 
symbolic  form  as  (22),  expand  all  vectors  in  terms  of  the  Ci  •  •  e„ 
and  multiply  out.  After  the  multiplication,  any  product  such  as 
Si.  r  &2. s  ^3. ts^.u^s.v  is  replaced  by  Afstuv,  and  any  product  of  b’s 
similarly  is  replaced  by  A  with  corresponding  subscripts,  just  as 
in  the  usual  symbolic  method. 

Jxist  as  in  the  classical  theory,  however,  it  will  usually  be  true 
that  any  explicit  formulation  is  less  perspicuous  both  for  demon¬ 
stration  of  theorems  anil  for  display  of  results  than  the  symbolic 
method,  which,  in  the  present  investigation,  becomes  the  poly- 
adic  method,  —  or  rather  one  aspect  of  the  polyadic  method.  It 
is  also  true  that  ordered  determinants  afford  a  method  in  a  sense 
intermediate  between  a  fully  explicit  display  of  components  and 
one  purely  symbolic. 

15.  Extension  of  the  concept  of  multiplex  rank. 

The  definition  of  rank  laid  down  in  Art.  13  suffers  from  a  fairly 
obvious  and  quite  unnecessary  restriction.  In  building  a  matrix 
out  of  n*  blocks  of  components  each  (Art.  8)  it  is  not  necessary 
that  these  blocks  be  of  order  n  in  all  directions;  they  do  not  need 
to  be  hyper-cubical,  i.e.,  with  n  components  in  every  file.  Each 
block  of  n^*  components  may  equally  well  have  less  than  p—k 
directions,  containing,  therefore,  in  one  or  more  directions,  files  of 

components,  where  t  is  an  integer  <p—k,  not  necessarily  the 
same  integer  for  all  ways  in  the  block.  In  other  words  the  p—k 
indices  of  A,-,..»p  which,  being  allowed  to  run  from  1  to  n,  the 
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Other  indices  being  Axed,  yield  the  components  occurring  in 
the  block,  may  be  collected  into  tt— jfe  groups  of  tu  tt,  *  * .  iw-k 
indices  each;  the  indices  of  each  group  are  then  replaced  by  a 
multipartite  index  as  in  V,  p.  174.  As  the  ti  indices  of  any  group 
run,  in  natural  order,  from  /  to  n,  the  corresponding  multipartite 
index  u,  will  run  from  /  to  n^.  We  thus  have  identically 

(31) 

where,  as  before,  r  •  •  2  are  the  k  indices  fixed  in  value  over  any 
chosen  block.  There  will  thus  be  n*  blocks  as  before,  which,  if 
adjacent  to  one  another  in  natural  order,  will  form  a  matrix  of 
n**Xn^  •  •  Xn^Xn*  components.  TTie  ^‘‘’-order  determinants 
which  can  be  picked  from  this  matrix,  allowing  repetitions  of 
blocks  as  before,  may  be  called  the  (w— k+lj-twiy  q^^-order  multi¬ 
plex  minors  on  the  v—k  designated  multipartite  indices.  These 
minors  will  have  precisely  the  form  (27)  with  this  difference  of 
interpretation  merely :  the  indices  a  •  •  c  now  are  the  same  as  the 
multipartite  indices  mi  •  *  Uw-k  instead  of  being  the  same  as  a 
selected  group  of  p—k  simple  indices. 

Definition  in.  The  (tt— i^+/)-way  multiplex  rank  of  Ai^..i^on 
■n—k  simple  or  multipartite  indices  a,  b,  •  •  g  is  the  greatest  value 
of  q  for  which  the  (tt— /i+Zl-way  ^‘’’-order  multiplex  minors  on 
these  indices  are  not  all  zero. 

Rank  as  thus  defined  evidently  includes  as  a  special  case  the 
f-plex  rank  on  one  group  of  t  indices  as  defined  V,  p.  174.  It  also 
includes  simple  rank  of  definition  II  when  ‘ir<mp,  i.e.,  when  all 
indices  are  simple. 

16.  Multiplex  space  complement. 

It  is  now  necessary  to  show  that  generalized  rank  as  above 
defined  is,  in  any  case,  a  multiply  invariant  number.  This  I  shall 
do  by  means  of  a  (purely  algebraic)  extension  of  the  space  com¬ 
plement  of  Dr.  Naess,  (II,  p.  179).  Let  there  be  q  matrices  or 
polyadics  all  of  class  t  and  carrying  the  same  indices,  thus: 
a,-^..,t,  b,-,..,j,  •  •  • ,  g  Now  let  the  t  simple  indices  be  re¬ 

placed  by  one  f-partite  index  u  running  in  natural  order  from  1 
to  n^  The  polyadics,  in  other  words,  are  to  be  treated  as  vectors 
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in  Space  of  n  dimensions,  where  N  —  n^  Let  the  /-ads  ®i,  •  •  •it 
be  denoted  by  E,|.  I  now  define  the  multiplex  space  complement  of 
the  q  polyadics  to  be  a  square  determinant  of  order  n  having  the 
N  fundamental  /-ads  Ei  •  •  £>,  for  the  elements  of  its  first  N— ^ 
(identical)  rows,  and  having  the  components  of  the  polyadics 
for  its  last  q  rows 


E,  ••• 

E. 

E,  ... 

E. 

ai  . . . 

an 

gi  •  •• 

gN 

(32) 


it  being  understood  that  the  expiansion  of  the  determinant  is  by 
m.i.p.  (Ill,  p.  212),  in  the  order  of  rows. 

The  simplest  possible  case  of  a  multiplex  space  complement  is 
given  by  »»“/“£.  If  also  q^i,  so  that  we  have  two  dyadics  ai^ij, 
and  bijij,  their  multiplex  space  complement  will  be 


•  iCl 

•iCa 

•S®! 

®i«i 

•iCi 

•iCa 

®1®1 

ClCl 

an 

■  a,t 

ail 

as 

b„ 

bu 

b« 

bs 

with  m.i.p.  development,  by  rows. 


Theorem  IX.  The  multiplex-space  complement  of  q  polyadics 
is  a  multiple  contravariant  of  these  polyadics  when  q<t'*  and 
the  corresponding  indices  or  vector  factors  of  the  polyadics  are 
cogredient  each  to  each. 

Proof.  It  will  be  sufficient  to  carry  out  the  proof  on  (33). 
Calling  this  determinant  F  and  taking  »m  **i  we  have,by  definition, 

fiCi  fiCa  fjCi  fiej 

fiei  fiej  ffti  fje* 

SrlT,!  ar2Tri  a^iT^  araTra 
briTrl  brjT,!  briTr2  br2Tr2 


F- 


(34) 
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where  fi,  U  are  the  new  basis  vectors  of  the  first  index  and  in  the 
last  two  rows  we  sum  for  r—  1,  2.  On  the  other  hand  let  T,*  be 
the  components  of  the  contragredient  transformation  to  be  applied 
to  the  basis  vectors  of  the  first  index  in  (33)  so  that 

ffCiTig  f.CiTai  fiCiTa. 

fs®»Tu  f»®iT3»  f»®iT*, 

ail  ^11  ati  an 

bii  bit  bti  bit 

To  see  that  F  *  A*F'  it  is  merely  necessary  to  note  the  identity 
Til  0  Ti,  0 

0  Til  0  Ti, 

A*-  T,i  0  T„  0 
0  T,i  0  Ta 

whence  multiplying  (36)  into  (35)  gives  (34)  by  virtue  of  the 
identity  f.T^T^  —  fj.  It  has  thus  been  shown  that  (33)  is  a 
contravariant  of  and  on  the  first  index.  The  proof  is 
in  all  cases  similar. 

When  no  confusion  results  I  shall  denote  the  multiplex  space 
complement  of  several  polyadics  A,  B,  •  • ,  G  by  (A,  B,  •  • ,  G), 
which  reduces  to  the  space  complement  of  Dr.  Naess  when  these 
polyadics  are  vectors.  When  these  polyadics  are  all  transformed 
on  the  same  index  the  multiplex  space  complement  of  the 
transformed  polyadics  may  be  denoted  by  (A',  B',  •  • ,  GO-  On 
the  other  hand  when  the  multiplex  space  complement  (A,  B,  •  • ,  G) 
is  contragrediently  transformed  on  the  indices  which  belong  to  tm 
the  result  may  be  written  (A,  B,  •  • ,  G)".  Theorem  IX  is  thus  the 
same  as 

(A',  B',  .  • ,  GO  -  A'‘(A.  B,  •  •  ,  G)"  (37) 

a  generalization  of  IV,  p.  252. 

If  we  have  n'  polyadics  their  multiplex  space  complement  is 
evidently  a  scalar,  which,  by  a  similar  proof,  is  a  multiple  inva- 
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riant  of  these  poljradics,  assuming  them  to  carry  the  same  (i.e., 
cogredient)  indices.  For  example  if  we  have  four  binary  dyadics 
the  determinant  of  their  16  components  is  a  multiple  invariant. 
If  the  four  dyadics  are  merely  four  dyads  aiRt,  bibi,  CiCj,  and 
dids,  still  with  n<**S,  their  multiplex  space  complement  (aiRt.bibi, 
CiCt,  dids)  is  by  definition 


*ll  l*t>  1 

*]«  i*ti  t 

*i>  i*i>  1 

*1.  i*t.  t 

bi,  ibj,  1 

bi,  ibj,  ] 

bi,  jbj,  1 

bi,  ibj,  1 

Cl,  iCj,  1 

Cl,  iCj,  } 

Cl,  jCt,  1 

Cl,  iCj,  t 

di,  td|,  1 

di,  idt,  t 

di,  tdi,  1 

di,  idt,  1 

and,  since  a  dyadic  is  a  sum  of  dyads,  (aiRt,  bibt,  CiCi,  d|dt)  is 
symbolic  for  (A,  B,  C,  D)  when  t“2.  Since  (38)  is  a  multiple 
invariant  it  is  an  invariant,  hence  expressible  in  terms  of  the 
12  simple  determinants  (Ribi),  (aiCi),  •  •  •  ,  (Cidj),  (atbj),  •  •  • ,  (ctdj), 
(Cf.  Weitzenbock,  Invariantenth.  s.  258)  because  determinants  of 
factors  with  unlike  indices,  e.g.,  (aibj)  would  destroy  the  multiple 
character.  This  is  one  of  the  simplest  examples  of  the  fact  that 
multiplex  folding  can  be  expressed  in  terms  of  simple  folding,  — 
a  transformation  which,  for  multiplex  space  complements  in  gen¬ 
eral,  involves  the  determinant  E  as  well  as  the  simple  space  com¬ 
plements  of  given  vector  factors.  (See  Examples  7— 12  at  end  of 
paper.) 

More  generally,  if  we  have  q  polyadics  which  are  merely  I-ads, 
*1*2  •  *  *t,  ’  *  ’  .  gig2  *  ’  gt>  tfieir  multiplex  space  complement 

(*i*2  •  •  *t,  bib2  •  •  b„  •  •  • ,  g,g2  •  •  gt)  (39) 

is  symbolic  for  the  multiplex  space  complement  of  q  general  poly¬ 
adics  (A,  B,  •  •  ,  G).  U  q  =  n^  then  (39)  is  a  determinant  whose 
rows  are  the  components  of  the  /-ads  in  natural  order,  the  first 
row  being 

*1,  I1..1**.  11..1  •  •  *  *t»  u..».  *!•  U..1  *<>  n>.i  *  *  *  *t>  UxU  •••etc., 

the  last  element  of  the  first  row  being  ai,„„..„a2,nn..ii  •  *  •  *1.  nn-.n 
and  the  other  rows  being  similar  in  the  b’s,  c’s,  •  •  •  ,  g’s.  This 
determinant,  being  an  invariant,  is  expressible  in  terms  of  the 
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simple  detenninants  (»ibi  •  • )  each  containing  n  vector  factors  of 
like  index. 

17.  Multiplex  folding. 

A  general  definition  of  multiplex  folding  can  now  be  given.  Let 
a  matrix  or  polyadic  or  A  be  reshaped  as  in  Art.  15,  i.e., 

we  replace  p—k  simple  indices  by  ir— simple  or  multipartite 
indices.  We  next  form  the  m.i.p.  product  (A**!  just  as  in  simple 
folding.  If  one  of  the  indices  to  be  folded  is  still  a  simple  index, 
we  replace  any  group  of  q  vector  factors  of  that  index  by  their 
simple  space  complement.  If  U  simple  indices  have  been  replaced 
by  a  f,-partite  index  the  qt^  vector  factors  bearing  these  ti  simple 
indices  are  replaced,  in  any  term  of  (A**),  by  the  multiplex  space 
complement  of  the  q  I-ads  whose  m.i.p.  product  constitutes  the 
group  in  question.  After  all  such  replacements  have  been  made 
the  vector  factors  of  the  various  indices  are  to  stand  in  the  original 
order  *i  •  •  *p.  The  resulting  polyadic  is  then  fully  determined. 
More  generally  we  may  treat  any  q  polyadics  carrying  the  same 
indices  in  this  way.  The  result  will  be  denoted  by 

[A.  B,  .  •  Gl^—  (40) 

where  the  superscripts  denote  the  various  groups  of  simple  indices 
which  are  replaced  by  multipartite  indices,  some  of  which  may, 
of  course,  still  consist  of  a  single  index. 

The  number  of  indices  grouped  into  a  multipartite  index 
being  let  X  be  the  least  of  the  numbers  ti  and  let  y  be  the  great¬ 
est.  It  is  evident  that,  in  multiplex  folding,  q  does  not  exceed 
If  one  at  least  of  the  multiplex  sp>ace  complements  in 

any  term  of  (40)  is  a  scalar,  for,  as  above  pointed  out,  (39)  is  a 
scalar  when  The  indices  of  the  group  will  be  vacant,  and 

(40)  will  be  multiply  invariant  on  these  indices  because  (39)  is 
then  a  multiple  invariant  of  the  X-ads  which  enter. 

Any  group  for  which  q<n^  yields,  in  any  term  of  (40),  a  polyad 
of  t{n‘—q)  indices  corresponding  to  t  indices  of  each  of 

which  is  (n^—q^) -filled.  By  Theorem  IX,  together  with  the  dis- 
tributively  invariant  character  of  all  steps  of  the  processes  con¬ 
cerned,  (40)  will  be  multiply  contra  variant  on  this  group  of  t 
indices. 
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Finally,  (40)  will  be  multiply  covariant  on  the  k  indices  not 
folded. 

It  has  thus  been  shown  that  (40)  is  a  multiple  concomitant  of 
the  given  p>olyadics  A.  B,  •  • ,  G,  assumed  to  carry  the  same  indices. 
It  remains  to  show  that,  when  these  polyadics  are  all  equal  to 
A.  the  components  of  (40)  are  either  txxo  or  else  the  multiplex 
minors  of  Art.  15,  with  proper  sign,  and  that  each  minor  occurs 
one  or  more  times. 

If  all  the  numbers  ti  were  equal,  the  whole  of  III,  Art.  11  could 
now  be  repeated  without  change,  except  that  the  folded  indices 
would  be  multipartite  and  rr—k  in  munber  instead  of  p—k; 
N  (»=n*)  would  replace  n;  and  fundamental  /-ads  would  serve  as 
N  basis  vectors.  In  this  case,  therefore,  the  components  of  [A'*)*"® 
would  have  precisely  the  form  (27)  and  the  required  result  would 
be  established. 

The  numbers  t,  being  in  general  different  I  shall  suppose  the 
matrix  Aff  of  (31)  to  be  extended  by  bordering  with 

fictitious  components  so  that  each  of  the  ir  indices  runs  from 
1  to  n*.  The  true  matrix  is  then  a  special  case  of  the  fictitious 
matrix  such  that  the  multiplex  rank  on  any  index  Ui  happens  to 
be  n*'  (or  less)  instead  of  n*,  and  the  simple  rank  on  any  one  of 
the  indices  r  •  •  z  happens  to  be  not  greater  than  n. 

To  describe  this  fictitious  matrix  in  another  way,  we  know  that, 
for  sufficiently  large  h,  we  can  always  develop  A  in  the  form  (3). 
All  /j-ad  factors  h)  are  linearly  expressible  in 

terms  of  R,  of  themselves  where  Ri  is  the  rank  on  «i;  such  a 
suitably  chosen  set  of  Ri  polyadics  may  be  taken  as  basis  vectors 
of  the  index  Uj.  for  the  whole  notion  of  multiple  invariance  rests 
on  the  fact  that  the  basis  vectors  of  a  given  index  have  nothing 
to  do  with  those  of  any  other  index  but  are  merely  so  many 
linearly  independent  quantities  not  commutative  in  multiplica¬ 
tion.  Now  since  /?;  is  certainly  not  greater  than  n’'  we  could  ex¬ 
press  all  in  terms  of  a  suitably  chosen  set  of  n’  polyadics 

or  basis  vectors  if  so  many  linearly  independent  ones  existed 
which  is  in  general  not  the  case.  However,  we  introduce  enough 
fictitious  basis  vectors  of  the  index  m,  to  fill  the  gap. 

Let  the  reasoning  of  III,  Art.  11  be  now  carried  out  on  this 
partly  fictitious  matrix  or  polyadic  of  order  n'*.  The  components 
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of  a  fictitious  are  thvis  shown  to  have  the  form  III,  (39) 

which  is  the  same  as  (27)  of  this  paper,  differing  from  (27)  only 
in  the  supposition  that  we  have  values  from  which  to  select 
the  range  of  q  values  for  any  index  a  *  •  G  and  the  fixed  values  of 
r  •  •  z.  I  shall  now  show  that  the  introduction  of  fictitious  com¬ 
ponents  and  fictitious  basis  vectors  of  the  rr  indices  Mi  *  •  •  •  z 

cannot  alter  the  form  of  the  scalar  components  of  (A**)*"'®. 

This  follows  immediately  on  consideration  of  a  typical  term  in 
the  polyadic  expansion  by  m.i.p.  of  (A**)  which,  by  folding  on  the 
ir  partly  fictitious  indices  yields  the  fictitious  lA'*)*"®.  Such  a 
typical  term,  after  folding,  is  the  symbolic  expression  for  the 
fictitious  lA’l*"®.  Folding  on  a  partly  fictitious  index  means 
constructing  a  fictitious  space  complement  in  an  M'’'-space  instead 
of  an  M^'-space  or  merely  an  n-space.  But  this  fictitious  space 
complement  has  precisely  the  same  non-vanishing  scalar  compo¬ 
nents  as  the  real  space  complement,  each  component  being  multi¬ 
plied  by  a  fictitious  polyadic.  For  example  if  actual  folding  pro¬ 
duced  (33),  the  duplex  space  complement  of  two  binary  dyadics, 
and  if  y“3,  the  corresponding  fictitious  spiace  complement  would 
be  a  determinant  of  the  eighth  order  whose  first  six  (identical) 
rows  are 

CiCi  CiCi  ®j®i  ©jCj  Es  ^6  £7  Eg 

where  the  last  four  elements  are  fictitious;  and  the  seventh  row 
would  be 

ail  au  ail  an  a*  a«  a7  a« 

and  the  eighth  row  similarly  in  the  b’s.  Since  as,  a«,  a7,  at,  bs’ 
b*,  b?  and  b*  are  actually  zero,  the  scalar  components  of  this 
fictitious  space  complement  are,  by  a  Laplacean  development,  the 
same  as  those  of  (33),  and  similarly  in  all  cases.  Therefore  the 
symbolic  expressioh  for  (A'*)^"®,  on  multiplying  out  the  folded 
groups,  has  the  same  scalar  components  in  the  fictitious  as  in  the 
actual  case,  neglecting  signs  and  zero  components.  Passing  from 
symbolic  to  explicit  form  in  the  usual  manner,  the  same  holds 
for  the  complete  development.  Thus  the  reasoning  of  III,  Art.  11, 
while  it  replaces  III,  (38)  by  a  fictitious  polyadic,  does  not  alter 
the  form  III,  (39)  of  the  components,  nor  the  form  (27)  of  this 
paper.  We  have  therefore  proved 
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Theorem  X.  A  polyadic  (A**)*”®  where  a  •  •  o  are  tt— k  multi¬ 
partite  (or  simple)  indices  is  a  multiple  concomitant  of  of 

which  any  compionent  is  either  zero  or  is  db  one  of  the  {v—k-\-l)- 
way  g*’’-order  minors  (in  general  multiplex)  of  A;  and  all  such 
minors  occur  at  least  once  among  the  components  of  this  multiple 
concomitant. 

Hence  also 

Theorem  XI.  The  (it— jfe-|-/)-way  multiplex  rank  of  Ai^..tp 
on  any  n—k  designated  multipartite  indices  is  a  multiply  invariant 
number. 

The  proof  is  similar  to  that  of  Theorem  VIII, 

It  may  be  remarked  that  any  multiplex  space  complement,  and 
hence  [A**]*”®,  can,  if  desired,  be  expressed  in  forms  analogous  to 
(29)  and  (30)  by  use  of  a  miiltiplex  analogue  of  (28).  Such  an 
explicit  formulation  will  not  be  required  in  this  paper,  the  poly¬ 
adic  or  symbolic  forms  of  these  quantities  being  more  adaptable 
to  present  purposes.  See  Example  13-17,  page  78  below. 

To  give  perhaps  the  simplest  possible  example  of  multiplex 
folding  and  related  minors,  take  a  binary  tetradic,  i.e., 
with  n^2.  Keep  t'l  simple,  replace  tjii  by  a  bipartite  index,  and 
leave  *4  not  folded.  Fold  the  tetradic  into  itself  on  the  simple 
index  t'l  and  the  bipartite  index  ifit,  i.e.,  make  [A*]‘'^****’  where 
the  bipartite  character  of  tVi  is  indicated  by  parentheses.  If  we 
write  the  polyadic  expansion  of  A  as 

A  »  aiaia3a4-{-bib2bib4-l-  •  •  •  (41) 

we  shall  have  symbolically 

[A*]  =  aibia2b2a4bja4b4  (42) 

and 

(A*l‘><‘*‘*) -  (a,b,)(a,a,,  b2b,)a4b4  (43) 

with  biplex  folding  on  t*ta  as  defined  and  illustrated  in  Art.  16. 
The  matrix  of  Art.  15  will  consist  of  a  pair  of  two-way  blocks  of 
which  the  first  is 

Aim  Atm  Ann  Ami 

Ajiu  Ajm  Ajjii  Anji 
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and  the  second  is  obtained  by  advancing  the  fourth  subscript. 
Since  doubling  of  blocks  is  permitted  there  are  18  three-way 
2d-order  minors  on  the  two  indices  *i  and  (tjt'i).  If  the  latter  or 
bipartite  index  be  called  u  and  run  from  1  to  4  when  (tft'i)  takes 
the  bipiartite  values  11,  12,  21,  and  22,  these  minors  will  be  included 
in 

(45) 

where,  in  the  manner  of  (27),  the  upper  numbers  indicate  two 
choices  of  p>airs  of  values  for  t’l  and  «,  while  r  and  s  are  two  values 
of  i4.  Both  ti  and  u  are  signant.  For  instance,  if  u  has  the  range 
2,  3,  i.e.,  12  and  21,  with  r*/,  we  obtain  the  three-way 
minor 

Anil  Ami 

Aim  Ami 

The  multiple  concomitant  (43)  is  a  hexadic  because  the  first 
space  complement  on  the  right  is  a  scalar,  the  second  is  a  tetradic, 
and  a4b4  is  a  dyad.  The  first  index  of  is  vacant,  and  the 

other  three  indices  are  two-filled. 

18.  Rank  of  various  grades. 

If  we  let  <r*7r  — fe-|-/  any  rank  included  in  definition  III  may 
be  indicated  by  followed  by  the  designated  indices  in  brackets. 
For  example,  if  (43)  vanishes  in  all  components  Rj(»i(»i*i)]  is 
unity  or  zero,  for  the  tetradic  in  question.  Any  rank  included 
in  definition  III  may  be  called  a  primary  rank  of  Evi¬ 

dently  any  matrix  possesses  a  finite  number  of  primary  ranks. 

These  ranks  have  been  shown  to  be  related  to  multiple  con¬ 
comitants  lA'*]*"".  Any  primary  rank  of  one  of  these  concomi¬ 
tants  is,  by  Theorem  IV,  a  multiple  invariant  of  and  may 

be  called  a  secondary  rank  of  A.  Similarly  we  may  have  tertiary, 
and  in  general  plenary  ranks,  according  to  grade.  The  ranks  of 
any  one  grade  are  finite  in  number.  These  various  ranks  are  not 
all  independent. 

Secondary  ranks  occurred  in  V  although  not  so  designated  in 
that  paper.  In  V,  Art.  13,  if  the  invariant  la  vanishes,  Fi((A*)) 
is  of  rank  one,  a  secondary  rank  of  A,  which  becomes  zero  when 


Aim 

Ajitj 


Aijij 

Ams 


(46) 
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Pi((A*))  vanishes  in  all  components.  But  in  this  latter  case  the 
three-way  simple  rank  on  t'l,  it  is  unity,  illustrating  that,  as  above 
noted,  different  ranks  are  not  always  independent. 

Again,  in  V,  Art.  18,  the  mabrs  are  three-way  minors  on  t'l,  »|. 
If  any  four  of  the  nine  conics  are  linearly  related  the  duplex  two- 
way  rank  of  Fi((A*))  on  its  first  two  indices  does  not  exceed  three, 
a  secondary  rank  of  A.  The  Jacobians  of  these  conics,  in  sets  of 
three,  are  obtainable  by  folding  Fi((A*))  into  itself,  forming  a 
secondary  concomitant  of  A.  The  Hessians  of  these  Jacobians  in 
turn  are  obtainable  by  further  folding,  thus  involving  tertiary 
concomitants.  In  another  paper  I  propose  to  inquire  to  what 
extent,  and  in  what  manner,  the  possibility  of  the  general  decom¬ 
position  (3)  of  this  paper  is  determined  (for  given  h)  when  the 
plenary  ranks  of  the  matrix  A,^..  are  known.  But  these  plenary 
ranks  are  far  from  comprising  all  multiply  invariant  numbers. 


19.  Further  examples  of  multiple  concomitants. 

The  present  paper  makes  no  attempt  to  give  a  general  theory 
of  all  multiple  concomitants.  I  shall,  however,  add  several 
examples  of  these  quantities  not  included  in  [A‘‘l*''®. 

Example  1.  Any  isomer  of  A  is  a  mtUtiple  covariant  of  A, 
provided  the  indices,  after  permutation,  are  cogredient  with,  i.e., 
belong  to,  their  original  positions  in  A. 

Example  2.  With  the  same  proviso,  any  isomer  of  a  multiple 
covariant  is  a  multiple  covariant. 

Example  3.  The  sum  of  two  multiple  covariants  is  a  multiple 
covariant  provided 

1*.  They  are  of  the  same  number  of  indices. 

2®.  They  are  of  the  same  degree  in  the  Aj^.. 

3®.  Their  corresponding  indices  have  the  same  association 
with  the  indices  i\  •  •  tp. 

Example  4.  The  m.i.p.  product  of  A  into  itself  any  number  of 
times,  namely  [A**]  where  q  is  an  integer,  is  a  multiple  covariant 
of  A. 

Example  5.  Given  q  vectors  a,  b,  •  •  ,  g,  let  the  determinant 
having  these  vectors  for  elements  of  its  q  (identical)  rows  be  denoted 
by  |a,  b,  •  • ,  g  |.  In  (A’’)  let  all  groups  of  q  vector  factors  carry¬ 
ing  a  chosen  index  be  replaced  by  their  determinant  as  just 
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defined  (instead  of  by  their  spiace  ccmiplement  as  in  folding). 
The  resulting  polyadic  is  a  multiple  covariant  whose  components 
are  either  zero  or  ±  the  two-way  q*’’  order  simple  minors  on  the 
chosen  index,  and  each  such  minor  occurs  at  least  once. 

Example  6.  Let  the  process  of  Ex.  5  be  called  alternation. 
If  we  alternate  on  p—k  chosen  indices  the  result  is  a  multiple 
covariant  whose  components  comprise  the  (p— ik+7)-way 
order  simple  minors  on  the  chosen  indices.  To  illustrate,  let  A 
be  a  binary  triadic  and  alternate  [A*]  on  ti  and  The  result 
is  symbolically 

|«ibi  I  |«tlh  iKjbi  (47) 

instead  of  (aibi)(asbi)aibi  which  we  would  have  had  by  folding; 
and  is  a  hexadic  instead  of  a  dyadic.  Its  components,  however, 
are  either  zero  or  the  quantities  (7)  with  proper  sign. 

Example  7.  If  alternation  produces  the  determinant  of 
the  components  of  the  n  vectors,  multiplied  by  E.  Thus  (47)  is 
equal  to  E*Fi((A*)). 

Example  8.  If  F  is  a  multiple  covariant  EF  is  a  multiple  co- 
variant,  provided  the  indices  of  E  all  belong  to  the  same  index 
of  A. 

Some  of  the  above  examples  can  be  at  once  extended  to  mxUti- 
ple  concomitants  in  general,  due  regard  being  paid  to  the  character 
of  the  indices.  It  appears  to  be  true  that  all  multiple  concom¬ 
itants  of  a  single  matrix  A  can  be  obtained  from  E'"[A‘’],  where 
m  and  q  are  integers,  and  we  employ  folding,  alternation,  and 
isomerism. 

20.  Multiple  concomitants  and  tensor  calculus. 

A  multiply  invariant  niunber  belonging  to  a  p-way  matrix  A, 
e.g.,  any  primary  r^nk  of  A  as  defined  above,  or  any  primary  rank 
of  a  multiple  concomitant  of  A,  is  evidently  an  invariant  in  the 
sense  of  tensor  calculus  when  A  is  a  tensor.  Multiple  concomitants 
are  also  related  to  tensor  calculus  by  the  following  theorem: 

Theorem  XII.  If  A  is  a  tensor  and  if  F  is  a  multiple  concomitant 
of  A  then  F  is  a  relative  tensor  provided 

1®.  Any  index  of  F  cogredient  with  an  index  of  A  is  written  in 
the  same  manner  (upper  or  lower)  as  the  index  of  A  to  which  it 
belongs. 
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2®.  Any  index  of  F  contragredient  to  an  index  of  A  is  written 
in  the  opposite  way  to  the  index  of  A  to  which  it  belongs. 

Proof.  With  the  notation  of  Art.  2  let  be  the  value  of 
when  the  transformation  (1)  is  carried  out  on  the  index  Let 
Am  be  the  determinant  of  the  transformation  on  Let  now  p 
arbitrary  non-singular  transformations  of  the  form  (1)  be  carried 
out  on  the  respective  p  indices  of  A  simultaneously,  the  transformed 
A  being  called  'A.  Let  F  be  any  multiple  concomitant  of  A  and 
let  'F  be  the  polyadic  whose  components  are  the  same  functions  of 
the  components  of  'A  that  the  components  of  F  were  of  those  of 
A.  On  the  other  hand  let  T'  be  the  transform  of  F  under  the  p 
arbitrarily  chosen  transformations,  with  due  regard  to  the  cogre- 
dience  or  contragredience  of  the  indices  of  F  compared  with  their 
associated  indices  in  A  as  defined  in  Art.  9.  By  successive  applica¬ 
tion  of  (4)  we  have 

'F-Ai'*>A/>--- Ap'*J>T'.  (48) 

Since  the  p  linear  transformations  are  arbitrary,  (48)  will  persist 
when  these  transformations  are  all  the  covariant  transformation 
of  tensor  calculus,  or  when  they  are  all  the  contravariant  trans¬ 
formation,  or  when  some  are  one,  others  the  other.  If  A  is  a  tensor 
and  if  is  a  lower  index. write  A^  =■  A  and  —  K^',  but  if  is  an 
upper  index  write  Am=J  =  A"'  and  Also  let 

ATp. 

Thus  if  A  is  a  tensor  (48)  becomes 

'F^A'^T',  (49) 

i.e.,  F  satisfies  the  definition*  of  a  relative  tensor  of  weight  K. 

To  take  one  of  the  simplest  illustrations,  if  n»=2  and  p  =  3,  and 
if  A,-^,j,-^  is  a  covariant  tensor,  then  Fi((A*))  is  a  relative  tensor 
of  weight  2  with  components  given  by  (6).  For  by  Art.  2 
we  have  and  /Aja>0.  The  three  indices  of  A  being 

lower  we  have  K»2. 

Again,  starting  with  the  same  triadic,  if  t’l  is  an  upper  index 
with  it  and  f|  lower,  so  that  A'|iji^  is  a  mixed  tensor,  then 

*V'cblen  and  Thomas,  Extensions  of  Relative  Tensors,  Trans.  Amer.  Math. 
Soc.,  Vol.  26  (1924),  p.  373. 
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Fi((A*))  is  a  tensor;  for  /Ci*  —  1,  ATj^  +  l,  and  A'l  — 0,  giving 
A'-O. 

As  another  example,  if  p  is  even  and  Ai^ . .  »p  a  covariant  tensor, 
the  full  sign  p-way  determinant  of  the  components  is  a  relative 
invariant  of  weight  p,  for  this  determinant  is  a  multiple  invariant 
with  ^  —  1  on  all  indices  (IV,  p.  242).  Denoting  this  determinant 
by  |a„..  I  we  have 

F,((A"))-ElAj,..i,|  (50) 

by  Theorem  XIII  of  III,  p.  236.  This  is  a  polyadic  identity  true 
no  matter  to  what  transformations  the  indices  are  subject,  and 
E  is  the  special  polyadic  of  order  n  defined  by  (28).  The  left  side, 
by  Theorem  V,  is  a  multiple  covariant  of  A;  since  all  its  indices 
belong  to  the  non-folded  index  ip  we  have  ftp  “  0  as  in  the  illus¬ 
trative  example  of  Art.  2;  and  all  the  other  fi’s  are  -1-1  as  in  that 
example.  Hence  if  A  is  a  covariant  tensor  the  left  side  is  a  rela¬ 
tive  tensor  of  weight  p—1.  Therefore  by  comparing  the  two  sides 
E  must  in  this  case  be  a  relative  covariant  tensor  of  weight  —  1. 

This  result  may  be  proved  directly.  With  the  notation  of 
Art.  2  we  have  E— E  because  the  components  of  E  are  constant. 
On  the  other  hand  we  have  by  definition 


*  *  * 

®o'^no 

*  *  * 

®o'^iia 

-ae 

(51) 

*a^io 

*  *  * 

®o*^na 

E-A‘'E' 

(52) 

on  the  assumption  that  the  n  indices  of  E  all  belong  to  the  same 
index  of  A  and  that  the  transformation  T  takes  place  on  that 
index  of  A;  under  these  assumptions  (52)  holds  no  matter  what 
non-singular  linear  transformation  is  denoted  by  T.  Hence  if  T 
is  the  covariant  transformation  of  tensor  calculus  E  is  a  relative 
covariant  tensor  of  weight  —  1  as  was  to  be  shown.  In  this  case 
E  may  properly  be  denoted  by  Ej^ . 
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Similarly  if,  in  (50),  we  change  the  indices  to  upper,  implying 
that  A*'  ■  ■  is  a  contravariant  tensor,  (52)  shows  that  E  becomes 
a  relative  contravariant  tensor  of  weight  +1  or  tensor  density 
(because  A’*  is  now  the  A  of  Veblen  and  Thomas),  In  this  case 
E  may  properly  be  denoted  by  E*^'  ’ 

More  generally,  with  the  notation  of  Art.  12,  E‘’'‘‘(A"J*'*®  is 
a  tensor  if  A  is  a  tensor  provided  each  E  is  cogredient  with  one 
of  the  folded  indices  a  •  •  o;  for  this  quantity  is  a  multiple  covari¬ 
ant  of  A  having  ft*0  for  any  non-folded  index:  while  (A")*”® 
has  1  for  any  folded  index  (proved  as  in  Art.  2)  and  any  E  has 
— 1  by  (52),  so  that  ft*0  also  on  any  folded  index  of  the 
given  product.  Hence  K  —  0.  This  result  may  also  be  proved  by 
the  use  of  the  Mumaghan  symbol  which  vanishes  unless 

the  r’s  and  r’s  are  the  same  set  of  distinct  integers  and  is  ±  1 
when  the  substitution  to  bring  them  to  the  same  order  is  even  or 
odd.  It  will  be  sufficient  to  take  the  case  p "3  and  fold  on  it  and 
t|.  Note  that 


Sri  •  •  E.  ... 

•  •  j,  *1  •  • 


(53) 


where  the  two  factors  on  the  right  are  our  contravariant  E  and 
covariant  E  respectively.  Then 


8 


..<r. 


8? 


Ar^,T, 


(53.) 


-  E*^.  •  •  --  E,. . . E"-  •  •  "-E,. . . ,,  A,.,.,, . . .  A,,,.,,  (53,) 
-E,...,.E,..jA»lr  (53,) 

-EMA"!,-  (530 

where  one  E  belongs  to  *,  and  the  other  to  it,  and  *i  is  not  folded. 
Passing  to  tensor  calculus,  if  the  indices  are  transformed  as  indi¬ 
cated  by  their  positions,  A  is  a  covariant  tensor,  8  is  a  tensor, 
hence  (53,)  is  a  tensor  as  was  to  be  proved. 

It  will  be  recalled  that,  when  p  is  odd,  (A*),-^  does  not  in  general 
factor  into  E  times  a  full  sign  determinant  of  the  components 
Ai,  ..  jp  (Cf.  the  example  of  Art.  2),  but  has  for  its  non-vanishing 
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components  a  set  of  nth-order  minors  as  shown  in  Art.  12,  each 
with  proper  sign. 

Remarks  on  the  above  examples.  The  fact  that,  if  Ai^ . .  »p  is  a 
tensor  with  p  even,  the  full  sign  determinant  |Aj^ . .  |  is  a  relative 

invariant  is  given  for  p  *  2,  n  —  4,  with  all  indices  lower,  by  Edding¬ 
ton,*  his  interesting  proofs  being  quite  different  from  the  above. 
Our  E  is,  for  n  *4,  the  same  as  his  €^yt  which  he  also  shows 
to  be  a  tensor  density,  the  above  results  being  in  entire  agreement 
with  his.  They  are  also  in  agreement  with  a  result  but  not  with 
the  phraseology  of  Dr.  C.  R.  Cramlet’  which  in  our  notation  is:  if 
A  is  a  tensor  density  EA  is  a  tensor  if  E  is  the  covariant  (relative) 
tensor  Ej  .  .j^.  Since  Dr.  Cramlet  states  that  he  is  in  disagreement 
with  Eddington  it  may  be  noted  that  Eddington’s  satisfies 
Dr.  Cramlet’s  equation  (5.4)  but  not  his  (5.3).  Also  the  J  of  Dr. 
Cramlet  is  the  A  of  Veblen  and  Thomas,,  not  Eddington’s  J.  In 
another  very  powerful  paper  Dr.  Cramlet  employs  expressions 
of  the  type  (53)i,  which  he  calls  a  “determinant,”  expressly 
neglecting  the  distinction  between  what  is  usually  called  a  deter¬ 
minant  and  a  tensor  whose  non-vanishing  components  are  determi¬ 
nants.  It  need  hardly  be  remarked  that  the  present  investigation 
is  based  on  precisely  this  distinction,  the  components  of  (53i) 
comprising  a  set  of  minors  of  A  as  fully  exemplified. 

21.  Illustrative  examples. 

Example  1.  If  the  cubic  rank  of  Aj^ .  .ip  on  a  pair  of  indices  is 
unity,  the  two-way  rank  on  one  of  these  indices  is  unity. 

Proof.  Note  first  the  lemma:  if  the  general  (indeterminate) 
product  (V,  pp.  164,  165)  of  two  matrices  (polyadics)  vanishes,  one 
of  these  matrices  vanishes.  Supp>ose  the  cubic  rank  (Def.  II)  of 
Af, . .  Ip  on  *1*1  to  be  unity.  By  Theorem  VII 

[A*r'‘’-0.  (54) 

*Tke  Mathematical  Theory  of  Relativity,  2d  Ed.,  Art.  48. 

▼Some  General  Determinant  Theorems  in  Tensor  Notation,  Annals  of  Math., 
Vol.  27,  No.  4  (Sept.  1026),  p.  380,  equation  (5.6). 

(Applications  of  the  Determinant  and  Permanent  Tensors  to  Determinants 
of  General  Class  and  Allied  Tensor  Functions,  Amer.  Jour.  Math.,  VoL  XLIX, 
No.  1  (Jan.  1927),  p.  89. 


Expand  A  on  its  first  two  indices  thus 


where  the  B’s  are  dyadics  whose  components  are  two-way 
blocks  of  the  components  of  A  with  indices  »i .  .  tp  fixed  in  value 
throughout  any  one  block  (Art.  8).  Following  Gibbs  and  Naess 
the  result  of  folding  a  pair  of  dyadics  on  both  factors  may  be 
denoted  by  double  cross.  Substituting  in  (54)  the  expansion  of  A 
from  (55)  gives 


®a,  •  •  Op  '  ’  ®ap®/lp  “  0 


whence,  because  the  2/>-ads  are  independent, 


for  all  choices  of  the  values  of  the  indices.  For  each  such  choice 
the  left  side  of  (57)  is  a  polyadic  whose  components  are  certain 
of  the  cubic  minors  of  A  on  *i*j:  e.g.,  if  n  — 3  the  B’s  are  dyadics 
in  the  sense  of  Gibbs,  th?  double  cross  product  of  two  B’s  is  also 
a  dyadic,  and  the  components  are  a  set  of  nine  cubic  determinants. 
Now  take  the  cases  when  each  a  has  the  same  value  as  the  corre¬ 
sponding  /8,  namely 


If  the  double  cross  product  of  a  dyadic  into  itself  vanishes  the 
dyadic  can  be  written  as  a  dyad,*  i.e.,  all  our  B’s  are  dyads.  Re¬ 
place  the  p—2  non-folded  indices  by  a  (p— £)-partite  index  u 
running  from  /  to  n^*.  Call  the  polyads  Ca,  •  *  ®ap  accordingly 
Em.  Replace  (55)  by 


A*aibiEi4*®jbjEi-|-ft»biEa-l-  •  •  •  -j-aybjvE^  (59) 


where  If  the  rank  on  exceeds  unity  there  must  be  at 

least  two  non-vanishing  terms  on  the  right  (V,  p.  181,  Theorem  V). 
Suppose  the  first  two  terms  to  be  actual  terms,  i.e.,  assume  at, 

•E.  B.  Wilson,  On  the  Theory  of  Double  Products  and  Strains  in  Hyper¬ 
space,  Trans.  Conn.  Acad.  Arts  and  Sci.,  Vol.  14  (Sept.  1908),  p.  18. 
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B,,..ipxBi,..ip='0  (not  summed) 
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bi,  Kt,  and  bj  not  zero.  Forming  the  equations  (57)  we  have 

a,Xa»  b,Xb,-0  (60a) 

aiXa,  biXb,«0  (606) 

ai  X  a*  bi  X  bj  “  0  (60c) 

and  so  on.  If  the  rank  of  A  on  t|  exceeds  unity  at  least  one  cross 
product  of  a  pair  of  a’s  does  not  vanish  (V,  p.  170,  Theorem  I). 
Assume 

aiXa,?^0  (61) 

whence  by  (60a)  and  the  above  lemma  we  must  have 

b,Xb,-0,  (62) 

i.e.,  bi  and  b]  are  parallel  since  neither  is  zero.  Thus  (606)  and 
(60c)  may  be  written 

aiXa,  biXb,-0  (606) 

a,Xa,  b,Xb,-0  (63) 

but  if  the  third  term  of  (59)  actually  exists,  i.e.,  if  and  bi  are 
both  different  from  zero,  aj  is  not  parallel  to  both  the  non-parallel 
vectors  ai  and  aj  so  that  we  must  have 

biXb,-0.  (64) 

It  has  thus  been  shown  that  if  aiXai  is  not  zero  and  if  the  first 
three  terms  of  (59)  exist  the  vectors  bi,  b«,  and  bi  are  parallel. 
Similarly,  treating  any  other  actual  term  as  the  third  has  just 
been  treated,  all  b’s  are  parallel.  That  is,  A  is  of  rank  unity  on 
it  if  not  on  ii.  Similarly  if  the  cubic  rank  of  A  on  any  two  indices 
is  tmity  the  rank  on  one  of  these  indices  is  unity. 

Example  2.  The  above  example  extends,  by  parallel  reasoning, 
to  3-way  rank  on  a  pair  of  multipartite  indices  (Def.  III).  The 
result  may  be  stated  as 

Theorem  Xm.  If  the  3-way  multiplex  rank  of  a  matrix  A^, . .  ip 
is  unity  on  a  pafr  of  multipartite  indices,  the  two-way  mul¬ 
tiplex  rank  on  one  of  these  indices  is  unity. 

In  extending  the  proof  a  cross  will  denote  multiplex  folding 
instead  of  simple  folding  (Art.  16).  Two  polyadics  are  “parallel” 
when  their  cross  product  vanishes,  i.e.,  their  multiplex  space  com¬ 
plement  is  zero,  and  they  are  linearly  related.  If  a  double  polyadic 
(multipartite  indices)  multiplied  by  double  cross  (in  the 
sense  just  mentioned)  into  itself  gives  zero  it  can  be  written 
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Wilson’s  proof  (loc.  cit.)  applying  without  formal  change. 
The  rest  of  the  proof  is  unaltered  except  that  instead  of  vectors 
Ri,  bi.  etc.,  we  have  polyadics  of  order  h  and  all  indices  not 
folded  remain  simple  from  to  tp,  instead  of  it  to  tp. 

Example  3.  If  the  cubic  rank  of  A  on  a  pair  of  indices  is  2, 
the  two-way  ranks  on  the  separate  indices  may  both  exceed  2. 
For  instance  the  triadic 

(eiei-|-ejei)ei-l-(ejei-f-eie3)ct  (65) 

has  cubic  rank  2  on  the  first  two  factors  but  two-way  rank  3  on 
each  of  these  factors  separately. 

Example  4.  Let  there  be  o’  —  1  multipartite  (or  simple)  indices 
and  let  the  o’-way  rank  on  these  indices  be  R<,.  On  any  t— 1 
of  these  indices  (1<t<o’)  we  have  a  T-way  rank  which  may  be 
called  subordinate  to  R^.. 

Theorem  XIV.  cannot  exceed  the  smallest  of  its  sub* 
ordinate  ranks. 

For  let  the  o’  —  1  indices  be  a,  b.  •  •  •  c,  and  suppose  the  smallest 
of  the  subordinate  ranks  to  be  rank  q  on  indices  a  •  •  d.  Then  by 
Theorem  VII 

•  (66) 

and  therefore 

J^q  +  l]A..G.Q  (67) 

which  proves  the  theorem. 

Example  5.  If  Rj  (a,  b)  is  the  cubic  rank  of  a  non-vanishing 
matrix  Ai^  on  a  pair  of  indices  (simple  or  multipartite)  a 
and  B,  and  if  Rj(a)  and  R»(b)  are  the  two-way  ranks  on  the 
separate  indices,  it  is  an  inunediate  consequence  of  Theorems  XIII 
and  XIV  that  the  equations 

R4(a,  b)  —  /  =«  0  (68a) 

and 

(R,(a)-/][R,(b)-/]-0  (686) 

are  equivalent.  To  take  the  simplest  case,  if  the  three  quantities 
(7),  which  are  the  cubic  2d-order  minors  of  the  indices  *Vj  of 
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are  all  zero,  the  six  two-way  minors  on  I'l  are  all  zero,  or  else  the 
six  on  it  are  all  zero;  and  conversely.  This  may  be  verified  by 
ordinary  algebra. 

Example  6.  As  another  corollary  to  Theorem  XIII,  if  the  cubic 
rank  of  a  pair  of  indices  \  and  t'b  is  unity  we  may  write  one  or  the 
other  of  the  two  developments. 


A  «  A,, . .  ip  =  a^Bi^ . .  . .  tp 

A«,  •  •  tp  “  . .  ib_,ib+,  •  •  ip 


(69a) 

(696) 


where  ai^  and  bi,,  are  vectors.  A  similar  result  holds  with  multi¬ 
partite  indices. 

Example  7.  Writing  (ab)  for  aibj— a*bi,  etc.,  we  have  identi¬ 
cally 

aiUi  aiUi  'atUi  ajUi 

bivi  bivi  bjVi  b,v* 


CiXi  C|Xi  CtXi  CiXi 

diyi  diyi  djyi  djy, 


(70o) 


I  (ac)  (bd)  -I-  (ad)  (be)]  (uv)  (xy)  (706) 

-((ab)(cd)-|-(ad)(cb)](ux)(vy)  (70c) 

+  ((ab)(dc)-f (ac)(db)](uy)(vx)  |  (70d) 

-(ab)(cd)[(ux)(vy)-|-(uy)(vx)]  (70c) 

+  (ac)(bd)[(uv)(xy)  +  (uy)(xv)]  (70/) 

-(ad)(bc)[(ux)(yv)-H(uv)(yx)]  |  (70g) 


This  identity,  since  (70a)  is  of  the  same  form  as  (38),  verifies  the 
statement  made  in  Art.  16  in  regard  to  expansion  of  this  determi¬ 
nant. 
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Proof.  For  brevity  denote  (70a)  by  D  and  write 

d*  d* 

A*TuTn — TuTji,  - 

dT„aT«  dTit^Tv 

and  operate  by  Q*  on  both  sides  of  the  identity 


ToiaaUi 

Toja^iUi 

"T'oiboVi 

T^ib||Vi 

TojbaVi 

TojboVj 

TjjjCqXj 

TqjCuXi 

Taidayi 

TaidaX* 

Tal<layi 

■A*D  (72) 


Operating  on  the  right  side  gives  12D  as  is  well  known.^*  To 
operate  on  the  left  side  make  first  a  Laplacian  development  by 
minors  of  the  first  two  columns,  i.e.,  take  the  sum  of  six  determi¬ 
nants  of  which  the  first  is 

Taia^Ui  To,a«u*  0  0 

ToibaVi  ToibaVi  0  0 

(73) 

0  0  TojCaXi  TojCoX, 

0  0  Tojdoyi  Tojdayi 


Abbreviating  - by  dn,  etc.,  we  have 

3Tu 

SiiTdia^j^ai  djjTjjjajj  ”  aj  duX^jiaa^O,  etc. 
whence  operating  on  (73)  with  SnSu  gives  twice  the  determinant 

aiUi  aiUi  0  0 

biVi  b|V*  0  0 

(74) 

0  0  TojCoXi  TojCaXt  '  ^ 

0  0  Tajd^iyi  T^jd^yi 

*®Grace  and  Young,  Algebra  of  Invariants,  Art.  2d. 
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and  operating  on  (74)  with  dudn  gives  four  times  the  determinant 

aiUi  aiUi  0  0 

biVi  biVj  0  0 

0  0  CsXi  CjXj 

0  0  d,yi  d,yj 

that  is  4aibiCtdi  (uv)  (xy).  Similarly  yields  4aib|Cid< 

(uv)(xy).  Finally  yields 

[aib*cidj+ aibiCjd, + a*biCid»+ a*b,c,di  ]  (uv)  (xy) 

Collecting  results  we  find  the  yield  of  fl*  on  (73)  to  be 

2  ((ac)  (bd)  +  (ad)  (be)  ]  (uv)  (xy) . 

Continuing  the  Laplacean  development  the  required  identity  is 
obtained. 

Example  8.  In  Example  7,  instead  of  a  series  of  letters  a,  b, 
c,  d,  we  may  stipulate  development  in  order  of  rows  and  write 
e,iBai^b,-  — Ct-*d,.  Similarly  let  f,“U,»vi  —  X|  —  yi,  with  the 
same  requirement.  Then  if  Ciei— ejCi—E  and  fif*— fifi  —  F  the 
product  (ab)(cd)  becomes  the  direct  product  EE  or  E*,  The 
product  (ac)(bd)  becomes  the  multiple  indeterminate  product 
[E*],  that  is 

[E*]-eieiC,e,-eiC*ejei-e,e,eie,+e,ejeiei  (76) 

The  product  (ad) (be),  by  virtue  of  the  identity 

(ad)  (be)  -  (ae)  (bd)  -  (ab)  (ed)  (77) 

becomes  (E*)  — E*.  In  a  similar  manner  the  products  (uv)(xy), 
(ux)(vy),  and  (uy)(vx)  become  F*,  [F*],  and  [F*]— F*.  Collecting 
results  the  identity  (70)  becomes 

Ieifi  Cifs  Ctft  Cjfj 

®ifi  *if»  ®jfi  ®il* 


[E*)F*-E*(F*1  (78) 
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Example  9.  As  an  obvious  corollary,  the  determinant  (70a) 
is  identically  equal  to 


(ac)  (bd)  (uv)  (xy)  -  (ab)  (cd)  (ux)  (vy) . 


Example  10.  The  duplex  space  complement  of  a  binary  dyad 
dy  is  by  definition 


®lfl 

®ifj 

®ifi 

®jf» 

©ifl 

®if* 

®»fi 

®jfi 

e,fi 

®.fi 

®jfi 

®*fi 

diyi 

diyj 

diyi 

diyi 

where  the  basis  vectors  of  the  second  index  are  written  ft  and  U 
instead  of  Ci  and  e*  merely  to  assist  the  eye.  Using  the  method 
of  Example  8,  write  ei»ai»bi— Ci,  et-aj—b*— c*.  fi—ui  — vi»Xi, 
and  fi»Ut“Vj»xi  in  (70a)  and  (70h),  and  require  m.i.p.  develop¬ 
ment  by  rows.  The  determinant  (bd)  becomes  eid*— Cjdi  or  (d), 
the  simple  space  complement  of  d.  Similarly  (xy)  becomes  (y), 
the  simple  space  complement  of  y;  and  (cd)  and  (vy)  become  (d) 
and  (y).  The  product  (ac)(bd)  becomes  the  m.i.p.  (E(d)),  that  is, 
the  multiple  indeterminate  product  of  E  into  (d),  but  since  di 
and  di  are  scalars  this  merely  means  that  we  interchange  the 
order  of  the  last  two  vector  factors  in  each  term  of  E(d).  Hence 


[E(d)  I  -  e,eie,d,-eieieid,  -  e,eieid,-Heiejie,d,  (80) 

and  similarly  for  the  product  (ux)(vy).  Thus  (79)  takes  the  form 
(E(d)lF(y)-E(d)[F(y))  (79a) 


Example  11.  Similarly  the  duplex  space  complement  of  two 
binary  dyads  cx  and  dy  may  be  developed  as 


(c)(d)F(xy)-E(cd)(x)(y) 


Example  12.  Similarly  the  duplex  space  complement  of  three 
binary  dyads  bv,  cx,  and  dy  may  be  developed  as 


(c)  (bd)  (v)  (xy)  -  (b)  (cd)  (x)  (vy) 


78 


HITCHCOCK 


It  may  be  remarked  that  Examples  10-12  illustrate  the  state¬ 
ment  of  Art.  16  that  multiplex  space  complements  can  be  expressed 
in  terms  of  simple  space  complements  and  the  determinant  E. 
They  are  also  in  agreement  with  the  surmise  at  the  close  of  Art.  19 
that  multiple  concomitants  are  in  general  formed  from 

Example  13.  The  left  member  of  (78),  which  is  an  8-adic,  may 
be  denoted  either  by  or  by  where 

ut,  etc.,  are  bipartite  indices  corresponding  to  the  pairs  of  simple 
indices  /*/•,  etc.,  and  run  from  /  to  4-  We  might  define  this 
8-adic  without  reference  to  anything  but  its  matrix  by  saying 
that  any  component  is  zero  when  a  pair  of  bipartite  indices,  are 
alike  in  value  and  is  ±1  when  the  permutation  needed  to  bring 
the  bipartite  indices  to  natural  order  is  even  or  odd. 

Example  14.  With  the  notation  of  Example  13,  the  identity 
(78)  may  be  written 


(83) 


Example  15.  With  the  same  notation  the  duplex  space  com¬ 
plement  (33)  of  a  pair  of  binary  dyadics  may  be  written 

summed  on  the  Greek  indices. 

Example  16.  With  the  same  notation  we  may  write,  instead 
of  the  symbolic  form  (43),  the  explicit  form 


Example  17.  Similar  to  Example  13,  the  multiplex  E  corre¬ 
sponding  to  binary^  triadics,  i.e.,  the  determinant  of  the  8th  order 
whose  identical  rows  are  the  triads  Cieiei,  •  •  •  ,  626261  in  natural 
order,  is  a  24-adic  whose  2**  components  may  be  denoted  by 
Ej.j, j,,. w,.  •  •  •  j.W  It  might  also  be  written  E,j. 
if  we  understand  that  all  *’s  precede  all  j's,  with  k's  last.  Again 
it  may  be  written  E^^ ..  the  indices  being  tripartite,  and  running 
from  1  to  8.  In  this  latter  case  its  definition  is  verbally  the  same 
as  if  it  were  the  simple  of  an  n-space  (Art.  14). 
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Example  18.  The  multiplex  E  for  ternary  dyadics  is  an  18-adic 

Example  19.  The  multiplex  E  for  tetradics  in  4-space  is  a 
determinant  whose  identical  rows  are  the  tetrads  61616161  •  •  • 
64646464  in  natural  order.  Thus  it  is  a  64-adic  whose  2*^  cwn- 
ponents  may  be  denoted  by 


(86) 


with  the  understanding  that  the  64  indices  are  actually  to  be  in 
four  groups  alphabetically  arranged.  Any  set  of  four,  beginning 
with  hiijiki,  may  be  taken  as  a  4-partite  index  giving 

E«...,4,.  (87) 

the  indices  now  running  from  1  to  16.  In  this  form  the  definition 
is  verbally  the  same  as  that  of  a  simple  in  16-space. 

Example  20.  For  any  values  of  n  and  p  we  may  let  N=*n^; 
hence  the  multiplex  E  is  by  the  definition  (32)  a  determinant  of 
order  N,  and  is  a  pN-adic.  To  express  the  matrix  of  compo¬ 
nents  each  index  may  carry  two  subscripts  separated  by  a  comma, 
thus 

(88) 


"Ui.  iJt.  \  ”  Jp, 


■  J\.  ttJt.t*  ’  ‘Jp,  N 


if  we  understand  that  the  order  of  indices  is  actually  the  natural 
order  of  the  bipartite  subscripts.  If  each  group  of  p  indices  as 
written  be  replaced  by  a  p-partite  index  we  have 

E.4,..*^  (89) 

so  that  instead  of  defining  this  pN-adic  by  the  determinant  (32) 
it  may  be  defined  to  have  any  component  equal  to  zero  if  any  two 
multipartite  indices  are  alike  in  value  and  any  component  equal 
to  -f-1  or  to  —  1  according  as  the  permutation  to  bring  the  n 
multipartite  indices  into  natural  order  is  even  or  is  odd. 

Example  21.  With  the  notation  of  Example  20,  let  (Tj  .  .  (Tn 
correspond  to  ui  .  .  us-  The  multiplex  space  complement  of  q 
p-adics  may  then  be  written 


'  Wm  — q  <rN  — q  -f  I  •  •  <^N ' 


^M-q+i  •  •  • 


(90) 


whence  any  expression  obtained  by  multiplex  folding  may  be 
written  in  explicit  form  in  a  manner  similar  to  (85). 


Wmr 


PARALLEL  GEODESICS 

By  C.  L.  B.  Moots  * 

1.  Two  dimensions.  Let  us  first  examine  what  relations  the 
coefficients  of  the  element  of  arc 

ds*  —  ar/iu^du‘  r,  r  —  1 ,  2  (1) 

must  satisfy  in  order  that  the  codrdinate  curves  may  be  parallel 
in  the  sense  that,  if  a  tangent  to  one  parameter  line  is  moved  by 
Levi-Civita  parallelism  along  the  parameter  curve  of  the  other 
system  it  will  be  tangent  to  a  p>arameter  curve  in  its  new  position. 
Thus  we  move  the  vector  (0,  f)  along  the  direction  (da‘,  0).  The 
components  of  the  change  in  the  vector  caused  by  the  displace¬ 
ment  are 


and  if  the  vector  is  to  remain  tangent  to  the  curve  whose  parameter 
is  «*,  it  is  necessary  for  the  component  to  vanish.  Since  — 0, 
the  necessary  and  sufficient  condition  for  parallelism  in  this  sense 


Likewise  the  necessary  and  sufficient  condition  that  the  curves  of 
parameter  u‘  are  parallel  is 

(4) 

If  both  these  conditions,  (3),  (4)  are  satisfied  the  co6rdinates  form 
a  Tchebychef  net.  Hence  the  lines  of  a  Tchebychef  net  are  parallel. 

In  this  case  it  is  easy  to  see  that  the  element  of  arc  takes  the 
simple  form 

ds*  -  idu^)*+2Fdu^du*+  (d«*)* 

and  we  see  that  the  surface  is  divided  into  figtires  with  the  four 
sides  equal  and  the  opposite  sides  parallel  (in  the  above  sense). 
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Similarly,  if 


the  curves  whose  parameter  is  ui  are  geodesics.  If  both  (4)  and  (5) 
are  satisfied  this  set  of  parameter  curves  are  parallel  geodesics. 
But  in  this  case  the  surface  must  be  one  of  zero  curvature. ‘  Hence, 
developable  surfaces  are  the  only  ones  which  admit  a  set  of  parallel 
geodesics. 

From  this  theorem  it  is  obvious  that  on  a  non-developable  surface 
there  is  no  set  of  directions  along  which  the  tangents  to  an  arbitrary 
geodesic  can  be  moved  by  parallelism,  so  as  to  envelop  a  new  geodesic. 
For  if  there  were  such  a  set  of  directions  we  could  then  determine 
a  set  of  parallel  geodesics. 

If  (3)  is  satisfied  and  0,  it  is  easily  seen  that  the  element  of 
arc  can  be  reduced  to 

idu^)'-\-atiidu^y 

and  hence  the  curves  of  parameter  are  geodesics.  Hence  if  a 
set  of  parameter  lines  are  parallel  by  moving  in  directions  per¬ 
pendicular  to  themselves  they  must  be  the  orthogonal  trajectories 
of  a  set  of  geodesics. 

2.  .V-dimensions.  We  will  consider  only  the  case  of  geodesics. 
That  is,  given  a  congruence  of  geodesics  which  is  left  invariant  by 
some  parallel  displacement,  we  will  take  this  congruence  as  one 
set  of  parameter  curves,  say  **,  and  let  the  lines  along  which  the 
parallel  displacement  takes  place  be  another  set  of  parameter 
curves,  say  x*.  Now  if  we  write  the  element  of  arc  in  the  form 

ds'^Oridx^dx'  (6) 

the  condition  that  the  curves  whose  parameter  is  are  geodesics 

I -0,  m-2,  3,  •••  w.  (7) 

If  a  curve  of  the  congruence  z*  is  moved  by  parallelism  into  another 
curve  of  the  congruence 

^  I -0,  m-2.  3,---m. 

I  J 

iBianchi,  Geometria  Differeniiale,  Vol.  I,  p.  77  (1903). 


(8) 
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0 


From  (7)  and  (8)  we  see  that,  if  a  geodesic  congruence  is  left 
invariant  by  one ,  infinitesimal  parallel  displacement  it  is  left 
invariant  by  an  infinite  number.  For  if  we  displace  dx*  by  paral¬ 
lelism  in  the  direction  \dx^+fidx*,  the  component  of  the  dis¬ 
placement  in  the  direction  x"  (m?^  1)  is 


1  1 
m 


(dx«)*+/*  I 


2 

m 


dx^dx* 


which  vanishes  for  all  values  of  X  and  fi.  Now  in  the  x‘  x*- 
coordinate  surfaces  the  x*  curves  being  geodesics  of  the  enveloping 
space  are  geodesics  of  the  surface,  but  the  only  surfaces  admitting 
a  set  of  parallel  geodesics  are  those  of  curvature  zero.  Hence  if  a 
geodesic  congruence  admits  a  parallel  displacement  the  variety 
Vn  contains  an  (w  —  2)-parametered  set  of  2-surfaces  of  zero  curva¬ 
ture,  each  containing  a  pencil  of  parallel  geodesics  of  V”,.  The  x* 
parameter  lines  can  be  chosen  as  any  lines  lying  on  the  above 
surfaces  and  we  shall  therefore  choose  them  orthogonal  to  the  x* 
parameter  lines,  and  we  can  also  choose  the  parameter  x‘  as  arc 
length.  Then  the  following  equations  are  satisfied 


from  which  we  easily  get 


'1  1] 

[1  2 

.  J 

i  . 

*0,  m*  1, 


n. 


From  the  first  of  these  equations 


3x‘ 


-0. 


m=»  1,  •  •  •  n. 


(9) 

(10) 


and  from  the  second,  since  an— 0, 


dOlm 

dx* 


1, 


•  •  •  n. 


If  the  congruence  of  geodesics  is  normal,  that  is  if 
a,„»0,  w-2,  3, ••• 


(11) 


84 


MOORE 


we  see  that  the  coefficients  Ojm  ^re  not  functions  of  and  hence 
the  element  of  arc  can  be  written 

(dac')*"!"  Or,  dac^  da:*, 

3 

where  the  coefficients  o^,,  are  independent  of  x'. 

If  the  normal  congruence  of  curves  of  parameter  a:*  has  two 
parallels  and  the  curves  of  the  second  displacement  have  a:*  for 
parameter,  then  by  the  above  argument  the  coefficients  03^  are 
independent  of  a:*  and  the  V,  is  generated  in  two  ways  by  2-surfaces 
of  zero  curvature  having  a  generation  of  parallel  geodesics  of  ,1^,. 
Also  since  On  (ht,  Oa  are  independent  of  x^  we  see  that  the  space 
Xi^Ci,  •  •  •  Xn^c„  is  a  space  containing  a  generation  of  totally 
geodesic  surfaces  *  More  generally  if  the  congruence  can  be  moved 
in  k  directions  into  parallel  geodesics  a,,  (r—  1,  2,  •  •  •  it,  5*  1  •  •  •  h) 
are  independent  of  ac‘  and  the  space  =“C*+i,*  y  x„^c„  contains 
one  generation  of  totally  geodesic  surfaces  of  that  space. 

The  codrdinate  surfaces  x^  x*  which  contain  a  set  of  parallel 
geodesics  play  the  role  of  cylinders  in  euclidean  space.  All  the 
directions  tangent  to  such  a  surface  are  moved  by  parallelism  into 
a  linear  pencil  of  directions  and  hence  are  determined  by  the  posi¬ 
tion  of  two  of  them.  That  is  if  we  wish  to  move  the  tangent  plane 
by  parallelism  along  the  geodesic  we  need  only  move  the  element 
dx'  and  d**,  and  from  equations  (7)  and  (8)  we  see  that  they  move 
into  tangent  directions  and  hence  these  surfaces  have  a  second 
property  of  cylinders,  viz.,  tangent  planes  at  two  points  of  the 
same  generator  are  parallel. 

However,  these  are  not  the  only  surfaces  containing  a  set  of 
geodesics  with  parallel  tangent  planes,  for  this  does  not  require 

to  vanish. 

$ 

If  a  congruence  of  geodesics  can  be  moved  by  parallelism  along 
(11  —  1)  congruences  into  itself,  by  the  argxunent  used  before  we  see 
that  it  is  moved  into  itself  by  any  paths  whatsoever  and  conse¬ 
quently  this  becomes  the  case  considered  by  Eisenhart.* 

*See  Eisenhart,  Riemannian  Geometry,  p.  71. 

*Riemannian  Geometry,  p.  07. 
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In  this  case  the  congruence  must  be  normal  and  the  element  of  arc 
can  be  put  into  the  form 

ds*  -■  2  Oft  fix’  , 

2 


where  the  coefficients  a,,  are  independent  of  **.  The  hypersurfaces 
— const,  are  totally  geodesic.  Any  one  parameter  family  of 
geodesics  of  the  congruence  is  a  surface  of  zero  curvature  and  the 
geodesics  of  the  congruence  which  cuts  a  geodesic  of  one  of  the 
totally  geodesic  hypersurfaces  will  generate  a  totally  geodesic  sur¬ 
face  of  zero  curvature.  This  is  evident,  since  any  line  tangent  to 
such  a  surface  will  be  moved  by  parallelism  (with  respect  to  the 
space  Fa)  into  a  tangent  line.  From  this  we  see  that  the  surface 
formed  by  all  the  lines  of  the  congruence,  of  parallel  geodesics, 
which  cut  an  arbitrary  geodesic,  will  be  a  totally  geodesic  surface  of 
zero  curvature.  For  if  we  take  a  point  P  of  the  arbitrary  geodesic 
and  the  totally  geodesic  hypersurface  through  P,  then  one  of  the 
orientations  determined  by  the  geodesic  of  the  parallel  congruence 
passing  through  P  and  a  geodesic  of  the  hypersurface  will  contain 
the  arbitrary  geodesic.  Then  we  have  a  set  of  totally  geodesic 
surfaces  of  zero  curvature  which  will  contain  all  the  geodesics  of 
the  F„  and  the  geodesic^  must  then  cut  all  the  geodesics  of  the 
parallel  congruence  (which  they  intersect)  at  a  constant  angle 
and  are  then  moved  by  parallelism  along  the  lines  of  the  parallel 
congruence  into  geodesics  of  F,.  Hence,  each  geodesic  of  V„  has  a 
pencil  of  geodesics  parallel  to  it. 
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A  QUALITATIVE  DEFINITION  OF  THE  SUB-  AND 
SUPER-HARMONIC  FUNCTIONS' 

*  By  Philip  Pkanklin 

1.  Introduction.  An  integral  characterization  of  functions  sat¬ 
isfying  Poisson’s  eqviation 

»  3*u 

A« -  2  ^  (or  P>0),  (1) 

<-i  ' 

the  density  p  as  indicated  never  changing  sign,  has  recently  been 
given  by  F.  Riesz,*  which,  essentially,  identifies  them  with  the 
Slab-  (or  super-)  harmonic  functions  previously  studied  in  other 
connections.  These  functions  are  defined  as  follows.  A  function 
u{xt,  •  •  •  zj  defined  for  the  interior  of  a  domain  D,  and  upper 
semi-coiitinuous  (t.e.  the  limit  of  a  decreasing  series  of  continuous 
fimctions)  never  becoming  infinite  too  rapidly  (faster  than  1/r"'* 
or  log  f  for  n  «  2,  r  being  the  distance  from  the  point  in  question) 
is  called  sub-harmonic  if,  for  every  closed  domain  D'  entirely  inside 
of  D  and  every  function  U  (.Zj,  •  •  •  zj  harmonic  in  D*  and  such 
that 

«(*i.  •  •  •  zj  ^  (/(z,,  •  •  •  zO  (2) 

on  the  boundary  of  D‘,  the  same  relation  holds  for  the  interior  of 
D'.  The  negative  of  a  sub-harmonic  function  is  a  super-harmonic 
function.  To  express  the  relation  with  (1)  more  precisely,  every 
sub-  (super-)  harmonic  function  is,  to  within  an  additive  harmonic 
function  the  potential  function  corresponding  to  a  distribution  of 
negative  (positive)  mass  whose  density  is  an  integrable  function. 
Conversely,  every  such  potential  function  is  a  sub-  (super-)  har¬ 
monic  function. 

As  the  sub-  and  super-harmonic  functions  are  thus  precisely 
those  which  appear  in  the  potential  problems  of  a  theory,  such  as 
the  Newtonian  theory  of  gravitation,  where  the  density  is  of  fixed 
sign,  it  is  of  interest  to  define  them  by  a  simple  set  of  properties. 
The  object  of  this  paper  is  to  formulate  a  set  of  postulates  which 

*  Presented  to  the  American  Mathematical  Society,  May  7,  1927. 

>P.  Riesz,  Acta  Mathematica,  vol.  48  (1926),  p.  3^  f. 


SUB-  AND  SUPER-HARMONIC  FUNCTIONS 


87 


are  qualitative  in  the  sense  of  involving  neither  derivatives  nor 
integrals,  and  completely  characterize  the  functions  in  question. 
The  postulates  are  analogous  to  a  similar  set  previously  given  by 
the  writer*  for  the  potential  functions. 

2.  Continuoua  sub-  and  super-harmonic  functions.  As  the 
postulates  are  much  simpler  for  the  case  of  continuous  functions 
than  for  the  general  case,  we  first  state  them  for  this  special  class. 
Consider  then,  a  class  of  functions  of  n  variables,  and  let  each 
function  have  associated  with  it  an  n-dimensional  domain  D.  We 
assume 

(1)  Each  function  is  continuous  in  the  n  variables  at  all  interior 
points  of  its  domain  D. 

(2)  If  Di  and  Dt,  the  domains  for  two  functions  of  the  class 

ui{xi)  and  have  a  domain  D$  in  common,  then  any 

linear  combination  of  these  functions  with  positive  coefficients, 
Aht\+ B*U2,  is  a  function  of  the  class,  whose  region  contains  all 
the  points  of  Dt. 

(3)  If  an  orthogonal  transformation  of  the  variables  converts 
the  function  «(.r<)  with  domain  D  into  u'{xi),  this  latter  function 
is  a  member  of  the  class,  its  domain  being  the  domain  D  expressed 
in  the  new  variables. 

(4)  The  ftmctions  u{x^  *  1,  and  u(xi)  *  —  1  are  functions  of  the 
class,  their  domains  being  the  whole  of  n-space. 

(5)  If  a  given  (n-dimensional)  sphere  lies  entirely  inside  each 

domain  Dj,  belonging  to  Uj{x,),  these  Uj  constituting  an  infinite 
sequence  of  functions  of  the  class,  and  if,  for  points  on  the  surface 
of  the  sphere,  x„,  lim^.joi  the  limit  being  approached 

uniformly  over  the  surface,  then  the  sequence  of  values  of  the 
functions  at  the  center  of  the  sphere  Xoi  cannot  approach 

a  positive  limit. 

We  shall  show  that  any  family  of  functions  satisfying  these  five 
postulates  is  necessarily  a  class  of  sub-harmonic  functions.  If  we 
replace  (5)  by  (S'),  identical  with  (5)  except  for  the  substitution 
of  "negative  limit”  for  the  last  two  words,  a  set  is  obtained  which 
characterizes  the  super-harmonic  functions.  The  set  we  previ¬ 
ously  gave  for  the  harmonic  functions  was  practically  this  set, 
s  Bulletin  of  the  American  Math.  Soc.,  vol.  30  (1924),  pp.  41-50. 
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with  (5)  and  (S')  both  holding.  This  is  in  conformity  with  the 
equivalence  of  ftinctions  which  are  simultaneously  sub-  and  super¬ 
harmonic  with  harmonic  functions. 

By  the  argument  we  gave*  for  the  harmonic  case,  we  may  show 
that,  if  u(xi)  satisfies  the  first  four  postulates,  and  5  is  any  sphere 
entirely  within  its  domain  D,  with  center  at  *ot,  there  exists  a 
sequence  of  functions  of  the  class,  uj(x^  such  that 

WjiXti)  ~  average  u  over  S  ]  <  tj,  lim  tj  —  0,  (3) 

i-oe 

and 

ttj(xoi)"ti(xj:  (4) 

As  the  sequence  of  functions  av  u  over  5  are  all 

members  of  the  class,  by  postulates  (2)  and  (4),  and  satisfy  the 
other  conditions  of  postulate  (5),  we  must  have 

« (xj) — av  «  over  S — G)(*o<)  “  bni  ^0.  (5) 

But,  as  F.  Riesz  has  shown*  (cf.  the  argument  following  (18) 
below)  that  every  continuous ,  function  having  its  value  at  the 
center  of  every  sphere  entirely  in  its  domain  less  than  or  equal  to 
its  average  over  the  surface  of  the  sphere  is  necessarily  sub- 
harmonic,  it  follows  from  the  inequality  (5)  that  u(Xi)  is  sub¬ 
harmonic. 

We  note  that,  as  any  continuous  sub-harmonic  function  obvi¬ 
ously  satisfies  the  p>ostulates  (1)  to  (5),  the  widest  class  of  functions 
satisfying  them  is  the  totality  of  continuous  sub-harmonic  func¬ 
tions.  Just  as  for  the  harmonic  functions,  we  may  replace  the 
last  two  postulates  by  a  single  one,  which,  though  more  stringent, 
is  simpler.  Namely 

(M)  If  R  is  any  sub-region  of  the  domain  D  for  one  of  our 
functions  the  maximtun  (M':  minimum)  value  of  the  function  in 
R  cannot  be  reached  at  any  interior  point  of  R. 

It  is  easily  shown  that  postulates  (1),  (2),  (3)  and  (M)  char¬ 
acterize  the  continuous  sub-harmonic  functions.  Similarly  (1),  (2), 
(3)  and  (MO  characterize  the  continuous  super-harmonic  functions. 

*  1.  c.  p.  43,  p.  49,  p.  50. 
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3.  The  general  case.  To  formulate  a  set  of  postulates  which 
will  apply  to  the  discontinuous  case,  we  must  replace  (1)  above 
by  the  weaker 

(lA)  Each  function  is  semi-upper  continuous  in  the  n  variables 
at  all  interior  points  of  its  domain  D,  and  never  becomes  infinite 
faster  than  (log  r  for  «  — 2),  r  being  the  distance  from' the 

point  in  question. 

We  retain  postulates  (2),  (3),  (4)  without  change.  . 

To  compensate  for  the  weakened  continuity  requirement,  we 
must  replace  (5)  by  the  more  stringent 

(5A)  Let  a  given  n-dimensional  sphere  lie  entirely  inside  the 
domain  D  belonging  to  uix,),  a  function  of  the  class.  Let  u  be 
the  limit  of  the  difference  of  two  decreasing  series  of  continuous 
functions,  6*.  Let  Uj  and  be  further  functions 

obtained  from  u  and  by  a  finite  number  of  rotations  about 
Xoi,  the  center  of  the  sphere,  and  taking  of  averages.  If  for  points 
on  the  surface  of  the  sphere,  Xjt,  limy_«  *  0,  the  limit  being 

approached  uniformly  over  the  surface,  then  the  sequence  of  values 
of  the  functions  Uj(xJ)  cannot  approach  a  positive  limit. 

These  five  postulates  characterize  the  sub-harmonic  functions 
in  the  sense  that  every  class  of  fimctions  satisfying  them  is  a  class 
of  sub-harmonic  functions,  and  the  widest  class  of  functions  satis¬ 
fying  them  is  the  class  consisting  of  the  totality  of  sub-harmonic 
functions.  On  replacing  “semi-upper  continuous”  by  “semi-lower 
continuous"  in  (lA),  and  "positive  limit”  by  "negative  limit”  in 
(5A)  we  obtain  a  set  of  postulates  for  the  super-harmonic  functions. 

We  shall  again  prove  the  sub-harmonic  character  of  our  func¬ 
tions  by  first  establishing  a  mean  value  inequality.  Let  us,  then, 
fix  our  attention  on  a  particular  sphere  S,  lying  entirely  inside  of 
D,  the  domain  of  «(x,),  and  let  x^  be  the  center  of  the  sphere. 

By  postulate  (lA),  «(z<)  is  semi-upper  continuous  so  that  there 
exists  a  series  of  continuous  functions  decreasing  as  k 

increases,  havdng  u(xi)  as  their  limit.  We  form  a  series  of  decreas¬ 
ing  positive  constants,  €j  such  that  lim^.»  0.  For  each  /,  we 
form  an  “average”  function  Uj(xi),  as  before,  but  based  on  the 
uniform  continuity  of  the  first  j  Vk{x^.  We  apply  the  same  averag¬ 
ing  process  to  the  r»(zj),  to  obtain  functions  Vjk{X{).  The  Uj{x^ 
will  be  functions  of  the  class,  by  the  first  four  postulates,  and  we 
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may  also  bring  it  about  that 

\vjhM  vi,(x,)  over  S  |  <€,,  for  h<j.  (6) 

From  the  averaging  process,  we  will  have 

vjkixoi)  -  Vkixoi) ,  for  all (7) 

and 

(8) 

We  now  wish  to  apply  postulate  (5A)  to  the  sequence  of  func¬ 
tions 

U fix,)  “  Uj(x,) —avu  over  S,  (9) 

and  will  show  that  we  may  take  as  the  sequence  of  continuous 
functions  approaching  Uj{xi),  for  k  becoming  infinite, 

Vjk  -  vjk(x,)  -  av  »*  over  S.  (10) 

Since  «(x<)  is  the  limit  of  the  sequence  »*(«<),  from  the  nature  of 
the  averaging  process  it  follows  that  «>(*,)  is  the  limit  of  the 
sequence  For  the  averages,  we  first  note  that  if  £.'*(17)  is 

the  w  — 1  dimensional  measure  of  points  in  the  n— 1  dimensional 
set  r*  for  which 

\fx{x,)  - Vkixi)  I  >17,  if  uixi)  is  finite  (1 1) 

and 

1  Vk(.x,)  1  <  1/17,  if  *t(x,)  is  negatively  infinite,  (12) 

it  can  be  made  less  than  8,  for  k  >  N(rf,Bi).  For,  if  this  were  not  so, 
there  would  be  an  infinite  number  of  values  of  k  for  which  the 
measure  £*^8.  As  each  set  £*  includes  the  set  £*  1,  since  the  w* 
decrease  to  «,  there  would  be  a  set  of  measure  >8,  and  hence  con¬ 
taining  at  least  one  point,  common  to  all  the  £*.  But,  at  this 
point,  the  r*  could  not  approach  m  as  a  limit. 

We  now  select  a^i  arbitrary  positive  8  and  divide  the  points  of 
5  into  three  sets.  The  first  set,  the  same  for  all  k,  Si  is  composed 
of  «  —  1  dimensional  regions  including  all  the  points  of  S  at  which 
u(Xj)  becomes  (negatively)  infinite,  taken  so  small  that  «  is  nega¬ 
tive  throughout  Si  (and  hence,  for  sufficiently  great  k,  >  N’,  v* 
is  also  negative  there)  and  such  that  the  integral  of  «  over  S\  is 
numerically  less  than  8a/3,  A  being  the  measure  of  S.  This  is 
p>ossible,  as  postulate  (lA)  requires  the  infinities  of  «  to  be  isolated 
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ones,  integrable  on  S.  Next  select  the  N{B/3,  A  S/3Af),  M  being 
an  upper  bound  for  |  on  the  set  of  points  5— 5i.  For  k>N,  N\ 
let  St  consist  of  the  points  in  T*,  i.e.,  satisfying  (11)  and  (12), 
which  are  not  in  Si.  Thus  (11),  with  right  member  8/3  does  not 
hold  in  the  set  S— Si— Si,  which  we  take  as  Si. 

We  wish  to  obtain  bounds  for 

av  u—av  Vk  (over  S)  “  f  («-r»)  dS.  (13) 


Computing  the  contributions  from  Si,  Si  and  S|  separately,  we 
find: 


<i 


^A<-,k>N' 

A  3-3 


(14) 


since  the  integral  of  u  exceeds  that  of  («—»*)  for  k  N'; 


<  L.di.A/< -,k>N, 
-Am  -  3 


AT'; 


(15) 


and 


li  f  I  N\ 

\aJs,\-A  3  “3 


(16) 


Combining  the  last  three  inequalities,  we  have 

|av  u— av  r*|  <8,  k>  N,  N\  (17) 

As  8  is  arbitrary,  this  shows  that,  for  k=  ao ,  the  left  member 
approaches  zero,  and  av  u  is  the  limit  of  the  sequence  av 
This  shows  that  the  sequence  Vji,  approaches  Uj,  as  stated 
above.  But,  from  (6),  we  see  that  limj«ae  F’i*(*i<)*0,  so  that  all 
the  conditions  of  postulate  (5)  are  met,  and  applying  the  con¬ 
clusion  of  it,  recalling  (8)  and  (9),  we  find 

lim  Ujixoi)  =* u{xoi)—av  u  over  S <0,  (18) 

which  is  the  mean  value  inequality  we  were  seeking  to  establish. 

The  general  property  stated  in  the  introduction  (2)  follows  at 
once  from  this,  for  if  «—  U<0  on  the  boundary  of  D'  did  not 
imply  the  same  throughout  Z?,  («  —  U),asa  semi-upper  continuous 
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function  in  D  would  have  to  take  on  its  maximum  value  G,  neces¬ 
sarily  positive,  at  some  interior  point  of  D.  But,  combining  the 
mean  value  equality  for  the  harmonic  function  U,  with  the  mean 
value  inequality  (18)  which  we  have  established  for  u,  we  deduce 
that 

u-U~G>0  (19) 

on  the  boundary  of  any  sphere  entirely  in  D.  On  taking  a  sphere 
with  a  point  in  common  with  D',  we  are  led  to  a  contradiction. 


'f 


COUCHE  RANKS  IN  THE  GENERAL  MATRIX 
By  Lbpinb  Hall  Ricb 

In  the  general  matrix  of  any  number  of  directions  and  of  any 
orders  in  the  several  directions,  various  kinds  of  rank  have  been 
defined  and  examined.*  My  contribution  to  the  subject  concerns 
the  simpler  ranks  and  brings  out  a  certain  relation  among  them. 
The  proof  flows  from  structural  characteristics  of  the  matrix, 
which  must  first  be  established.  Let  us  begin  with  3-way  and 
4-way  matrices  and  lead  from  what  is  known  or  easily  seen  to 
what  it  is  difficult  but  desirable  to  realize. 

In  a  3-way  matrix  there  are  three  sets  of  parallel  files,  which 
are  1-way  matrices  of  elements,  running  respectively  in  the  three 
directions;  and  there  are  three  sets  of  parallel  layers,  which  are 
2-way  matrices  of  elements,  lying  resiiectively  perpendicular  to 
the  three  sets  of  files.  Two  layers  of  different  aspects  have  in 
common,  or  intersect  in,  the  elements  of  a  file.  Three  layers  of 
different  aspects  intersect  in  a  single  element. 

Passing  to  a  4-way  matrix,  we  find  1-way  files  of  each  of  the 
four  directions,  and  3-way  layers  of  each  of  the  four  corresponding 
aspects.  Any  layer  is  perpendicular  to  the  files  of  one  direction 
and  contains  files  of  the  other  three  directions.  Two  layers  of 
different  aspects  intersect  in  a  2-way  couche.  Three  layers  of 
different  aspects  intersect  in  a  file.  Four  layers  of  different  aspects 
intersect  in  a  single  element.  The  couche  in  which  two  of  these 
four  layers  intersect  and  the  couche  in  which  the  other  two  inter¬ 
sect  are  called  contraspective  couches,  and  with  regard  to  either 
couche  the  other  is  called  a  counterlying  couche.  Layers  and  files 
are  also  called  couches,'  and  a  layer  and  a  file  that  are  mutually 
p)erp)endicular  are  contraspective  couches.  Any  two  contraspiective 
couches,  then,  intersect  in  a  single  element. 

1  Prank  L.  Hitchcock,  invarianls  and  generalized  rank  of  a  p-way 

matrix  or  tensor  (this  Journal,  Vol.  VII,  No.  1,  pp.  40-79,  November  1927). 

*  The  term  couche  is  due  to  M.  Lecat  and  is  us^  in  his  treatise  entitled 
Coup  d’(Eit  sur  la  Thiorie  des  Diterminants  Supirieurs  (Lamertin,  Brussels. 
192/),  see  p.  6. 
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Still  considering  a  4- way  matrix,  let  us  use  indices  in  describing 
the  above  relations.  Denote  the  matrix  by 

A/»lla^l|-(a^y«). 

A  layer  of  M  is  obtained  by  giving  one  index  a  fixed  value  while 
allowing  the  other  three  indices  to  take  independently  all  their 
possible  values,  or,  shortly,  by  holding  fast  one  index  while  leav¬ 
ing  free  the  remaining  indices.  That  an  index  is  held  fast^  may  be 
denoted  by  placing  a  bar  over  it.  Thus  (afiyS)  denotes  a  layer  of 
aspect  o,  or  an  o-layer.  An  o-layer  (a/3y8)  and  a  /3-layer  (afiyS) 
intersect  in  a  2- way  couche  Gpyi)  of  aspect  afi  and  direction 
y&,  or  an  a^ouche.  A  y-layer  and  a  8-layer  (a/SyS) 

similarly  intersect  in  a  y8-couche  (af^).  These  two  contraspec- 
tive  couches  intersect  in  the  single  element  (o^yS). 

The  elements  of  the  matrix  M  can  be  rearranged  to  form  a 
2-way  rectangular  matrix*  whose  rows  are  the  a/3-couches  and 
whose  columns  are  the  y8-couches,  by  placing  in  the  same  row 
all  elements  in  whose  indices  a  and  /3  have  the  same  values,  and 
in  the  same  column  all  elements  in  whose  indices  y  and  8  have  the 
same  values.  Or  again,  the  elements  can  be  rearranged  to  form  a 
2-way  rectangular  matrix  whose  rows  are  the  a-layers  of  M  and 
whose  columns  are  the  (counterlying)  ^y8-couches  (files  of  direc¬ 
tion  o).  Such  auxiliary  rectangular  matrices,  formed  with  respect 
to  the  couches  of  any  aspect  and  the  counterlying  couches,  are  of 
use  in  the  treatment  of  rank  in  the  general  matrix,  to  which  we 
now  turn. 

In  a  p-way  matrix  A,  let  U  denote  a  selection  of  one  or  more 
indices  and  V  denote  the  remaining  indices.  A  tZ-couche  is  ob¬ 
tained  by  holding  fast  the  index  or  indices  U  while  leaving  free 
the  index  or  indices  V.  The  f/-couches  and  the  V-couches  are 
contraspective;  in 'the  extreme  cases  they  are  mutually  perpen¬ 
dicular  layers  and  files.  The  elements  of  A  can  be  rearranged  to 
form  a  2- way  rectangular  matrix  whose  rows  are  the  (7-couches 
and  whose  columns  are  the  V-couches.  This  matrix  enables  us 
to  take  over  relations  of  linear  dependence  and  rank  from  the 
2- way  theory  and  justifies  the  following  treatment. 

One  and  only  one  of  the  elements  of  each  (/-couche  lies  in  each 
*  Hitchcock,  /.  c. 
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V-couche,  and  vice  versa.  We  define  corresponding  elements  of 
the  couches  of  any  aspect  to  be  elements  of  the  same  counterlying 
couche. 

Any  k  chosen  couches  of  a  given  aspect  are  linearly  dependent 
if  there  exist  k  constants,  not  all  zero,  such  that  when  the  couches 
are  multiplied  respectively  by  the  constants  the  sum  of  each  k 
corresponding  elements  is  zero;  otherwise  the  couches  are  linearly 
independent.  If  k  couches  are  linearly  dependent,  the  elements  of 
at  least  one  couche  c^n  be  expressed  as  the  same  linear  homo¬ 
geneous  functions  of  the  corresponding  elements  of  the  other  k—\ 
couches,  and  such  a  couche  is  said  to  be  linearly  dependent  on  the 
other  k—\  couches.  It  can  be  reduced  to  zero  by  adding  to  it 
proper  multiples  of  the  other  couches.  Any  k  couches  are  linearly 
dependent  if  any  one  of  them  is  zero. 

The  U-rank  of  a  matrix  is  r  if  the  matrix  contains  r  linearly 
independent  t/-couches  while  every  r-hl  f/-couches  are  linearly 
dependent.  The  t/-rank  and  the  V-rank  are  equal. 

An  elementary  transformation  of  the  {/-couches  of  a  matrix  con¬ 
sists  in  either  (a)  interchanging  two  couches,  or  (6)  multiplying  a 
couche  by  a  constant  not  zero,  or  (c)  adding  to  (or  subtracting 
from)  a  couche  any  multiple  of  another  couche.  An  elementary 
transformation  of  the  JLI-couches  does  not  change  either  the 
{/-rank  or  the  V-rank  of  the  matrix. 

Theorem  I.  In  the  general  matrix,  an  elementary  transforma¬ 
tion  of  the  layers  of  any  aspect  leaves  all  couche-ranks  unchanged. 

Proof.  First  consider  the  3-way  matrix  (afiy).  An  a-layer  is 
composed  of  a/3-couches  (files  of  direction  y) ;  it  is  also  composed 
of  ay-couches  (files  of  direction  p).  Corresponding  elements  of 
the  a-layers  are  evidently  corresponding  elements  of  certain  a/3- 
couches,  and  are  corresponding  elements  of  certain  ay-couches; 
e.g.,  the  elements  am  and  Oju  are  corresponding  elements  of  the 
a/8-couches  (lly)  and  (21y),  and  are  corresponding  elements  of 
the  ay-couches  (1/81)  and  (2/31).  Hence  an  elementary  transfor¬ 
mation  of  the  a-layers  effects  a  number  of  elementary  transforma¬ 
tions  of  the  a/3-couches  and  of  the  ay-couches.  It  therefore  leaves 
the  a-rank,  the  a/3-rank,  and  the  ay-rank  unchanged;  and  in 
consequence  it  leaves  the  /3y-rank,  the  y-rank,  and  the  /3-rank 
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unchanged ;  and  these  are  all  the  couche-ranks  of  the  matrix.  The 
same  thing  happens  in  the  4-way  matrix  (afiyS).  Here  an  a-layer 
is  composed,  according  as  we  choose  to  regard  it,  of  couches  of 
aspect  a/3,  ay,  aS,  afiy,  o/38,  or  ayS.  Corresponding  elements  of 
o-layers  are  corresponding  elements  of  certain  couches  of  any 
one  of  these  aspects.  Therefore  an  elementary  transformation  of 
the  a-layers  leaves  unchanged  the  a,  a/3,  ay,  aB,  a/Sy,  a/8S,  and  ayj 
ranks,  and  in  consequence  it  leaves  unchanged  the  /Syfi,  yi,  /35, 
fiy,  8,  y,  and  fi  ranks,  that  is,  all  the  couche-ranks  of  the 
matrix.  And  the  same  thing  happens  in  the  general  matrix:  an 
elementary  transformation  of  the  layers  of  any  aspect  ir  effects  a 
number  of  elementary  transformations  of  the  couches  of  each 
aspect  whose  indices  include  ir,  therefore  leaves  imchanged  the 
couche-ranks  of  these  couches,  and  consequently  leaves  unchanged 
every  other  couche-rank. 

Theorem  11.  The  rank  of  the  general  matrix  on  the  couches  of 
any  aspect  cannot  exceed  the  product  of  its  ranks  on  the  layers 
which  intersect  in  these  couches. 

Proof.  Denote  the  aspects  of  the  layers  by  mi,  ut,  •  •  *,  u„  and 
the  aspect  of  the  couches  by  U  ^uiUt  *  •  •  «„  and  let  the  ranks  be 
fit  ft,  "  ’,ft  and  f  p.  By  elementarj'  transformations  of  the  «i-layers 
we  can  reduce  all  but  u  of  them  to  zero  while  leaving  all  ranks 
unchanged.  Operating  in  the  same  manner  on  the  Wrlayers,  we 
can  reduce  all  but  r*  of  them  to  zero  while  leaving  all  ranks 
unchanged.  Moreover  this  will  leave  unchanged  all  the  zeros 
previously  made,  since  each  element  now  operated  on  is  operated 
on  with  elements  in  the  same  ui-layer.  Inasmuch  as  correspond¬ 
ing  elements  of  layers  of  any  asf>ect  lie  in  the  same  layer  of  each 
other  aspect,  we  can  continue  to  operate  without  losing  any  of 
the  zeros  made,  vmtil  we  obtain  finally  a  matrix  in  which  there 
are,  at  most,  rif*  •  •  •  r,  non-zero  intersections  of  s  layers  of  the 
several  aspects,  that  is,  at  most,  fir*  •  •  •  r ,  non-zero  b’-couches. 
Therefore  fy^fiff'  •  f*. 


ANALYTIC  AND  TOPOLOGICAL  TRANSFORMATIONS 
OF  CLOSED  SURFACES 

By  Edward  Saibel 

It  has  been  shown  by  Franklin  and  Wiener*  that  every  con¬ 
tinuous  one-to-one  transformation  of  a  two  dimensional  region  of 
finite  connectivity  may  be  approximated  to  an  arbitrary  degree  of 
exactness  by  an  analytic  one-to-one  transformation.  It  is  the 
object  of  this  paper  to  show  that  this  theorem  can  be  extended  to 
closed  surfaces.  Since  many  of  the  details  go  over  without  essential 
change,  the  author  assumes  a  knowledge  of  the  paper  cited. 

We  have  given  a  closed,  analytic  surface  of  genus  p  embedded 
in  Euclidean  three-space,  and  a  transformation  T,  continuous  and 
one-to-one  which  maps  the  given  surface  into  itself  or  into  a  similar 
such  surface.  We  wish  to  show  that  it  is  possible  to  approximate 
to  the  given  topological  transformation  with  an  arbitrary  degree  of 
exactness  by  a  one-to-one  analytic  transformation. 

By  an  analytic  transformation  we  mean  one  which  is  analytic 
in  terms  of  two  variables  defined  by  a  set  of  parametric  curves  on 
the  surface,  and  we  apply  the  usual  connotation  to  analytic  surface 
namely  one  whose  equation  is  Cartesian  coordinates  is  analytic. 

Since  the  general  closed  surface  of  genus  p  is  homeornorphic 
with  the  special  closed  analytic  surface  of  genus  p  such  as  we  use 
in  the  proof  of  our  theorem,  the  parametric  curves  on  the  special 
surface  will  determine  parametric  ctirves  on  the  general  surface. 
Thus  the  operations  which  we  perform  on  the  special  surface 
being  defined  in  terms  of  these  parameters,  carry  over  to  the  gen¬ 
eral  surface  and  are  defined  in  terms  of  the  parameters  on  it. 
This  enables  us  to  state  the  more  general  theorem;  Given  any 
closed  surface  of  genus  p  and  a  transformation  T  continuous  and 
one-to-one,  which  maps  this  surface  into  itself  it  is  possible  to 
approximate  to  T  as  closely  as  we  please  by  a  one-to-one  analytic 
transformation. 

A  closed  analytic  surface  of  genus  p  can  be  constructed  alge¬ 
braically  as  follows.  In  Euclidean  three-space  let  G^O  be  the 
iPranklin  and  Wiener,  Trans.  Amer.  Math.  Soc.,  Vol.  28,  No.  4. 
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equation  of  a  sphere  and  Ci*0,  Ct*0,  •••Cp*0  be  the  equa¬ 
tions  of  p  cylinders  which  pierce  the  sphere  but  which  remain 
mutually  exclusive,  then  with  the  proper  convention  of  signs  to 
obtain  the  surface  inside  the  sphere,  G  •  Ci  •  C*  •  •  •  €  will  be 

the  equation  of  a  siu^ace  containing  as  a  part  a  closed  analytic 
surface  of  genus  p,  c  being  a  small  positive  quantity. 

We  shall  first  set  up  a  network  of  convex  curvilinear  polygons 
on  each  of  our  surfaces.  To  each  polygon  on  the  one  surface  there 
will  correspond  an  unique  one  on  the  other  surface,  and  any  trans¬ 
formation  Ti  which  takes  one  set  of  polygons  into  the  other  set 
will  be  a  distance  €  away  from  the  transformation  T.  That  being 
done,  we  construct  two-parameter  families  of  differentiable  curves 
on  both  surfaces  and  by  means  of  them  set  up  the  new  transforma¬ 
tion  Tt  which  is  differentiable  and  one-to-one  and  which  maps 
one  set  of  polygons  into  the  corresponding  set.  Tt  will  be  a  dis¬ 
tance  e  away  from  T.  Finally  we  shall  use  the  Weierstrass  approx¬ 
imation  formula  to  obtain  the  desired  transformation  Tt,  which 
is  analytic,  one-to-one,  and  satisfies  the  conditions  of  the  theorem. 

Corresponding  networks  of  convex  polygons  on  the  surfaces. 
Let  our  two  surfaces  be  s  and  5  respectively.  Triangulate  surface 
s  into  arbitrarily  small  cells,  the  one  cells  of  which  are  geodesic 
lines  on  the  surface*. 

Let  the  length  of  the  shortest  side  be  <r.  From  each  node  meas¬ 
ure  off  the  distance  <r  3  along  the  sides.  Join  the  points  thus 
formed  about  a  node  by  geodesics.  Cut  out  the  lines  inside  of 
these  newly  formed  figures  and  we  have  our  surface  mapped  by  a 
system  of  convex  curvilinear  polygons  whose  sides  are  geodesics. 
Three  of  these  polygons  meet  at  a  node. 

By  a  convex  polygon  on  the  surface  we  mean  one  any  of  whose 
interior  points  can  be  joined  by  a  geodesic  on  the  surface  which 
does  not  intersect  its  boundary. 

Transformation  T  carries  this  convex  polygonal  network  into 
some  irregular  network  on  S. 

Let  (.4)  be  the  set  of  all  distances  from  a  vertex  of  a  polygon 
on  j  to  another  vertex  of  the  same  polygon.  Let  17  be  the  least 
upper  bound  of  the  set  (A),  and  let  17  be  so  chosen  that  if  on  5 
•Veblen,  Cambridge  CoU.  1916,  part  II,  pp.  41-42. 
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[/>i— then  on  S  (Pi— P*]<H<  — ,  where  [M—  N]  denotes 

3 

the  shortest  distance  from  Af  to  N  on  the  surface. 

We  now  divide  up  s  and  5  simultaneously  to  obtain  correspond¬ 
ing  convex  polygons  whose  sides  are  geodesics.  To  do  this,  we 
first  set  up  a  correspondence  between  the  periphery  of  a  polygon 
on  5  and  a  possibly  reentrant  polygon  on  5.  This  is  done  in  essen¬ 
tially  the  same  manner  as  in  the  plane  case.*  We  surround  each 
node  of  the  transformed  network  on  5  by  a  polar  geodesic  circle 
and  everywhere  use  geodesic  segments  in  place  of  straight  lines. 
This  gives  us  a  polygonal  network  on  S  corresponding  to  the  con¬ 
vex  polygonal  network  on  s.  The  distance  on  s  from  a  point  in  a 
mesh  to  a  point  in  an  abutting  mesh  is  at  most  217.  If  Ti  is  any 
continuous  one-to-one  transformation  taking  each  mesh  of  the 
network  on  s  into  the  corresponding  mesh  of  the  polygonal  net¬ 
work  just  set  up  on  S,  we  shall  have 

maximiun  [T(p)— 7'i(/>)]<2//. 

The  inverse  transformation  Tf*  must  take  a  point  on  S  into 
the  same  mesh  that  7^‘  does,  or  at  least  into  a  mesh  abutting 
on  it,  so  that  we  have 

maximum  (T^(P)-Tr‘(P)l<2i7<2//. 

And  as  in  the  plane  case  by  use  of  the  inverse  transformation  T~* 
we  get  a  correspondence  between  the  periphery'  of  a  polygon  on  s 
and  a  possibly  reentrant  polygon  on  S. 

The  notion  of  visibility  carries  over  to  the  surface  if  we  sub¬ 
stitute  geodesic  for  straight  line.  Then  as  in  the  plane  case  we 
proceed  to  simultaneously  divide  up  the  corresponding  piolygons 
on  s  and  S  to  obtain  similar-placed  triangles  whose  sides  are 
geodesics.  We  then  form  corresponding  convex  polygons  whose 
sides  are  geodesic  segments.*  Three  of  these  polygons  will  meet 
at  a  node. 

Let  Ti  be  a  continuous  (1,1)  transformation  taking  each  convex 
polygon  on  s  into  its  corresponding  convex  polygon  on  S.  Points 
on  S  arising  from  a  given  point  on  s  under  Ti  and  Ti  respectively, 

*Pranklin  and  Wiener,  loc.  cit.,  p.  765. 

•Franklin  and  Wiener,  loc.  cit.,  p.  766. 
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come  from  the  same  mesh  or  at  worst  from  adjacent  meshes  under 
Ti.  Consequently  under  T  these  points  come  from  meshes  at 
worst  next  but  one,  or  points  on  5  at  distance  less  than  817. 

Maximtun  [T{p)—  Ti{p)\<^H<t. 

Similarly  the  inverse  transformations  T{'  and  7~'  take  a  point 
on  S  into  two  points  on  s  in  at  worst  next  but  one  meshes. 

Maximum  (7“*(p)— rr*(P)l<3i7<3//<€. 

Hence,  the  distance  between  Ti  and  T  is  less  than  €. 

The  differentiable  transformation.  The  next  stage  in  this 
process  is  the  setting  up  of  the  differentiable  transformation  that 
will  map  one  set  of  polygons  on  to  the  other  set. 

At  each  node  of  the  network  three  lines  meet,  forming  convex 
sectors.  These  must  be  transformed  into  three  similar  such  lines. 
Consider  any  node,  let  it  be  the  origin  of  a  system  of  plane  geodesic 
codrdinates,  and  let  the  three  lines  meeting  at  it  be  the  lines  1*0, 
l*tan'*(m),  and  l*tan‘‘(— m). 

We  have  to  transform 

t  *  0  into  r  *  0 

t  *  tan‘‘  (m)  into  7  *  tan‘‘  (Af) 

/*tan*^(— w)  into  r“tan'*(— AO 

where  m,  n,  Af,  N,  are  positive.  We  may  use  the  transformation 

(  r-tan-'T _ MJV(m+«)sin( _ _ 

i4=  <  LmM(Af-)- ^cos wAf)  sin 

i  F(Af,  N,  m,  n,  r,  t) 

where  k  is  chosen  .small  enough  to  map  the  three  vertices  adjacent 
to  the  origin  on  s  onto  the  interior  of  the  corresponding  sides  on  5 
respectively.  The  Jacobian  of  this  transformation  is 

K 

This  is  an  affine  transformation  defined  in  the  neighborhood  of 
every  vertex  of  the  polygonal  network. 


^  LkhnnM NiM+  N)  (m+M)>0. 
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Surround  each  vertex  on  5  by  a  triangle  which  lies  close  to  the 
vertex.  Let  the  sides  of  the  triangle  be  geodesic  segments  orthog¬ 
onal  to  the  sides  of  the  network  and  for  the  moment,  we  shall  define 
the  differentiable  transformation  inside  and  on  the  boundary  of 
the  triangle  to  be  the  affine  transformation  A.  This  transforma¬ 
tion  carries  the  triangle  on  s  into  some  curvilinear  triangle  on  S 
about  the  corresjxmding  node.  Let  ftt  and  ti*  be  two  consecutive 
vertices  of  the  network  on  s  and  let  Ni  and  Nt  be  the  corre¬ 
sponding  vertices  on  5.  Consider  the  side  niWj.  We  embed  this 
side  in  a  field  of  geodesics  of  which  it  is  a  member.  Let  this  field 
of  geodesics  extend  inside  of  the  triangles  about  each  node,  al¬ 
though  they  need  not  extend  up  to  the  node.  Call  this  family  [/]. 
In  a  similar  manner  we  embed  side  NiNt  on  the  other  surface  S 
in  a  field  of  differentiable  curves  of  which  it  is  a  member,  and  we 
let  these  curves  extend  a  little  ways  inside  of  the  curvilinear 
triangles  about  Nt  and  Nt  respectively.  This  family  we  shall 
designate  as  [T].  The  only  restriction  we  shall  impose  on  [7]  is 
that  none  of  the  curves  shall  be  tangent  to  the  sides  of  the  curvi¬ 
linear  triangle.  The  set  [f]  will  be  the  /—const,  curves  in  our  co¬ 
ordinate  system  in  the  neighborhood  of  a  side  of  the  network  on 
s.  Similarly  [7]  will  form  the  7 —const,  curves  on  5.  We  shall 
designate  nittt  as  /  — 0  and  its  transform  NiNt  as  7—0.  We 
shall  form  the  *t— const,  curves  by  linear  interpolation.  We  let 
the  side  of  the  triangle  near  ni  be  u  —  0  and  choose  the  scale  so  that 
the  side  near  nj  will  be  «  — 1.  We  shall  fill  in  the  «  — const,  curves 
as  follows;  measure  off  the  distance  mq  along  /— 0  from  «  —  0.  Let 
the  length  of  any  particular  /  —  const,  curve  be  /,  the  point  along 
this  cxirve  n  — «o  will  be  a  distance  luo  from  u  — 0  measured  along 
this  particular  /—const,  curve.  In  a  similar  manner  we  fill  in 
the  I/— const,  curves,  after  having  designated  the  side  of  the 
cundlinear  triangle  near  fVj  as  (7-0  and  that  near  Nt  as  f/  —  1. 
So  much  for  the  coordinate  system  in  the  neighborhood  of  a  side 
of  the  network  between  the  sides  of  the  triangles. 

We  shall  now  set  up  a  codrdinate  system  inside  of  the  triangles 
As  the  N  — const,  curves  we  shall  use  a  set  of  differentiable  curves 
orthogonal  to  ni«i  and  close  to«  —  Ooru- 1  as  the  case  may  be. 
Let  the  U -const,  curves  inside  a  triangle  on  S  be  the  transforms 
of  «  — const,  under  the  affine  transformation  A.  The  7— const. 
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curves  will  be  the  extensions  inside  the  triangle  of  the  family  (7] 
used  above,  and  their  transforms  under  A  the  curves  const. 

Let  the  Cartesian  coordinates  in  which  the  surfaces  s  and  S 
are 'expressed  be  (*,  y)  and  (X,  V)  respectively.  We  have  tacitly 
assumed  that  the  families  of  curves  above  have  been  so  chosen 

that  the  Jacobians  J  are  greater  than  zero. 

We  also  note  that  the  u  and  t  curves  are  differentiable  also  a  (m,  /) 
gives  a  single  point  on  the  surface;  similarly  the  U  and  T  curves 
are  differentiable  and  a.  {U,  T)  gives  a  single  point  on  the  surface 
and  conversely.  Thus  the  coordinates  we  have  set  up  inside  of 
the  triangles  are  admissible. 

Since  a  single  (*,  y)  on  s  is  given  by  a  («,  /)  and  conversely  and  a 
single  (X,  F)  on  S  is  given  by  a  ( f/,  T)  and  conversely,  and  the 

(m,  0.  {U,  T)  curves  are  differentiable  also  J  >0  and 

/  U  T\  ^ 

J  I  ^  >0,  then  a  (1, 1)  relation  of  (x,  y)  to  ( A’,  F)  with  non¬ 

vanishing  Jacobian  implies  a  (1,  1)  relation  of  (u,  t)  to  (  U,  T)  for 

which  /  1  I  does  not  vanish.*  This  means  that  our  differen- 

\Uj} 

tiable  transformation  which  we  have  defined  inside  of  the  triangles, 
is  (1,  1),  and  possesses  a  non-vanishing  Jacobian. 

Let  M  =  0  be  the  outer  boundary  of  a  strip  inside  of  which  A  is 
valid,  and  let  the  inner  boundary  of  this  strip  be  designated  as 
M  *  1 .  Let  their  transforms  f/  *=  0  and  1/  *  1  be  the  outer  and 
inner  boundaries  of  a  strip  inside  of  which  the  (  U,  T)  coordinates 
are  admissible. 

In  these  coordinates  the  transformation  ^4  has  the  form 
,  M=  U 

U) 

The  Jacobian  of  the  transformation  is 


•  Franklin  and  Wiener,  loc.  cit.,  p.  767. 
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Inside  of  the  strip  «  “  1  and  the  triangle  we  define  the  differen¬ 
tiable  transformation  Tj  to  be  A.  Between  r*!  and  «  — 0  we 
use  a  transformation  derived  from  A  which  agrees  with  A  up  to 
the  first  derivatives  at  and  which  takes  the  curves  const, 
into  curves  tangent  to  the  curves  T  *«  const,  at  «*0.  This  trans¬ 
formation  is 

U 

t~t  {T,21P-  lP)«h{T,U). 

Ai  agrees  with  A  at  u^l  up  to  the  first  derivatives.  At  «  =  0, 

—  )  “0  while  (  —  j  >0.  It  is  (1,  1)  for  values  of  u  or  U 

dU/  u-o  \dT/ u~o 

between  0  and  1.  Since  (/  and  any  value  of  «=  1/  in  this 

range  substituted  into  U)  gives  a  (1,  1)  relation  of  t  to  T, 

it  follows  that  L')  is  (1,  1)  for  these  values.  But  2U*—  IP 

takes  on  the  values  between  0  and  1  when  U  does.  Hence  for  a 
fixed  U  OT  u,  (T,  U)  gives  a  (1, 1)  relationship  of  t  to  T.  The 

Jacobian  of  the  transformation  is  —  *  —  >0. 

■'  dT  dT 

The  next  stage  is  to  tack  on  a  differentiable  transformation 
which  maps  the  side  of  the  network  and  its  neighborhood  over 
on  to  the  side  corresponding  on  the  other  surface  and  its  neighbor¬ 
hood.  This  transformation  must  join  on  to  the  affine  transforma¬ 
tion  at  both  ends.  We  have  already  established  corresponding 
coordinate  systems  along  corresponding  sides,  which  are  made 
up  of  differentiable  curves.  These  formed  an  admissible  system 
of  coordinates.  This  transformation  we  are  now  seeking  must 
be  of  the  form  m*«(  U),  t  =  because  of  the  manner  in  which 

the  correspondence  between  the  neighborhoods  was  set  up.  This 
transformation  must  satisfy  the  following  conditions: 

0»m(0); 


and  have 


du 

7D 
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it  must  further  take  /  —  0  into  T^O  and  have 

“  0  at  f/  “  0  and  1/  » 1 ; 
dU 

—  >0at  t;-0and 
dT 


M  —  f/  satisfies  all  the  requirements  on  u.  To  define  a  t(T)  satis¬ 
fying  the  above  conditions,  we  make  use  of  the  following  auxiliary 
function  h(T). 

---  ;  0<r<k; 


h(T)^M  :  k<r<V-k; 

(V-T)(M-E) 


where  Af- 


V-k<T<V; 

K 

V-k  2  l  +  £ 

E(r)-  — 

dT 

We  note  that  k(7^  is  a  straight  line  function  positive  throughout 
and  that  the  area  under  it  is  v.  Also  k(0)>‘l.  Consequently  if 
we  put 

t{T)~fJh(T)dT, 


we  see  that 


dU 


dt 


dt 


—  Oand —  —0,  while —  ^h{T) 

v~o  dUu-i  dT 


is  positive  throughout,  also  t  (0)  — 0.  The  differentiable  trans¬ 
formation  is  therefore  defined  to  be 


B  = 


along  the  sides.  The  Jacobian  is  J  {iTt) 
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To  interpolate  inside  of  the  polygon  we  draw  a  closed  curv’e 
close  to  the  boundary  of  the  polygon  and  inside  of  it.  We  can 
form  this  curve  of  one  of  the  t  —  const,  curves  between  «  *  0  and 
«  » 1  of  the  codrdinates  used  in  the  neighborhood  of  a  side  of  the 
polygon,  and  of  segments  of  a  polar  geodesic  circle  in  the  tri¬ 
angular  regions.  This  curve  will  be  differentiable  and  if  we  take 
it  close -enough  to  the  boundary  of  the  polygon,  will  be  visible 
from  some  inside  point.  Its  transform  under  the  transformations 
A,  Au  and  B  will  be  a  differentiable  cxirve  inside  of  and  close  to 
the  boundary  of  the  corresponding  polygon  on  S,  and  will  be  visible 
from  some  interior  point.  We  proceed  just  as  in  the  plane  case 
to  set  up  a  system  of  modified  polar  coordinates  and  later  of 
polar  geodesic  codrdinates  and  in  an  analogous  manner  to  form 
the  differentiable  transformation  which  is  (1,  1),  maps  the  interior 
of  a  polygon  on  the  one  surface  on  to  the  interior  of  the  corre- 
SfKmding  polygon  on  the  other  surface,  and  joins  on  up  to  the 
first  derivatives  to  the  differentiable  transformations  we  have  set 
up  in  the  neighborhood  of  a  node,  and  along  a  side.*  We  have 
now  a  differentiable  transformation  for  each  polygon  given  in 
terms  of  an  admissible  coordinate  system  and  this  transformation 
is  valid  in  a  region  including  the  polygon.  Hence  these  trans¬ 
formations  may  be  expjessed  in  a  particular  set  of  Cartesian 
coordinates.^  The  totality  of  these  gives  us  the  differentiable 
transformation  7*  of  the  typ)e  we  have  been  seeking. 

The  analytic  approximation  to  the  differentiable  transformation. 
Before  we  can  apply  tfie  Weierstrass  approximation  formula  to 
our  differentiable  transformation  7*,  we  must  make  use  of  a  lemma 
which  will  guarantee  our  analytic  formula  to  be  one-to-one.  It 
being  quite  possible  that  everything  be  (1,  1)  *m  Kleinen  but  when 
we  piece  the  p>arts  together  some  of  them  might  overlap.  The 
lemma  we  shall  make  use  of  is  as  follows:  If  X—  X{x,  y),  V  »  K 
{x,  y)  is  a  continuous  (1,1)  transformation,  holding  in  the  closed 
convex  region  s,  for  which  X  and  Y  p>ossess  first  partial  deriva¬ 
tives  with  resp)ect  to  *  and  y  continuous  in  s  and  for  which  the 
Jacobian  of  X  and  Y  with  respiect  to  *  and  y  never  vanishes  in  s, 

*Pranldin  and  Wiener,  kic.  cU.,  pp.  772-776. 

’Franklin  and  Wiener,  loc.  cit.,  p.  768. 
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and  X~Xg{x,y),  Y^Yg{v,y)  are  a  pair  of  differentiable 
functions  which  approximate  X  and  Y  and  whose  first  partial 
derivatives  approximate  those  of  X  and  Y  uniformly  in  s,  then, 
if  the  approximation  is  sufficiently  close,  these  equations  represent 
a  one-to-one  transformation  for  the  interior  of  s.* 

By  means  of  this  lemma  we  can  show  that  any  differentiable 
transformation  that  approximates  to  our  7*  with  a  sufficient 
degree  of  accuracy,  both  as  to  coordinates  and  their  derivatives, 
will  give  a  (1,1)  transformation  of  the  closed  analytic  surface  of 
genus  p  into  itself  or  into  a  similar  such  surface.  The  proof  follows 
exactly  the  proof  given  for  the  sphere*  except  as  before  we  use 
for  circle,  polar  geodesic  circle,  and  when  we  project  the  neighbor¬ 
hood  of  a  point  on  to  the  tangent  plane  at  that  point  we  project 
along  the  normals  to  the  surface. 

If  we  have  a  transformation  mapping  a  portion  of  space  which 
includes  s  in  its  interior  onto  a  portion  of  space  which  includes  S 
in  its  interior  such  that  s  goes  into  a  surface  S'  close  to  S,  we  can 
draw  S'  into  S  along  the  normals  to  S  in  a  (1, 1)  analytic  manner 
providing  S'  is  close  enough  to  S  so  that  the  normals  to  surface  S 
do  not  intersect  one  another. 

Let  the  differentiable  transformation  Ti  be  giv'en  in  terms  of 
the  three  differentiable  functions  Xt{x,  y,  z),  Yt(x,  y,  z),  and 
Zt(x,  y,  z).  By  the  use  of  the  Weierstrass  approximation  formula 
in  three  variables 

/*(*.  y.z)  = 

1  r  r  r  _  ( r-y)*  _  (Z-i)« 

*•-*•-  *■  dx^yoz, 

we  can  obtain  the  three  analytic  functions  Xtix,  y,  z),  Yt(x,  y,  z), 
and  Zt(x,  y,  z)  which  define  the  analytic  transformation  T It 
can  be  shown  that  if  /(x,  y,  z)  in  the  above  formula  possesses  con¬ 
tinuous  first  partial  derivatives  over  any  closed  region  D  interior 
to  R,  we  have 


•Franklin  and  Wiener,  loc.  cit.,  p.  777. 
*Ibid.,  pp.  782-784. 
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L  /*(x,  y,z)^J{x,  y,£i\ 

L 

*-►«  dx  dx 

L 

»-►«  dy  by 
L 

*-*x  bz  bz 

If  we  take  our  approximation  by  the  Weierstrass  formula  close 
enough,  the  analytic  transformation  defined  by  the  three  analytic 
functions  A'j(x,  y,  z),  K*(*,  y,  z),  and  Zt{x,  y,  z)  which  we  have 
designated  by  T t,  will  map  s  into  a  surface  very  close  to  S.  Then 
we  can  map  this  surface  on  to  5  in  an  analytic  (1,1)  manner  by 
projection  along  the  normals  to  5.  Since  this  analytic  trans¬ 
formation  can  be  made  as  close  as  we  please  to  the  differentiable 
transformation,  it  lies  within  a  distance  e  of  our  original  topo¬ 
logical  transformation  T. 

Special  cases.  Case  1,  p  =  0.  The  discussion  of  this  case  by 
Franklin  and  Wiener,  loc.  cit.,  is  slightly  incomplete  in  that  ob¬ 
jections  might  be  taken  as  to  whether  the  sphere  can  be  divided 
up  into  networks  of  convex  polygons.  The  process  indicated 
above,  clearly  resolves  this  matter  in  the  affirmative. 

Case  2,  p—\.  The  surface  of  the  torus  can  be  put  into  (1,1) 
correspondence  with  a  rectangle  in  the  plane  and  the  process  used 
in  the  proof  of  the  theorem  for  the  plane  case  can  be  carried  over 
directly  if  special  precaution  is  taken  along  the  edges  of  the 
rectangle,  so  that  when  the  rectangle  is  laid  back  again  on  the 
torus,  the  edges  will  join  up. 

The  equation  of  the  torus  is  usually  given  in  terms  of  the  two 
angles  <f>  and  0.  The  network  on  the  torus  will  consist  of  the 
curves  const,  and  ^==  const.  Thus  when  the  surface  of  the 

torus  is  rolled  out  on  the  plane  this  network  goes  into  a  rectangular 
network  covering  a  rectangle  r.  We  map  the  surface  of  the  torus 
s  onto  r  and  its  eight  adjacent  rectangles.  Transformation  T 
which  is  continuous  and  (1,1)  maps  j  on  to  S  another  torus  which 
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we  roll  in  the  same  manner  on  to  a  rectangle  R  and  its  eight  ad¬ 
jacent  rectangles.  The  edges  of  S  will  run  over  into  these  adjacent 
rectangles  and  if  we  are  careful  to  do  exactly  the  same  thing  to 
opp>osite  edges,  we  can  build  up  the  convex  polygonal  network 
and  the  differentiable  transformation  just  as  was  done  in  the  plane 
case.  We  can  then  roll  both  networks  back  on  to  their  respective 
surfaces  and  the  edges  will  join  up.  Also  the  differentiable  trans¬ 
formation  will  fit  along  the  edges.  Then  we  can  use  the  Weierstrass 
approximation  as  was  done  for  the  sphere,  and  the  theorem 
follows. 

The  author  wishes  to  express  his  indebtedness  to  Prof.  Philip 
Franklin  for  his  kind  assistance  with  this  paper. 


COHERENCY  MATRICES  AND  QUANTUM  THEORY 

By  Norbert  Wiener 
Introduction 

The  statistical  method  of  determining  the  linear  relations 
between  a  number  of  codrdinates  recorded  in  a  sequence  of  simul¬ 
taneous  observations  is  the  theory  of  correlation  coefficients/ 
which  may  be  cast  into  a  matrix  form.  This  method,  however, 
pays  no  attention  to  the  order  of  the  observations  constituting 
the  sequence.  Attempts  have  been  made  to  apply  the  method  of 
correlation  to  time-series,  using  such  notions  as  that  of  the  corre¬ 
lation  of  a  function  with  itself  under  a  time-lag.*  These  methods, 
while  they  have  achieved  a  certain  measure  of  success,  are  largely 
of  an  ad  hoc  nature,  and  as  yet  have  failed  to  crystallize  out  any 
simple,  general  theory. 

It  is  the  purpose  of  the  present  paper  to  develop  a  theory  which 
seems  to  the  author  to  possess  more  of  an  intrinsic  logical  neces¬ 
sity  than  those  already  existing.  This  theory  is  also  applied  to 
the  study  of  polarized  light  and  of  quantum  phenomena.  It  is 
the  conviction  of  the  author  that  it  explains  the  linear  character 
of  the  Schrbdinger  equation,  and  that  it  serves  as  an  impiortant 
link  between  the  Heisenberg  and  Schrodinger  theories,  the  classi¬ 
cal  mechanics,  as  modified  by  the  introduction  of  Kaluza’s  fifth 
dimension,  and  the  Bohr  quantxim  rules.  The  author  reserves  a 
more  detailed  discussion  of  these  relations  for  a  later  paper. 

§1.  Definition  of  the  Coherency  Matrix.  We  start  with  a  set 
of  (possibly  complex  valued)  functions  /*(/),  •  •  /«(0i  all 

defined  over  the  infinite  range  —  oo  </<  « ,  We  make  the  defini¬ 
tion 

<^^(T)  -  Hm  i  f  Ml+r)T,m.  (1) 

r— «  2T  J-T 

Here,  as  throughout  the  sequel,  the  barring  of  a  quantity  denotes 
the  formation  of  the  conjugate  complex  quantity.  We  suppose 
that  exists  for  0<;,  k<n,  —  oo  <T<  oo . 

tCf.  G.  U.  Yule,  An  Introduction  to  the  Theory  of  ^atistics  (London,  1919), 
Chapter  IX-XII. 

*  Cf.  P.  C.  Mills,  Statistical  Methods  (New  York,  1924),  Chapter  XI. 
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As  we  show  in  the  appendix, 

We  also  show  that  all  the  functions  <f>jk  (t)  are  bounded. 
We  now  introduce  the  new  definition 


Rjk(u)- 


dr 


IT 


+  1. 
A- 


Formally  this  is  equivalent  to 

R’iM- f^M^)e'-dr. 

but  the  theory  of  the  integrated  function  is  more  general.  Of 
course,  this  definition  only  determines  Rjkiu)  except  for  a  set  of 
values  of  u  of  measure  zero.  To  make  the  definition  more  precise, 
we  shall  take  Rjk(i*)  to  be  the  derivative  of  its  integral  wherever 
the  latter  exists,  and  this,  by  a  well-known  theorem,  will  be 
everywhere  over  the  region  where  /?/*(«)  exists  except  for  a  set 
of  points  of  measure  zero.  At  other  points,  will  be  unde¬ 

fined.  Rjk{u—0)  and  /?j*(«-|-0),  however,  may  still  have  an  unam¬ 
biguous  definition. 

The  function  Rjk{u)  will  always  exist  and  be  summable  and  of 
summable  square  over  any  finite  range,  as  (e*""  —  l)iT  is  finite  near 
T*0,  while  <^y*(T)/iT  is  quadratically  siunmable  over  any  infinite 
interval  not  including  the  origin.  /?>*(«)  will  in  general  be  complex 
even  when  the  /*(«)’s  are  real,  since  e*'"  is  complex.  We  shall 
however  have 

~  f  dT-l-l.m.  [  / V  /  *1  ^ik{-r)  —  dr 

J-l  IT  J-A -i  tr 

-  r  ^Jk(<r)  +lm.  [T+f]  ^  d<T 

J-i  —nr  A-»»\~J\  J-AJ  — i<r 

•Rjkiu).  (3) 
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In  partictilar,  Rjjiti)  is  real.  The  matrix  ||/?^»(m+0)  — /?>»(«— 0)|| 
is  Hermitian.  We  call  it  a  coherency  matrix. 

To  see  the  meaning  of  /?>*(«),  let  us  consider  the  particular  case 
where 


1 


(A,<A,<  •••  <A,] 


Then 


1  " 

lim  —  /  2  AjkAue*^krei(H-\)tdt 

2T  J-T  k.O-l 


-  2 
*-i 


_  <tA* 

•kAkk -  dr 

tr 


!?,*(«)-  r  2  Aj 
J-i  *-i 

+[  r+  /  *]  2 


"  _•  r  /"*  sin  T(j<+ A.)  T 


(4) 


where  AT  is  some  constant.  Thus 


Rjt(v) -  Rjk(u)  =  IT  2  44j*>l**(sgn(t>+  A*) -sgn(«+  A*)  1 
_ 

^2nZAjkAkk,  (5) 

provided  that 


•  •  •<A^i<  —v<Ap<’“<A^<—u<  A,+i<*  •  • 


In  particxilar, 


L<r^- 
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SO  that  the  coherency  matrix  ||/?>*(—A*+0)  — /?>»(— A*— 0)||,  or 

|i4i*  I*  AuAik  •  • 

AxkAu  M2*  I*  •* 


27r 


is  manifestly  Hermitian. 

In  the  case  where  the  /y(0’s  are  trigonometrical  polynomials, 
the  diagonal  terms  of  ||  — /?^»(«)  ||  indicate  the  sum  of  the 

squares  of  the  amplitudes  belonging  to  frequencies  of  the  /^’s 
lying  between  —u  and  —v.  They  are,  roughly  speaking,  of  the 
nature  of  energies.  The  non-diagonal  terms  may  be  regarded  in 
the  light  of  mutual  energies,  such  as  we  find  recorded  in  an  inte¬ 
grating  wattmeter  when  we  superimpose  a  current  from  one 
source  on  an  electromotive  force  from  another.  We  shall  find 
these  ideas  suggestive  even  when  the  f/s  are  not  trigonometrical 
polynomials. 


§2.  Transformations  of  Coherency  Matrices.  We  now  intro¬ 
duce  the  idea  of  a  linear  transformation  of  the  codrdinates 
of  the  nature  of  what  Weyl*  calls  a  unitary  transformation.  Let 


gj{t)  -  ^Ojkfkit), 


where 


2  aj^au,~Sjk . 
*-i 


Let  us  put 


[1</,  h<n] 

1  r 

«fc*(T)=-  lim  —  /  gjit+T)gi{t)dt: 
r-*«  2 1  J-T 

^  dr 


(6) 

(7) 


tr 


+ 


•  H.  Weyl,  QuatUenmechanik  und  GruppetUheorie,  Zs.  fur  Physik  46  (1927), 
p.  4. 
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TTien 

n 

ft.  i-i 

”  2  tLjk<^uRiu(f*). 

ft.< 

From  the  Hermitian  matrix 

II  Rj.  (»)-«/»(«)  II 

let  us  construct  the  Hermitian  form 

2  (/?i*(w) -/?>*(«)  Ixii*. 

ift 

The  corresponding  form  derived  from  Sji,(u)  will  be 

2  (/?«(»)  —  ]0-jkXj<^klXk 

jkU 


’'^[Rik{v)-Rik{u)\yj~yky 

ift 


where 


yr 


ft 


That  is,  the  vector  yj  is  derived  from  the  vector  xj  by  a  unitary 
transformation,  and  the  \S-form  is  transformed  into  the  /?-form 
by  the  inverse  of  this  transformation,  which  is  likewise  unitary. 

By  a  well-known  theorem/  we  may  choose  our  unitary  trans¬ 
formation  so  that 

Sjk(v)  -  Sjk(u)  -  0.  \j^k] 

We  shall  suppose  the  so  chosen  as  to  effect  this  result.  By  the 
results  of  a  previous  paper  of  the  author,*  Sjj  (u)  is  monotone 
increasing,  and  the  matrix  |l5>*(v)— S>*  («)||  assiunes  the  form 


A 

0 

0  ••  • 

0 

B 

0  ••• 

0 

0 

C  ••• 

4  H.  Weyl,  loc.  cU.,  p.  44. 

•  Norbert  Wiener,  The  Spectrum  of  an  Arbitrary  Function,  Proc.  London 
Math.  Soc.  27  (1928),  p.  489. 


1 


1 
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where  A,  B,C,  •  •  •  are  non-negative  if  m.  The  functions  S>*  («) 
are  also  bounded.  Since  the  form  AxiXiA-BxtXi-h  '  ’  ‘  is  non¬ 
negative,  if  we  transform  our  diagonal  matrix  into 

^*1 

Aa  An 


by  a  unitary  transformation,  we  shall  always  have 

ZAikXjXk'^0 

and  the  converse  will  hold.  We  shall  call  such  an  Hermitian  form 
positive  definite.  The  sum  of  two  such  forms  will  clearly  be  positive 
definite. 

In  the  case  of  such  a  form,  if  we  make  all  x*’s  vanish  except 
Xj  and  Xk,  and  then  remember  that  the  determinant  of  a  matrix 
is  an  invariant  under  a  unitary  transformation,  we  see  that 

\Ajk\'  <AjiAu,. 

A  fortiori, 

It  hence  results  that  the  total  variation  of  Rjkiu)  cannot  exceed 
half  the  sum  of  the  total  variations  of  Rjj{u)  and  Rkki^*)-  As  these 
latter  functions  are  bounded  and  monotone,  they  are  of  limited 
total  variation,  and  Rjk(u)  is  likewise  of  limited  total  variation. 
It  is  therefore  continuous  except  for  a  denumerable  set  of  finite 
jumps,  and  possesses  a  derivative  except  for  a  set  of  points  of 
zero  measure.  Thus  the  matrix 

t 

R\iiu)  /?'„(«)  ••• 

R'uiu)  R'n(.u)  ••• 


exists  for  almost  all  values  of  u,  and  may  also  be  regarded  as  a 
coherency  matrix.  It  is  easy  to  see  that  it  is  positive  definite,  as 
it  represents  a  limit  of  positive  definite  matrices. 
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§3.  Examples  of  Coherency  Matrices.  We  give  below  some 
examples  of  second  order  coherency  matrices.  We  choose  matrices 
of  the  form  || /?^*(A+0)  — /^*(A— 0)  ||,  as  these  are  simpler  to 
illustrate.  We  shall  write  for  purposes  of  abbreviation 


Fix) 


^2  cos  \x 


V  TT 

dx)  -  ^2cos  A(x+n/H)  ^ 


V  n 


We  put  the  ftmctions  /i  and  /j  generating  each  matrix  above  the 
matrix  it  generates :  * 


/i(0-F(/);  hit)^aFit+^. 


1 

o* 

“  aF(0 ; 

/*(0  = 

a* 

0 

0 

6* 

(A) 


(B) 


hiD^aFity,  /,(0-fcF(/+f)+cCW. 

o*  05^’“'* 


abe*‘^  6*+c* 


(Q 


§4.  Incoherent  Addition  of  Matrices.  As  a  particular  case  of 
the  effect  of  a  linear  transformation  on  a  matrix,  let  us  form  the 
coherency  matrix  of/i(0,  *  *  *  ./nCOi  gi  (Of  *  *  *  i  gniO  for  a  particular 
it,  and  let  it  have  the  form 
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An 

An 

•  Ani 

0 

0 

...  0 

An 

An  * 

•  Ant 

0 

0 

...  0 

A\n 

Atn  • 

• 

0 

0 

...  0 

0 

0  • 

••  0 

Bn 

Bn 

••• 

0 

0  • 

••  0 

Bn 

Bn 

•  •  •  B„j 

0 

0  • 

••  0 

B\n 

Bu 

•••  B.’ 

Then  the  coherency  matrix  of  /i(0+gi(0.  /i(0+ft(0i  **•  i 
will  have  the  form 


An-\-Bn 

*•*  An\-\-Bn\ 

An-i-Bn 

Aa-f-Ba 

••• 

At„-\-Btn 

Ann-^Bnn 

That  is,  if  two  phenomena  are  completely  incoherent,  the  coher¬ 
ency  matrix  of  their  sum  will  be  the  sum  of  their  coherency 
matrices. 

§5.  Coherency  Matrices  and  Polarized  Light.  The  theory  of 
polarized  light  forms  the  simplest  application  of  coherency  ma¬ 
trices.  The  electric  displacement  in  polarized  light  is  a  plane  vector, 
a  function  of  the  time,  which  may  be  represented  by  tw’o  scalar 
functions  of  the  time,  its  rectangular  cartesian  components.  For 
each  frequency,  these  yield  a  coherency  matrix.  A  real  unitary 
transformation  of  this  matrix  amounts  simply  to  a  rotation  of  our 
axes,  together  with  a  possible  reflection.  By  such  a  transformation, 
the  matrix  may  be  brought  into  the  form 


A 

-Bi 

Bi 

C 

where 


AOB^. 
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A  matrix  of  this  form  may  always  be  obtained  by  the  incoherent 
addition  of  the  two  matrices 


The  former  represents  completely  elliptically  polarized  light,  with 
the  ellipse  of  polarization  —  latter  represents  com¬ 

pletely  unpolarized  light.  The  sum  represents  partly  elliptically 
polarized  light,  with  ellipse  of  polarization  as  above,  percentage  of 
polarization 


100(a»-|-i8*.-l-2y*)  ’ 

and  total  intensity  a*-f 

As  examples  of  simple  types  of  polarized  light,  we  may  take 


Plane  polarized  light  at  0“  and  90' 


Plane  polarized  light  at  45“  and  135' 


Circularly  polarized  light  with  opposite  senses  of  rotation 


1 

1 

and 

1 

-1 

1 

1 

-1 

1 

1 

— * 

and 

1 

i 

i 

1 

—i 

1 

2 

0 

0  0 

and 

0 

0 

0  2 

Unpolarized  light. 


0 


1 
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As  is  easily  seen,  the  sum  of  the  diagonal  tenns  of  a  coherency 
matrix  is  an  invariant  under  a  unitary  transformation.  It  repre¬ 
sents  the  intensity  of  the  light.  Another  invariant  is  the  determi¬ 
nant  of  the  matrix.  If  the  latter  vanishes,  the  matrix,  if  it  does 
not  vanish  identically,  assumes  the  form 


A 

0 

0 

0 

when  reduced  to  diagonal  form.  Such  a  matrix  will  be  called  com¬ 
pletely  polarized.  Two  coherency  matrices  reducing  to 


A 

0 

and 

0 

0 

0 

0 

0 

B 

under  the  same  unitary  transformations  will  be  said  to  be  comple¬ 
mentary.  Thus  a  Nicol  prism  analyses  light  into  two  comple¬ 
mentary  components;  circularly  polarized  light  is  complementary 
to  polarized  light  with  an  opposite  sense  of  rotation,  etc.  The 
analysis  of  light  in  terms  of  two  complementary  types  is  per¬ 
formed  as  follows :  its  matrix  is  transformed  by  the  unitary  trans¬ 
formation  reducing  the  latter  to  diagonal  form,  and  the  terms 
on  the  principal  diagonals  represent  the  relative  intensities  of  the 
two  compionents. 


§6.  Coherency  Matrices  and  Quantum  Theory.  We  now  come 
to  the  applications  of  coherency  matrices  to  quantum  theory .  Our 
coherency  matrices  are  here  considered  with  reference,  not  to  time, 
but  with  respect  to  the  fifth  dimension  xo  of  Kaluza.*  Moreover, 
instead  of  depending  on  an  index  /  assiuning  a  finite  set  of  values, 
our  functions  of  xo  whose  coherency  we  investigate  contain  the 
four  continuous  (dimensions  of  space  and  time  as  parameters. 
That  is,  our  original  functions  have  the  form  /(x,  y,z,t\  Xo).  The 
functions  are  replaced  by  expressions  of  the  form 


y,  z,  t\  xi,  yi,  zu  i,;  t) 

1  r 

=  hm  —  /  /(x,  y,  z,  t;  Xo+t)  f(xu  yi,  Zi,  Xo)dxo 
r-*oe  2TJ-T 

*Th.  Kaluza,  Sitzunisber.  der  Berliner  Akad.  1921,  p.  966. 
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while  the  /?>*(«)  are  replaced  by  functions 

/*  e‘*’— 1 

<k(x,  y,x.t;  Xu  yu  Zu  ti]  t) — ^ —  dr 

l  XT 

+  l.m.  \  [  +  /  1  <f>(x,  y,  z,  t;  xu  yu  zi,  h;T)4-  dr. 

A-*«iWl  J-A  j  XT 

In  other  words,  our  Hermitian  matrices  are  replaced  by  Hermitian 
kernels  in  the  sense  of  Hilbert^ 

Another  matter  of  importance  is  that  in  the  quantum  theory 

only  one  single  value  —  of  the  frequency  u  ever  comes  into  play, 
h 

In  other  words,  our  coherency  kernel  is  of  the  form 

[dR  n 

—  {x,  y,  z,  t\ Xu  yu  Zu  tu  «)J-  K{x,  y,  z,  xu  yu  zi,  <i). 


We  shall  suppose  this  quantity  K  to  exist. 

In  what  follows,  we  shall  make  no  attempt  at  mathematical 
rigor.  To  do  so  would  require  the  entire  theory  of  integral  equa¬ 
tions,  non-singular  and  singular.  To  go  into  such  intricacies  would 
not  serve  in  the  last  to  illuminate  the  larger  outlines  of  the  quantum 
theory. 

The  problem  of  reducing  an  Hermitian  kernel  to  diagonal  form 
is  already  classical  in  the  literature.*  Under  very  extended 
hypotheses,  the  problem  admits  a  unique  solution,  and  may  be 
treated  by  the  aid  of  the  so-called  Hellinger  integral.  In  the 
very  simplest  cases,  the  kernel  is  the  kernel  of  a  Fredholm  equa¬ 
tion,  and  may  be  expanded  by  the  so-called  bilinear  formula  in 
terms  of  the  characteristic  functions  of  the  equation.  These  func¬ 
tions  constitute  a  discrete  set  of  normal  and  orthogonal  functions, 
and  the  Hermitian  kernel  in  the  diagonal  form  is  reduced  to  a 
matrix  consisting  of  a  discrete  set  of  rows  and  columns.  In  the 
more  general  case,  the  discrete  rows  and  columns  of  the  diagonal 
matrix  are  supplemented  by  a  continuous  portion. 

In  general,  the  characteristic  functions  of  the  integral  equation 

T  Cf.  D.  Hilbert,  Grundziige  einer  AUgemeinen  Theorie  der  linearen  Integral^ 
gleickungen  (Leipzig  and  Berlin,  1912),  pp.  162,  177. 

•  D.  Hilbert,  Coc.  cit.,  p.  162. 
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£/** 
dyi  I  dzi 

1 

lim  —  /  K(x,  y,  z,  f,  Xu  yu  Z\,  ti)tlf(xi,  yi,  Zi,  ti)dti  (8) 
r— »  2TJ-T 

do  not  depend  in  any  peculiarly  simple  way  on  t.  It  is  quite 
otherwise  in  the  case  when  the  coherency  kernel  is  built  up  in 
the  following  manner:  the  function  J{x,  y,  z,t;  xo)  is  the  sum  of  a 
large  number  of  functions 

/i(x.  y,z,t;  *o) +/*(».  y,z,t;xo)-i-  •  •  • 

all  having  the  same  coherency  kernel  when  referred  to  a  proper 
time  origin,  and  arranged  at  haphazard  in  time.  When  we  reduce 
the  coherency  kernel  of  the  sum  function  to  a  scale  on  which  it 
is  comparable  to  the  coherency  kernels  of  the  partial  functions 
composing  it,  it  will  clearly  have  the  form 

1 

lim  —  /  K(x,  y,  z,  Xi,  yi,  Zi,  ti-\-w)dw 

1  r 

-  hm  —  /  K(x,y,z,t-ti+fi;xi,yi,zi,(i)dii 
r— «  2TJ-T 

*Q(x,  y,  z;  xi,  yi,  Zi;  t-tO. 

If  we  expand  this  kernel  trigonometrically  in  t—h,  it  will  assume 
the  form 

^k(x.  y.  z;  y^. 


^(x.  y,  z,t)^\ 


Here,  of  course,  the  sum  may  be  wholly  or  partly  replaced  by  an 
integral.  If  we  now  expand  Qk(x,  y,  z;  xi,  yu  Zi)  in  terms  of  its 
characteristic  functions,  we  have 

Qkix,  y,  z;  xt,  yu  zi)  -  y,  z)^uixu  yu  2i). 

and 

Qix,  y,  z;  xu  yu  Zi;  t-h) 

«  i:XAkfiltki{x,  y,  yu  Zi)<r‘^^*'‘. 

*  < 

That  is,  the  characteristic  functions  of  the  kernel  Q{x,  y,  z,  t\ 
Xu  yu  Zu  fi)  are  of  the  form 

>^ki{x,  y,  z)e*^^\ 
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and  are  orthogonal  in  a  generalized  sense  over  space-time.  This  is 
the  same  form  as  that  of  the  characteristic  functions  of  a  steady- 
state  Schrddinger  equation. 

If/(^.  y.  *o)  is  a  solution  of  the  five-dimensional  Schrodinger 
equation,  then  <^(x,  y,  z,  t;  Xi,  yi,  zt,  <■;  xo)  is  also,  as  it  is  a  mean 
of  such  solutions,  displaced  with  respect  to  Xo,  while  this  latter 
quantity  does  not  occur  in  the  coefficients  of  the  five-dimensional 
Schrodinger  equation.  It  follows  readily  that  K(x,  y,  z,  t;xi,  yu  Zu  ti) 
is  a  solution  of  the  foiu'-dimensional  Schrodinger  equation.  Hence 


/**  /** 

^uix,  y,  -  X  /  dxi  /  dyi  /  dz, 

*7-00  J-OO  J-90 

1 

Urn  —  /  K(x,  y,z,t\  xu  yu  z\,  yu  zi)e*^’^'dti 

T— •»  2 TJ-t 


is  a  solution  of  the  same  equation,  and  the  characteristic  fxmctions 
of  our  coherency  matrix  are  also  characteristic  functions  of  the 
Schrodinger  equation,  in  the  case  where  the  coefficients  do  not 
contain  the  time  explicitly.  The  exponents  A*  are  the  correspond¬ 
ing  characteristic  numbers. 

We  thus  see  that  in  the  case  of  a  function  satisfying  Schrodin- 
ger’s  equation,  the  coherency  kernel  leads  us  back  to  Schrbdinger’s 
equation.  On  the  other  hand,  any  coherency  kernel,  even  if  it  is 
not  derived  from  a  linear  problem  like  that  of  the  Schrodinger 
equation,  gives  rise  to  a  linear  integral  equation  determining  a 
set  of  characteristic  functions.  This  is  not  surprising,  as  the 
coherency  matrices  constitute  a  natural  extension  of  correlation 
coefficients,  while  these  latter  quantities  are  only  of  use  as  a 
measure  of  the  degree  of  linear  dependence  of  one  quantity  on 
another.  This  suggests  the  conjecture  that  the  linear  character  of 
the  Schrodinger  equation  may  be  artificial;  that  it  merely  represents 
the  characteristic  function  theory  belonging  to  the  coherency 
kernel  of  a  problem  of  an  essentially  non-linear  character.  It  may 
be  that  this  is  the  sense  in  which  it  is  possible  to  dispose  of  the 
wave-particle  antinomy  running  through  the  whole  of  modem 
physics. 

As  an  example  of  this  possibility,  let  us  reflect  on  a  consideration 
put  forward  by  Schrodinger  himself  in  an  early  paper.  He  takes 
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<t>l  (.Xu  *J.  Xt,  Xt),  4^  (xu  Xt.  Xi,  Xi),  4>i  (xu  *J.  Xt,  Xt),  4>i  (xu  Xt,  Xi,  Xi) 

as  the  components  of  the  electromagnetic  potential,  and  points 
out  that  if  we  choose  a  proper  scale  for  our  potentials 

J  [4>\dxi+<f>,dxi-\-<f>tdxt-\-<i>4dxt] 

over  a  period  or  quasiperiod  will  be  an  integral  multiple  of  the 
Planck  h  when  and  only  when  the  Bohr  quantum  condition  is 
satisfied.*  Now,  the  Kaluza  five-dimensional  quadratic  form  is 

4 

2  gji4xjdxk ■\-(<f*idxi+ <fhdxt +<l»^Xi+<f>idx4+dxo)* 
i.*-i 

and  this  vanishes  for  the  paths  of  electrons.  If  our  electron  moves 
with  a  velocity  low  with  respect  to  that  of  light,  we  may  (with 
only  a  second  order  error)  identify  Igjydxjdxk  and  —dx^,  and  we 
get 

—<f>idxi—<fhdx2-<f>3fdxi—(4t4—l)dx4. 

If  we  choose  a  different  value  for  our  potential  at  infinity  as  the 
one  belonging  to  the  Schrbdinger  eqtiation,  we  see  that  the 
change  in  *o  over  a  period  or  qviasiperiod  is  an  integral  multiple 
of  h.  It  follows  that  if  we  put 

the  only  permissible  values  of  Xu  xt,  and  xt  are  those  containing 

Swixt 

e  *  in  their  harmonic  analysis. 

If  now  we  take  the  electron  density  over  xu  xt,  Xi,  xo  as  our 
function  /(xu  xt,  xi,  xu  xo),  and  build  up  its  coherency  kernel, 
no  change  in  the  number  of  those  orbits  not  satisfying  the  Bohr 
frequency  condition  will  affect  this  kernel.  The  characteristic 
niunbers  of  the  kerpel  under  the  hypothesis  of  steady  state  will 
not,  however,  represent  the  energies  of  the  Bohr  orbits,  but  their 
mechanical  frequencies.  We  thus  arrive  at  a  characteristic  func¬ 
tion  problem  similar  to  that  of  the  Schrodinger  equation,  but  not 
identical  with  it.  The  nearness  of  our  starting-point  to  that  of 
the  original  Bohr  theory  is  worthy  of  comment. 

A  word  or  two  concerning  the  relation  of  our  coherency  kernels 

•  E.  Schr6dinger,  Uber  eine  bemerkenswerte  EtKenschaft  der  Quantenbahnen 
eines  einzelnen  Elektrons.  Zs.  fur  Pkysik  12  (19^),  pp.  13-24. 
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to  the  Heisenberg  matrices  may  be  in  order.  These  latter  matrices 
represent  the  transforms  of  the  operators  y,  or  z  in  the  case  of 
h  d  h  d  h  d 

the  ^matrices, - , - ,  or - in  the  case  of  the  p-ma- 

2rri  Bx  2wt  B  y  2iri  Bz 

trices,  by  the  transformations  reducing  our  coherency  kernel  to 
diagonal  form.  It  is  interesting  to  pursue  the  analogy  in  the  case 
of  coherency  matrices  of  the  second  order.  In  this  case,  the  closest 
analogue  to  the  x  operator  is  the  matrix 

1  0 

0  -1 

Then  it  may  be  verified  that  the  Heisenberg  matrix  corresponding 
to  the  matrix 

A  B-Ci 

BA-Ci  D 

is 

_ A-D  2{B-Ci) 

\/{A-Dy+AiB*A-0)  ^(A-DYA-^iB^A-C*) 

2{BA-Ci)  _ D-A 

>/(/!- Z))*+4(5»+C»)  >/(>!- 

In  particular,  the  Heisenberg  matrices  corresponding  to  plane 
polarized  light  at  0°,  plane  polarized  light  at  45",  and  circularly 
polarized  light  in  one  direction,  are 

1  0 

0  -1 

0  1 

1  0 


t 


0 
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It  is  perhaps  worthy  of  comment  that  these  three  matrices  play 
an  important  role  in  Weyl’s  treatment  of  the  spinning  electron 
by  means  of  finite  groups.  If  circularly  polarized  light  or  light 
polarized  at  45°  is  analyzed  by  a  Nicol  prism  at  0°,  it  appears 
unpolarizcd.  The  same  remark  applies  if  circularly  polarized  light 
or  light  polarized  at  0“  is  examined  by  a  Nicol  prism  at  45°,  or 
if  plane  polarized  light  at  0°  or  at  45°  is  examined  by  a  device 
which  can  only  detect  circular  polarization.  It  is  also  true  that 
light  is  completely  characterized  as  to  its  state  of  polarization  if 
it  is  analyzed  by  the  instruments  just  mentioned  and  if  its  inten¬ 
sity  is  determined.  This  symmetry  between  the  three  sorts  of 
light  in  question  is  purely  formal  and  mathematical,  and  prob¬ 
ably  explains  their  relation  to  the  Weyl  group  theory. 


APPENDIX 

By  the  Schwarz  inequality, 

J  Tta  ^  f  \M+rl\'di  IS  i  f  lAWlw. 

’  r-*«  21  J-T  r-*«  2 1  J  T 

Now, 

^  f  -  Urn 

7* 90  J-‘T  7*  — ♦  90  2i  •/“T+t 

_  I  rr+T 

<  <  lim  -  / 

“  7--.«2(r+T)y-r-r 

Therefore 

\<l>jkiT)\<V<i,^{0)<f>u,{0).  (1) 

Thus  the  functions  are  all  bounded. 
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Again, 


Um  f  /j(t)Mt+T)dt 
r  *«  2T  J-T 

-  ^>*(  - r)  +  Urn  f  fj(t- r)J„{t)dt 

r  —  ao  2T  JT 


By  the  Schwarz  inequality, 


1  _  1  I  fT  rT+t 


Similarly, 


T)Mt)dt~0. 


Combining  (2),  (3),  and  (4),  we  get 


(5) 


A  METHOD  FOR  DERIVING  FORMULAS  FOR  THE 
APPROXIMATE  CALCULATION  OF  INTEGRALS* 
Prescott  D.  Croit 


1.  Introduction.  The  formulas  which  have  been  derived  for 
the  calculation  of  the  approximate  value  of  a  proper  integral  are, 
for  the  most  part,  based  upon  the  integral  of  a  polynomial  approxi¬ 
mation  of  J(x),  the  function  to  be  integrated.  Such  formulas 
differ  only  in  the  data  taken  to  fix  the  polynomial,  and  they  are 
usually  derived  by  considering  either  the  polynomial  itself,*  or  a 
Taylor’s  expansion*  of  J{x).  This  expansion  may  be  used  to  give 
expressions  limiting  the  error,*  and  expressions  for  the  error.* 

The  purpose  of  this  pap>er  is  to  develop  a  general  method  for 
deriving  formulas  of  integration,  together  with  general  types  of 
expressions  which  limit  the  error;  and  also  to  investigate  the 
uniqueness  and  determinateness  of  results.  The  formulas  of  Cotes* 
(hence  of  Simpson  and  Villarceau),  Gauss,  Euler,  and  Tchebychef* 
will  be  derived,  with  particular  expressions  for  the  error,  as  special 
applications  of  the  general  theory. 

Without  loss  of  generality  the  origin  will  be  placed  at  the  center 
of  the  interval  of  integration,  and  f{x)  wnll  be  assumed  to  possess 
derivatives  of  such  orders  and  in  such  intervals  as  are  necessary 
to  give  meaning  to  the  expressions  which  arise. 

1  This  paper  was  prepared  under  the  supervision  of  Prof.  George  Rutledge, 
of  the  Massachusetts  Institute  of  Technology,  who  offered  many  valuable 
si^estions. 

*  Gout  sal:  Cours  d' Analyse  Mathimatique,  v.  1,  p.  266;  also  Jordan:  Cours 
d' Analyse,  v.  2,  p.  125. 

*  Lampe:  Zur  mechaniseken  Quadratur,  Jakresberickt  der  Deulscken  Malke- 
matiker-  V'ereinigung,  v.  25  (1916),  p.  325. 

*  Peano:  Residua  in  formula  de  quadralura  Cavalieri- Simpson,  L' Enseigne- 
ment  Matkematique,  v.  18  (1916),  p.  124;  also  Tannery:  Lefons  d'algibre  el 
d'analyse,  v.  2,  p.  555. 

■  Bertrand:  Traitf  de  calcul  difffrentiel  el  de  calcul  integral,  v.  2,  p.  331. 

*  Rutledge:  Tke  Polynomial  Determined  by  (2»  +  l)  Points,  Journal  of  Matke- 
matifs  and  Pkysics,  v.  2  (1923),  p.  47. 

T  Radmm:  Etude  sur  les  formules  d’ approximation  servent  d  calculer  la  valeur 
Mum/rique  d'une  intfgrale  (Ufinie,  Journal  de  Malkfmatique,  s.  3,  v.  6  (1880), 
p.  283. 
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‘  2.  Formulas  of  Cotes.  By  way  of  illustration  let  us  derive  a 
formula  of  integration  involving 


Let  be  defined  by  the  expression 

”  f  f{*)dx  —  6 [  K-if-i  +  A  p/ 0+  A 1/1+  A'x/i ],  ( 1) 


where  the  A’s  are  constants,  and  let  us  denote 


a  special  case  of  Leibnitz’s  rule  for  the  derivative  of  a  product,  we 
have 

i/i  (8)=*  Kdf(ce)\ 

-  Kficd)  +  Kce/'icO) ; 

!/»*(«)-  2  Kcf^icO)  +  K<^ef{ce) ;  (2) 


xj^ie)  -  k  +  K(/‘6f{ce) ; 

where  A'  and  c  are  constants.  Using  these  relations  to  obtain  suc¬ 
cessive  derivatives  of  (/f (8)  we  obtain  the  following: 

*/i  +/_i—  —  Ap/o  ~  Ai/i—  Aj/j+Stti; 

>+2  A:V-4‘+  I  A'.,/-.‘  -  I  AVi‘-2  + 


where  the  ^’s  represent  terms  having  as  a  factor.  Letting  0-»O 
and  noting  that  when  0*0, 

//-/o'-/(0).  (*-0,1,  2,  3.  4; 

/- -2,  -1,1,2.)  (4) 


and 


^•+1  *  0, 
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wc  hdvc 

<t>\0)~[l  +  l-K^- K.i- K,-  K,-  Kt]J^ 
<^*(0)-(i-i+2a:^+|a'.,  -  |a:,-2a:,]/o‘.  (5) 

A  « 

For  a  reason  to  be  made  clear  later,  we  determine  the  K's  so  as 
to  have 

0  -  (0)  -  <^»(0)  -  <^(0)  -  4>*{0)  -  <^‘(0)  (6) 

regardless  of  /;  hence  from  (5)  we  have 

a:.,+  a:.i+  a:o+a:i+a:,-2; 

2  2 

\ 

This  system  is  determinate,  for  its  determinant  is  of  the  Vander¬ 
monde  type  and  hence  not  zero.  •  Also,  the  work  of  computing  the 
K's  is  reduced  by  noting  that  if  AT-j^ATj  and  AT-i—ATi;  two 
equations  are  satisfied;  two  unknowns  drop  out;  <^’(0)  *0,  i  even; 
and  we  have  left  three  equations  in  three  unknowns.*  Solving 
this  system  gives  the  following  result: 

A'.,-  A:,=  A'.,-  ATi-  — ,  ATo-  — •  (7) 

45  45  45 

By  the  aid  of  (2)  we  now  write 

<^*(0)=/»‘-/-.‘+6AVV+^  AV-i‘-  ^  A:u(i‘-6AV»‘  (8) 

-  e[  AV-.‘+  i  AV-i‘+  i  AV.‘+  a:*/,*]; 

o4  o4 

*Pasc(il:  Die  Delerminanten,  p.  128,  p.  204.  Also,  consider  the  equations  due 
to  (0)  “ 0,  »  even ;  place  u  « (K-t  —  Aj).  »  “  ( A- 1  —  KO :  and  substitute.  We 
have 

2a+|.i»-0 

a  system  with  determinant  of  the  Vandermonde  type;  hence  or 

K-t~Kt,  A-,- A,. 
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which,  after  terms  are  collected,  the  symmetry  of  the  AT’s  noted, 
and  the  law  of  the  mean  applied,  reduces  to  the  following  expres¬ 
sion: 

<^*(tf).(l-6A:^)(2fl)/»(fO-  ^  (9) 

-  Of  a:v-4‘+  ^  Ar-i/-i*+  ^ 
o4  o4 

where  —  0<  <  0, 

and 

2  2 

Let  us  denote  the  greatest  |/*(x)  |  in  the  interval  (—0,  6)  by /*•. 
Then 

|*•(«)|<l!^.•|2|l-6A:-.|+2|*:-■|+^ |Ar-.| } :  (lo) 

hence  by  (7),  (II) 

o 

Also 

|<^‘(o)|-|t^‘(o)-^‘(0)h|  f<\>Ke)de\<  /V‘(«)  (12) 

,  Jo  Jo  5*2 

since  «^‘(0)  is  zero.  Noting  (6)  we  repeat  this  process,  with  the 
final  result: 

(13) 

0*7 1 


Without  the  relations  (6)  this  process  would  not  be  possible; 
hence  the  reason  for  so  determining  the  K’s  is  now  evident. 
Substituting  (7)  in  (1),  and  using  (13)  we  have 

fix)dx 


h 


7/(-0)+32/ 
45 


(-|)+12/(0)+32/(|)-f-7/(0)|+<  (14) 


where 


€  < 


3W 

5-7! 


ejj 

8400’ 


which  is  the  desired  formula  of  integration. 
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We  shall  now  consider  the  system  of  integration  formulas  based 
upon  values  of  /(x)  at  (2«  +  l)  points  which  divide  the  interval 
(—6,  6)  into  2n  equal  subintervals.  Adopting  symmetrical  notation 
we  have,  as  in  (1), 

<^(0)  ^J}{x)dx- e[  •  •  •  +  AVo+  •  •  •  +  A'./J  (15) 

where  /<  =/ 

Using  (2),  the  relation  (15)  is  differentiated  (2m-1-1)  times  with 
respect  to  d.  Placing  d*0,  only  the  principal  terms,  those  not 
of  the  form  “fla,”  remain;  hence  the  system  of  derivatives  will 
be  of  the  same  form  as  (5).  The  K’s  are  determined  so  as  to  have 

<^t(0)  =  <^*(0)>- ••• -<^*"+‘(0)-0  (16) 

regardless  of  /,  the  resulting  system  of  equations  being  determi¬ 
nate  since  its  determinant  is  of  the  Vandermonde  typ)e.  The  com¬ 
putations  are  simplified  by  noting,  from  (2)  and  (3),  that  principal 
terms  involving  negative  subscripts  (points  to  the  left  of  the 
origin)  alternate  in  sign  during  the  course  of  the  differentiations; 
whereas  those  with  positive  subscripts  (points  to  the  right  of  the 
origin)  do  not;  consequently  if 

A'.«-  A'„,  .  •  • ,  A:.,=  A',,  (17) 

we  have  <t>*i0)  *  0,  i  even; 

hence  n  relations  of  (16)  are  satisfied,  and  n  unknowns  fall  out.* 
Using  (2)  it  is  a  relatively  simple  matter  to  write  down  the  general 
system  that  remains  to  be  solved,  the  equations  being  of  the 
form  <^'(0)  *0,  »  odd.  We  have 

2  Ar,-|-,2A'«_i-|- •  •  •  2Ari+A'o*2 

kK\+  •  •  •  it  A'i ^ 

where  it*3,  5,  7,  •  •  •  (2h-|-  1)  and  in  each  equation  t «  1,  2,  3,  •  •  •  n. 

•As  before  (see  note  •),  the  relations 

^•(0)-0  «-2.  4,  6.  •••  2n 

involving  the  unknowns:  u  -  (K-m—  Kn),  v  -  {K-(n-t)  —  K(n-i)),  •  •  • 
— JCi)  may  be  considered  separately.  Since  the  determinant  of  this 
system  is  not  zero,  m— •••  w—O;  hence  (17)  is  obtained  directly. 
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The  first  equation  alone  contains  A'o,  and  merely  states  that 

imn 

Ki  =  2;  hence  we  need  concern  ourselves  only  with  the  n  re- 

i—H  M*”* 

maining  equations.  Multiplying  the  kth  equation  by - ,  we  have 

k 

the  following  n  equations : 

(18) 

where  ^^  =  3,  5,  7,  •  •  •  (2«  +  l). 

This  system  of  equations  yields  Cotes’  coefficients.^* 

We  now  place  a  limit  upon  the  error,  by  considering 

^2»+2(g)  f^joting  (17)  we  collect  terms  and  apply  the  law  of  the 
mean  to  terms  involving /*"■*■*;  then  placing 

yi'+'-Kreatest  \  in  (-9.  ») 


and  again  collecting  terms,  we  have,  using  (2), 

where  <r  =  |  2  |  1  —  (2«+2)  AT,  |  +  (2M-f  2)  ^  |  A',  |  ^ 


,2ii+2 


/.<r-|2|l-(^+2)K,|  +[^(4n+6)^  lK,|  (|y"^']+2l] 

\  *“* 

(19) 

Applying  the  reasoning  of  (12)  repeatedly**,  noting  (16),  we  have 

_^»+3#2ii+2 

|*(»)|  <  •  (20) 
2n+3  ! 


In  deriving  the  <t  of  (20)  we  have  taken  as  the  starting 

Rulledte:  The  ExUicit  Determination  of  Cotes’  Coe^ients  for  Polynomial 
Area,  Journal  of  Mathematics  and  Physics,  v.  1  (1922),  p.  78.  It  should  be 
noted  that  the  K'a  of  this  reference  are  one  half  in  value  of  the  K’s  of  (18). 

tt  This  is  an  extension  and  modification  of  a  method  that  has  been  us^  to 
place  a  limit  upon  the  error  involved  in  the  use  of  Simpson’s  rule:  Ch.  J,  de 
la  ValUe  Poussin;  Cours  d'analyse  infinite simale,  v.  1,  p.  329;  also  R.  de 
Montessus  et  R.  d’ Adhimar:  calcul  numerique,  p.  166. 
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point.  Obviously  any  derivative  of  lower  order  could  have  been 
taken,  the  even  ones  being  preferable  because  their  signs  are  such 
as  to  allow  the  application  of  the  law  of  the  mean  to  the  principal 
terms  to  eliminate  odd  derivatives  of  /.  Let  be  taken  as 

the  starting  point;  then,  reasoning  as  above,  we  have 

|,^(9)|<?:£I!^,wherel<(n+l)  (21) 

21+1 ! 

and  <r,-  {  a|l-lllK.|  +[(41+i)  g  I I  (^)’']+!!|  K.  ||  •  (22) 

It  should  be  noted  in  (19)  and  (22)  that  unless  n  >  1,  2  drops  out.“ 
Placing  the  results  of  (18)  in  (15),  we  have,  using  (20)  and  (21), 

Jjix)dx~e  I  K.,f(-e)+  •  •  •  +  a:o/(0)+  •  •  •  +  KJie)  |  +€ 

where  |<|<  ‘  ■ "!  ■  /<(n+l),  (23) 

'  2/+1  -r  j, 


or 


2«+3! 


The  procedure  in  the  case  of  the  Cotes  formulas  based  upon 
values  of  /(*)  at  2«  points  is  identical  with  that  above.  The  result¬ 
ing  system  for  determining  the  A.'’s  is 


faff 

s 

I- 1 


A' 1)*-*  -  (2m_1^‘^ 


where  1,  3,  5,  •  •  •  (2«  — 1).  There  is  no  Kq.  We  have 


€  < 


-  2/+1  ! 


l^n, 


(24) 


Let  2»»  +  l  -3,  or  n-1;  then  from  (18)  we  have  K-t^  /Ci*«  i  ,  /T*- 

3  3 

from(19):<r-{2[l-i|  +  |}  -i; from  (22). «r,- { 2|l -  ||  +  | }  -i:and 
finally  j^/(x)<ix-|.(/(-fl)+4/(0)+/(®)l+e.  where  |cl  <  or 

I  €  1  <  **  Simpson's  rule  for  one  division.  Cf.  footnote  11. 
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where 

<r,.  |2|l-2;/i:.|+[(4(+2) 

Comparing  (23)  and  (24),  we  should  expect  the  formulas  based 
upon  (2«+l)  points  to  be  the  more  desirable. 

3.  Formulas  Based  upon  Values  of  f(z)  at  Any  Number  of 
Arbitrary  Points.  It  will  now  be  shown  that  formulas  of  inte¬ 
gration  can  be  derived  that  are  based  upon  values  of  f(x)  at  any 
number  of  arbitrary  points,  within  or  without  the  interval  (  —  tf,  9). 
As  in  the  preceding  section  we  place 

♦(»)-j^/(^)d*-«(/^,/(citf)+/^»/(ci«)+  •••  Arj(c,^]  (25) 

where  the  c’s,  which  are  distinct,  are  not  restricted  in  either  mag¬ 
nitude  or  sign;  but  once  chosen  are  fixed,  leaving  the  K's  to  be 
determined.  Placing 

<^'(0)  =■  <^*(0)  ■»•••«■  <^"(0)  **  0, 

we  have,  using  (2),  regardless  of  /,  a  system  for  determining  the 
/C’s  which  has  the  following  determinant: 


1  1  1 

...  1 

2ci  2ci  2ct 

•••  2c, 

3c,*  3c,*  3c,* 

•••  3c,* 

-w!ll(c,-c>) 

n^,--‘nc,’^‘nc,--‘ 

•••  ncV 

which  is  of  the  Vandermonde’  type  and  hence  not  zero,  since  the 
points  are  distinct.  Thus  the  system  is  determinate. 

A  limit  may  be  placed  upon  the  error  by  considering  any  deriva¬ 
tive  of  of  order  equal  to  or  smaller  than  (n+1);  however, 
since  in  this  case  the  law  of  the  mean  cannot  in  general  be  applied 
to  eliminate  terms  involving  odd  derivatives  of  /(x),  this  limit  will 
in  general  contain  two  terms. 


As  an  application  of  this  generalization  we  have  the  following 
formula  of  integration ; 

rf(x)dx^  1  (  /(-2(?) +22/(0) -|-/(2<1)  1  +€ 

J-*  12  [  ) 


and /b,^* greatest  \j*{x)\  in  the  interval  {  —  26,  26). 

4.  Formulas  of  Tchebychef.  Thus  far  we  have  considered  the 
c’s  as  being  initially  fixed,  the  A'’s  representing  coefficients  to  be 
determined;  however,  we  now  alter  this  point  of  view.  Let 


<^(0)  =  jj{x)dx- 6[  KJ{c^6)  +  Kf{c^^,6)  +  •  •  •  Kf{c,6)  ]  (26) 

where  2m +  1  points  are  involved. 

Proceeding  as  above,  with  the  aid  of  (2),  we  differentiate  suc¬ 
cessively  and  determine  the  unknown  constants  by  the  relations 

«^'(0)  =<^*(0)  =  •  •  •  <^*"+*(0)  =0, 
which  give  the  following  system  of  (2m +2)  equations: 

K  +  K  +•••  A'  =2 

2  Ac_, +2  Ac-a^-i  +  *  *  *  2  A^c„  =0  (27) 

3  AV.,+3  AV..+,  +  •  •  •  3  A'c*,  =  2 

4  A'c*-,+4  AV.,+,  +  •  •  •  4  Kc\  -  0. 

It  is  evident  that  AT  could  not  have  been  fixed  arbitrarily;  also, 
we  note  that  if 

Co— and  =  —  c„  t  — 1,2,  3,  •  •  •  m, 

then  (m+1)  relations  of  (27)  are  satisfied,  and  (m+1)  unknowns 
fall  out.  We  thus  have 

2 
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where  fe  —  S,  5,  7,  •  •  •  (2«  +  l),  as  the  system  to  be  solved.  Taking 
as  the  basis  for  the  limit  upon  je  |,  we  have 


u  < 


2/+1  ! 


(28) 


where 

(r,«2  I  1+2^^^^  ^  cf  I  and  I  <(n+l); 

also  Ci>  0  if  1  “  1, 2, 3,  •  •  -^N^for  the  symmetry  of  the  c’s  allows  the 
use  of  the  law  of  the  me^nf  as  with  (8). 

Had  we  started  with  2n  values  of  f{x)  instead  of  (2m  + 1),  we  should 
arrive  at  the  following  result: 


where 

Also 


C-i=  — Cj  where  t  =  1,  2,  •  •  •  m, 


K  = 


1 

n’ 


k~Z,  5,  7/---  (2m  +  1) 


(m  equations). 


Ie|< 


21+1 ! 


(29) 


where 


<r,  =  2  1 2  ^<  («+!)• 


Here  c<>0  if  »  — 1,  2,  3,  •  •  •  n. 


Comparing  (28)  and  (29)  we  should  expect  the  formulas  based 
upon  2m  values  of  f{x)  to  be  more  desirable  than  those  based  upon 
(2m +1)  values.^* 

This  is  the  opposite  of  the  conclusion  in  the  case  of  the  Cotes  formulas. 
See  (23)  and  (24). 
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As  an  example  let  (2m+1)"  5  and /»  3.  Then 


K-l. 

c,*+c,*--. 

5 

6 

^  12 

Co  “  0, 

c,«4-c,«- A, 

10 

^  12 

Jj(x)dx~  j  |/(c_,«)+/(c.,tf)+/(0)+/(c,«)+/(c,®)  I  +e, 

I  I  ^  .  419 

‘  7!  108 


5.  Fonnulas  of  Gauss.  We  shall  now  leave  both  the  K's  and 
the  c’s  as  unknown  constants,  and  place 

<ki9)~Jfix)dx-eiK^fic.,e)+---+Kj(c,e)].  (30) 

Using  (2)  we  differentiate  successively,  and  determine  both  the 
K's  and  the  c’s  so  that 

<^‘(0)  -  <^*(0)  -  •  • .  -  ^(0)  -  0, 

where  N  is  the  total  number  of  points;  thus  N^2n  or  2m +1 
according  to  whether  N  is  even  or  odd.  No  difficulty  is  encountered 
in  writing  down  the  system  to  be  solved: 

K^  +  K-n^i  *T- •  •  •  +  K^i  +  —2 

2K^c^  “}=2A’-,+iC_,+i  +  •  •  •  +2Ar„_i  c,,-i+2  AT,  c,  —  0  (31) 

3 a:.«c»^+3 a:-,+,c*-,+,+  •  •  •  +3 a:,^,c*,^,+3 a:,c%  -2 
4a:-,c*-,+4a:^+,c*^+,+  •••  +4a:,-,c*..,+4a:«c»,  -0 


2N  equations  in  all. 

If  N“2m-|-1,  we  note  that  if 

f,'*  where  i  - 1,  2,  3,  •  •  •  «, 


Co*0  and 
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the  even  eqtiations  of  (31),  N  in  all,  are  satisfied;  and  N  unknowns 
drop  out.  We  then  have  * 

K,+2^K.-2. 

t-i 

(3*) 

where  *-3,  5,  7,  •  •  •  (2Ar- 1). 

If  N ^2n,  we  note  that  if 

.f*  where  »  —  1,  2,  3,  •  •  •  n, 

A* 

the  N  even  equations  of  (31)  are  satisfied;  and  N  unknowns  drop 
out.  We  then  have 

1*11 

2^.-1. 

•-1 

(33) 

»-l  * 

where  ife*3,  6,  7, •  •  •  (2N— 1). 

»  In  either  case,  due  to  the  symmetry  of  the  c’s  we  may  use  the 

*  law  of  the  mean  upon  «^**(d)  to  eliminate  odd  derivatives  of  /, 

with  the  result  that 

€  < -4=r-!?  where  1<A^, 

'  21+1!  — 

and  <rj-  I  2+2-2/^  \Ki  |  cf‘‘c<  I  1 1 

^  i-i 

<r,-2|l+(21+l)2  |K.|cf|  •  (34) 

''  «-i  ' 

As  an  example  let  AT  —  3 ;  then  from  (32)  we  have 
A'o+2fCi-2, 

w-1, 

K,c^'- 

5 


CROUT 


which  gives 


We  also  have,  from  (34), 


o-,-2(  1  +  7 


ar,~2<  1+51 


<r,-2<  1+31 


Thus  the  desired  formula  is 


<fy(T)] 

<f)(i)) 


J{x)dx^  -  <  5/ 
9  I 


(-.\|D+8/(0)+5/(.\||.)} 


3!  “  3  ’ 

'  5!  .  30 

'  25-7!  "  \25/  1260 


6.  Formulas  of  Christoff  el.  It  is  evident  that  certain  K's  and 
c's  may  be  fixed,**  tljose  remaining  being  then  determined  in  the 
usual  manner.  For  example,  by  placing 


f}(x)dx- -^/(-  <?)+  A'.i/(c.,(?)+  a:,/(0)+  KJici0)+lfie)] , 

J-4  L 10  10  . 


Christoffel:  Uber  die  Gaussische  Quadratur  und  eine  Veralliemeineruni 
derselben,  Journal  Jur  Mathemalik,  v.  55  (1858),  p.  61. 


where 
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we  find  that 


9/(-fl)+49/(-e^'|.)+64/(0)  +  49/(o^|-)+9/(fl)|- 


7.  Formulas  Involving  Higher  Powers  of  6.  Thus  far,  the  formu¬ 
las  considered  have  been  of  the  form 


f* 

J  f{x)dx^  KJ^CiO)  +«. 


We  shall  now  consjrier  formulas  of  the  more  general  type: 

/t  i“iit 

/(x)dx  “  2  S  +•••+«.  (36) 

<“»U 

rt  >■>* 

or  J  fix)dx  +  e. 

where  Kij  and  Cij  are  constants  independent  of  /(*). 

As  an  illustration  let*  us  take  a  specific  case,  placing 

Jf{x)dx- ff[A-*/-t+A,/i) 

where  A.j,  At,  B.t  •  •  •  B*.  Co  are  constants;  and  the  five  points  in 
question  (those  to  which  the  subscripts  refer)  are  such  as  to  divide 
the  interval  {  —  9,  9)  into  four  equal  subintervals.  For  convenience 
in  the  differentiation  that  is  to  come,  we  note  a  special  case  of 
Leibnitz’s  rule: 

K(Pp{c9) 

tl>'(9)~  2K9f  +  Kficp 

^{9)~  2K  p+  4K9cp+  Kd^c^P 
lip(fl)-  %KcpA~  9>K9cpA-  KfA^p  (38) 

^(9)  ~  12 Kc*p-\-  SK9c*P+  K9*c*P 

^I^{9)’^56K<*P+16K9cP+  K0^<*p. 
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il  ■'! 
: 


^1. 


We  are  interested  only  in  the  first  coltimn,  except  when  placing 
a  limit  upon  |c  |,  for  the  terms  of  the  other  coltunns  are  of  the 
form  "fla”. 

Using  (2)  and  (38)  we  write 

—  2fij/f‘  -ftfot 

4,\e)  -  +/-,*+/, -I-  ^  fil/i* 

2  2 

-  -U+/,»+4A^.,*-4A,/,>-  12  —  B.J.,' 

4 

• 

a- 125^,1  +004 

4 

20 

4>\e)  -  VV-5>l,/,«+205-,/V+  ^ 

o 

-^B,U-20B,/,*  +90, 

O 

-  -U+U+6A^U-6Aff,*-30B^U 

16 

30 

-  — B/i‘-30fi,/,‘ 

16 

42 

«5* 

-  ^Bi/i*-42B,/,*  +fla,. 

'  (39) 

where  the  tfa’s  merely  represent  terms  having  5  as  a  factor.  Pro¬ 
ceeding  as  we  did  in  the  case  of  (3)  we  determine  A_i,  ^4*.  B^,’  •  B,, 

Co  so  as  to  have 

<^'(0)  -  <^(0)  -  •  •  •  -  if>\0)  -  0  (40) 

for  any  /,  noting  that  if 

A^’*  A,,  — B^*"  B,,  and  —B.i^Bi,  (41) 


1 


an  expression  of  two  terms.  Reasoning  as  in  (12),  noting  (40),  we 
integrate  successively  and  have  finally 

+  ^  { 13/-,'+64/.,«+200/o*- 64/,‘ - 13/,' }  +e  (44) 

105 

'  105-9!  4-11! 

or 

130487  26611200 

8.  General  Case  of  Symmetrical  Points.  —  Balanced  Systems. 
Let  the  expression 

*“■"'1  { ^"1.)/.'.,+ ( A-*.,..,,  •  •  • + {  av.,) 

+  (Ai|/j;i  (45) 

be  known  as  an  element  and  denoted  by  j .  where  the  sub¬ 
scripts  refer  to  the  points 

{cU}0.  {c4«-„}».  •••.  {c(U)».  {ci]9,  (46) 

which  are  subject  only  to  the  condition  that 

0<  —  {c!^}  *  {fy}  where  1,  2,  3,  •  •  •  M,-,  (47) 

and  i  is  an  integer. 

Thus  except  for  symmetry  the  points  are  chosen  arbitrarily.  The 
(cy}’s  and  the  {Ay}’s  are  constants,  the  upper  subscripts 
within  the  braces  merely  identifying  the  element.  Also,  since  there 
is  no  interdependence  between  the  points  of  different  elements, 
we  must  refer  to  the*points  of  ( E* }  by  the  subscripts 
1<.  2<,  3,-,  •••»»<; 

however,  where  there  is  no  ambiguity  superfluous  symbols  will 
be  omitted;  thus  we  write  {-Ay}  and  {cj}  instead  of  {  A^,}  and 

{ 4. } ,  Also,  by  definition  fj)  »  —j^fi  { cj }  6)  as  in  previous  sections. 

da 

(48) 
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We  now  arbitrarily  construct^  a  certain  number  of  elements 
and  denote  by  S.  is  defined  by  the  relation 

<^(«)  -  Jj{x)dx-S~J*/(x)dx- 2  { £*} .  (49) 

S  being  temporarily  restricted  to  have  no  mid-terms.  Let  tf*'*’*  be 
taken  within  the  bracket  of  {  £* }  so  that 

o-±o). 

We  now  take  successive  derivatives  of  <^(0),  no  attempt  being 
made  to  collect  terms.  Terms  not  of  the  form  da  are  called  principal 
terms;  also,  we  define** 

{^].£{e].  (50) 


and  f 

dv  J 

Since  we  are  later  going  to  place  0*0,  we  need  consider  only 
the  principal  terms  of  the  various  derivatives  of  <^(0).  The  ex¬ 
pression  for  the  principal  terms  of  {fij}  can  be  found  directly 
from  Leibnitz’s  rule,  which  is 

(mi)’’  *  u.'v+ ^  -f  H - 

•  •  *  (51) 

where  the  upper  subscripts  refer  to  derivatives;  and 
/n\_«(«-l)(M-2)- • ‘(M-m-l-l)  _  /  n  \ 


^”^-0  if  n<m. 


(  “  )  ifn 
\n-mf 


>m>0. 


^■The  number  and  choice  of  elements  is  arbitrary,  as  is  the  number  and 
choice  of  the  points  of  the  different  elements.  The  symmetry  of  the  points 
is  the  principal  restriction,  the  other  restriction  ))eing  one  which  will  be  dis¬ 
cussed  later  —  that  the  system  for  determining  the  AT’s  be  determinate. 

It  is  evident  that  in  the  above  notation  /"(x)  "/(x),  |  |  £*•  |  ” 

02  I  /C  |/;  also  that  |  |  -  J^/(x)dx  -  |  | . 


Thus  we  can  write*’  (uv)"  ^  ( *! 

•-0  '*' 


We  now  place  {  Kj]  fl'"*’'  — 

n-nWA»)-v. 

and  note  that  «*  »■  0  if  it  >  (* + 1) , 

«*-ea  ifit<(t+l);  ^  ' 

hence,  since  we  are  interested  only  in  the  principal  term 

it-(»+i)  and  u<’+‘’- {fcjirrr!. 

Thus  the  expression  for  the  principal  term  of  { }  due  to  the 
term  fl'"*'*  (  K) }  jj  of  { £*}  is 

(,+,){ K;)i+i!{cj)'^-T‘({<:i)*).  (55) 


For  convenience,  we  shall  place  (55)  in  a  somewhat  different 
form.  Let  us  define : 


{m,  m}  —  «  (n  — l)(n  — 2)  •  •  •  (n— m)  if  n>(m4-l), 
(«,  m}— 0  if  w<(m  +  l) 

where  m>0;  hence 

{n,  n-l}  -  {n,  (n-2)}  -n!. 

Thus  (55)  is  reduced  to  the  following  expression : 

{K;)  (r,i}{cj}'^'/'-‘(|c;)«) 

where 


r,  i  »r(r-l)(r-2)  •  •  •  (r-i)  if  r>(i+l)  . 

r,i  -0  ifr<(i+l)  - 


Also,  we  have  from  (50) 

The  AT’s  are  to  be  determined  so  that  for  any  / 
0-<^'(0)-<^V0)-«^»(0)-  •••  ; 


IT  Pierpontr  Theory  of  Functions  of  Real  Variables,  v.  1,  p.  253;  also  p.  61. 
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therefore,  as  in  (39),  we  place  ^=0.  The  da  terms  fall  out,  and 
only  principal  terms  remain ;  also,  when  0*0,  ( { 0* }  0) 

*/^‘(0)  for  any /j.  From  (56)  and  (57)  we  see  that  the  princi¬ 
pal  terms  of  involve  and  no  other  derivative^*  of  f;  thus 
we  can  factor  (0)  out  of  as  was  done  in  the  case  of  (5), 
and  thus  obtain 

<^'(o)-o*ar'(o)  (59) 

where  Qr  involves  the  K’s  and  c’s.  Since  is  to  vanish  for 
any  /,  we  have 

0,*0,  .  r-1,2, 3,  •••,  (60) 

as  the  system  for  determining  the  K's. 

Let  {Oi}  denote  the  terms  of  Qr  due  to  {£') ,  and  let  {Q,} 

denote  those  due  to  J  f{x)dx,  or  { £ } .  These  expressions  will  be 

known  as  elements,  since 

a-{a)+2{<2V}.  (61) 

From  (57),  (56)  and  (47)  we  have  respectively: 

+  (62) 

-id]  (63) 

>--«  >-l 

-  W  -  2  '1  +(-l)^'  (  (64) 

J-i 

An  element  is  said  to  be  balanced  if  all  of  its  terms  are  of  the 
same  sign;  otherwise  it  is  unbalanced}*  From  (62)  and  (64)  it  is 
evident  that  {Q,}  is  balanced  if  r  is  odd,  and  that  is  bal¬ 
anced  if  (r—i)  is  odd.  Q,  contains  an  even  number  of  unknowns, 

for  such  is  true  of  each  {Qr} the  system  (60)  will  therefore 

generally  consist  of  an  even  number  of  equations.  Half  of  these 

The  upper  subscript  of  /  is  (r— 1),  which  is  independent  of  ». 

**From  (63)  it  is  seen  that  {Qr}  consists  of  two  symmetrical  sums,  each 
of  which  contains  terms  of  like  sign;  though  the  two  sums  may  be  of  different 
sign.  Thus,  schematically 

•••  H —  - ]* unbalanced  element 

( - - - - - ]*  balanced  element. 


■^1 


equations  will  be  satisfied,  and  half  of  the  unknowns  will  drop  out 
if 

|r,)-|K;),  •even, 

I  odd,  (65) 

which  substitution  renders  all  elements  of  a  given  Q,  in  the  same 
state  of  balance  or  unbalance.  (60)  thus  reduces  to 

r*  1,  3,  5,  •  •  • , 

which,  from  (61),  is  seen  to  be 

where  r  —  1,  3,  5,  •  •  •  . 

Let  us  now  suppose  that  { £*}  has  a  mid-term,  fl*'*'*  {  ATq  }/’(0). 

Since  /(O)  is  a  constant,  this  mid-term  contributes  but  one  prin¬ 
cipal  term  to  (60),  which  term  falls  in  } .  Consequently,  since 
we  do  not  wish  to  disturb  the  condition  that  Qtvm  “  Ot  we  restrict 
(i+l)  to  odd  values;  therefore  { £*}  may  have  a  mid-term  only  if 
i  is  even.  As  an  example,  ( £*}  of  (37)  consists  only  of  the  mid¬ 
term.  The  terms  “balanced”  and  “unbalanced"  have  been  applied 
to  elements  having  even  numbers  of  terms;  however,  we  shall  # 

extend  the  definition  of  a  “balanced  element”  so  as  to  include  ^ 

elements  havnng  odd  numbers  of  terms.  The  term  “unbalanced" 
is  confined  to  elements  of  even  numbers  of  terms. 

We  now  place  a  limit  upon  [e  |  by  considering  which  we 

assume  to  have  no  mid-terms,  or  terms  of  the  form  {  Kf }  t+ 1 
Here 

0<y  even  <(22:,+  2;,)  (66) 

where  total  number  of  mid-terms  of  S, 

=»  total  number  of  other  terms. 

The  $a  terms  must  now  be  considered,  this  being  done  by  the 
aid  of  Leibnitz’s  rule.  Referring  to  (51)  and  (54),  we  see  that 
terms  involving  the  same  order  of  derivative  of  /  may  be  grouped 
together  into  elements  of  also  that  the  elements  involving 

odd  derivatives  of  /  are  unbalanced,  whereas  the  remaining  ele¬ 
ments  are  balanced.**  Noting  (47)  we  now  use  the  law  of  the  mean 

••  The  extension  of  the  meaning  of  the  terms  “balanced”  and  “unbalanced” 
is  obvious  1*  • 
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to  eliminate  odd  derivatives  of  /,  having  first  collected  terms. 
Proceeding  as  in  (42)  we  place 

fZ  -greatest  \f‘{x)  |  in  the  interval 

bounded  by  the  two  outermost  points.  (67) 

Again  collecting  terms,  and  integrating  successively”  noting  (58), 
we  have 


«  < 


‘z:®-.  ^  3!<r- 


+3/7+2. 


73. 


0-2 

— -H 


r+l!  '  r+3!  ^  y+5!  '  ’ 

where  there  are  T  terms  altogether,  and  the  cr’s  are  constants  which 
can  be  computed,  since  the  AT’s  have  been  determined.  We  see 
from  (51)  and  (54)  that  there  are  (i+l)  terms**  of  the  form  "6a" 
in  { }  ;  consequently,  if  we  denote  the  largest  i  found  among 
the  terms  of  S  other  than  mid-terms  by  7,  we  have 


r—  —  -f  1  if  7  is  even, 
2 

r-^^+l  if  7  is  odd. 
2 


(69) 


Another  limit  can  be  placed  upon  | « |  5y  considering 
where  y  is  subject  to  the  condition  (66),  and  has  no  middle 

terms,  or  terms  of  the  form  {  AV}  *-|-l!/(0).  As  before  we  see 
that  elements  of  which  involve  odd  derivatives  of  /  are 

unbalanced,  while  the  others  are  balanced;  consequently  we  collect 
terms,  use  the  law  of  the  mean  to  eliminate  odd  derivatives  of  /, 
collect  absolute  values,  and  integrate  successively.  The  result  is 
an  expression  of  the  form  (68) ;  however,  in  this  case 


r- 

7- 


if  7  is  even, 
if  7  is  odd. 


(70) 


We  have  used  fm’’  in  order  to  take  particular  derivatives  of  /  outside 
of  the  integral  sign.  Obviously  this  can  be  accomplished  by  means  of  expres¬ 
sions  of  the  form/^(f).  where  t  lies  somewhere  in  the  interval  bounded  by  the 
two  outermost  points;  in  fact  the  symbols  fm'  and  7(0  can  be  interchange  in 
deriving  expressions  limiting  |  <  |.  With  due  regard  for  signs,  an  expression 
for  c  can  be  derive  which  contains  but  a  finite  number  of  terms. 

•2  This  is  true  except  in  the  case  where  y  <  i,  in  which  no  difficulty  is  en- 
countere,  and  of  which  no  further  mention  will  be  mee. 
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Comparing  (69)  and  (70)  we  see  that  if  I  is  even,  the  two  methods 
lead  to  limits  of  different  form;  whereas  if  /  is  odd,  the  forms  of 
the  limits  derived  by  the  two  methods  are  identical.  Let  the  first 
term  of  (68)  be  known  as  the  principal  term  of  the  error,  and  let 
the  order  of  the  error  refer  to  fl,  the  upper  limit  of  y.  Thus  from 
(66)  we  have 

n-22,+  2:,.  (71) 

As  an  example,  by  inspection  of  the  formula 

Jj(x)dx  ■*  ^ [/l_2/-2+  A2/2I  +  /-I '  +  5l/l'  ‘T’  ^2/2*  ] 

+  ^Co/o*"T’<» 

we  see  that  /  « 1 ;  r=2. 


Also  n-2+6-8. 


hence  |  « |  < 


3!g“/iV2 

11! 


A-2  *  A2 
—  B-2  “  B2 
-B.,~B^  ; 


as  was  seen  to  be  the  case  in  (44). 

As  another  example,  consider  the  Cotes  formulas  for  (2m-|-1) 
points.  Here  n«(2M-}-2), 

.  r-l  for  (69), 

7  u,  ..  ^^2  for  (70). 

We  have  already  noted  that  if  I  is  odd,  (69)  and  (70)  give  limits 
of  the  same  form.  We  shall  now  investigate  the  relative  values  of 
tTi  obtained  by  the  two  methods,  which  methods  will  be  denoted 
by  A  and  B  respectively,  depends  upon  the  terms  of 
which  represent  the  first  two  terms  of  Leibnitz’s  rule  (51),  since 
the  law  of  the  mean  is  applied  to  the  principal  terms.  On  the  other 
hand  (trOg  is  dependent  only  upon  the  principal  terms  of 
Writing  out  one  pair  of  symmetrical  terms  which  affect 
<ri,  and  denoting  the  other  terms  by  R4  and  Rb  respectively, 
we  have,  using  (55)  and  (51), 

-2  {cj}  e[{iCj)  i+i!  {cj)  ’’--•/’(ftl 
+2fli{A';;}rri!{c^}’’T({fj}o))(^)+/?^.  (72) 
-2[  { A-)  mi  {cj} ’-*/’(  {c}} 
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where  —  {fj}  {cj} 

and  the  2’s  are  due  to  the  fact  that  the  law  of  the  mean  has  been 
applied  and  terms  collected  in  the  case  of  this  one  pair  of  terms. 
Integrating  between  0  and  0  we  have,  noting  (67)  and  (58), 

F - 1  Ia  <  I  { 2«  ( Kj }  .Ti !  i «} )  )  ( . ;>; ,) 

+  {2»(  (73) 

|.<  |i2«(  +R,; 

and  since  (,+i)+(r)"(?'t I). 

we  have  F^G  if  the  R’s  are  neglected.  Since  (73)  applies  to  any 
set  of  symmetrical  points,  we  conclude  that  in  the  case  where  all 
points  are  distinct  from  each  other,  and  from  (—0)  and  0  (the  points 
of  I  £ }  being  included  with  the  others),  the  result  is 

(o-i)4  =  (tr,)fl,  (74) 

where  the  external  subscripts  merely  refer  to  the  method  of 
derivation.  This  result  applies  directly  to  the  formulas  of  Gauss 
and  Tchebychef. 

We  now  consider  the  case  where  the  points  are  not  distinct; 
that  is,  different  elements  may  now  have  points  in  common.  Let 
us  denote  the  first  term  of  F  by  Fi,  the  second  by  Ft,  and  the  first 
term  of  G  by  Gi.  Collecting  terms  at  the  point  j  we  have 

Cy-l2:/;,|-|Sy(F,+F0l<Fy, 

for  the  terms  are  collected  before  the  law  of  the  mean  is  applied 
to  obtain  Fi.  Neglecting  terms  which  do  not  affect  (Ti, 

F^ZFj 

G  “  26)  (Sums  of  positive  terms  taken  over  all  points) ; 
F>G. 

From  the  above  we  thus  conclude  that 
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if  and  only  if  each  2j  Ft  and  2j  Ft  are  of  the  same  sign,  which  need 
not  be  the  same  for  different  points;  otherwise 

(0-1)4  >(o-i)fl- 

We  see  from  (73)  that  F\  and  Ft  are  of  the  same  sign ;  thus  in  apply¬ 
ing  (75)  we  may  neglect  distinct  pairs  of  points;  also,  it  is  obvious 
that  { £ }  is  not  distinguished  from  the  other  elements. 

We  now  consider  the  other  cr's  in  the  case  where  all  points  are 
distinct,  though  <Ti  is  the  most  important;  and  write  one  pair  of 
terms  which  affect  <r,+2  denoting  all  other  terms  by  and  Rb 
~T' 

respectively, 


F<  {2|c)i  »'+‘i  I  Kjiim !  |cj) 


U-,) 


p\ 


(76) 


-f  {  K)]  ^ 


V+2^ 

(/>+l)p-l ! 

(  ) 

V+i-p/ 


P+i 


where  p  is  even  and 


p>(i-f  1-y). 


(77) 


Here  the  terms  ha Ve  . been  collected,  the  law  of  the  mean  applied, 
and  |<^’''*'*(9)  I  integrated  once.  />*»  1,  2,  3,  •  •  • ,  starting  with  the 
second  term  of  (51) ;  or  in  other  words  p  numbers  the  Ba  terms  from 
the  lowest  to  the  highest  power  of  6.  Let  the  four  explicit  terms 
of  (76)  be  denoted  by  Fi,  Ft,  Gi,  and  Gt  respectively.  From  (77) 
we  have 


1 


1 


y+1  »+2-p 


(78) 
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which  is  algebraically  the  following: 


i+l-p 


1  + 

P  iY-i+p)p{p+l)~  ii+2-p){p-\-l)  (y- »+/>)/>(/>+ 1) 


jy±l_ 


Multiplying  both  sides  of  (79)-  by 


(79) 


(ttU 

^l! 


we  see  that  (78)  becomes 

(Fi+F*}  <  {f/i+C*} , 
which  shows  that  if  all  points  are  distinct 

i<r)A<i<r)B  (80) 

for  any  tr  except  cxi,  which  was  discussed  separately.**  Further 
analysis  of  the  higher  ir’s  will  be  omitted,  since  no  simple  rigorous 
result  is  thereby  reached. 

As  an  example  let  us  consider  Simpson’s  rule  for  one  interval. 
Applying  (75)  we  have 

F|*2^1— /8<0;  where /8 *+  factor, 

Fj*  therefore  is  of  the  same  sign  as  Fi; 

(‘^i)A-(o’i)fl. 

which  is  verified  by  the  following  numerical  results  ^* : 
|eU<^and 

‘  “  !)0  ‘  “  ‘K)  3780 

On  the  other  hand,  in  the  case  of  (14) 


Ft - 

45 

(0-j)A>(0’,)fl, 

“The  last  o  must  be  discussed  separately,  the  procedure  being  of  the 
same  nature  as  that  in  the  case  of  «r,.  The  result  agrees  with  (80),  /  bdng  odd. 
If  /  is  even,  the  last  (<r)  b  has  no  corresponding  (<r)  .4 ;  hence  (80)  is  still  satisfied. 
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which  is  verified  by  the  result. 


l*U< 


8400 


and 


~  15120  30-!M 


We  have  to  this  point  used  methods  A  and  B  to  obtain  expres¬ 
sions  which  limit  |<  | ;  however,  attention  will  now  be  given  to  a 
method  whereby  the  error  can  be  limited  by  a  series,  finite  or  infinite, 
which  involves  increasing  powers  of  d  and  increasing  orders  of  the 
derivatives  of f{x).  Let  us  consider  an  element  of  <f>' (6),  the  deriva¬ 
tive  taken  as  the  starting  point  in  deriving  the  limit  upon  |e|; 
and  let  us  expand  each  of  the  terms  of  this  element  into  a  power 
series  about  the  same  point  using  Taylor’s  formula,  finite  or  infinite. 
We  then  operate  upon  this  new  expression  in  the  usual  manner, 
obtaining  a  limit**  of  |«  |.  Obviously,  any  or  all  of  the  terms  of 
any  or  all  of  the  elements  may  be  treated  in  this  manner,  the 
particular  Taylor’s  series  used  in  each  case  being  arbitrary,  as  is 
the  point  about  which  the  expansion  is  made.  The  mid-point  is, 
however,  usually  the.  most  convenient;  also  we  see  that  certain 
<r’s,  OTi  in  particular,  may  be  reduced  in  this  manner  to  the  least 
values  possible.  This  is  because  the  addition  that  is  later  per¬ 
formed  is  algebraic  instead  of  absolute.  If  Taylor’s  infinite  series 
is  used  upon  every  term  of  and  the  usual  procedure  is  then 

followed,  the  limit  obtained  for  |<|  becomes  an  infinite  series; 
thus  we  have  an  expression*  which  converges  4tmioimthy  to  t,  or 
<f>(0).  Thus  in  the  case  of  Simpson’s  rule,**  we  have 


W  _  W  _  0%* 

tK)  18tM)  {K)720 


(81) 


•*  In  certain  cases,  the  error  can  be  reduced  considerably  by  a  suitable 
choice  of  the  co-ordinale  system.  For  example,  in  the  case  of  the  semi-circle 
Cotes’  formula  for  three  points  gives  a  poor  approximation  of  J**  y/o*— x*  dx, 

but  an  exact  result  in  the  case  of  T »  91  although  both  integrals 

Jo  ^ 

are  expressions  for  the  area  of  the  semi-circle. 
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0.  Special  Cases  of  Balanced  Systems.  —  Euler’s  Formula. 
We  now  apply  the  theory  developed  in  Section  8,  and  consider  the 
case  where 

»  — 0,  1,  3,  5,  •  •  •  odd,  and  —  {c-i }  *  (cf }  *  1;  hence 

s-»[{  kS,  )/..+|  { 

+  (82) 

# 

from  which  it  follows,  due  to  (65),  that 

-  {  a:.',  )  -  {  A,‘ )  foriiO. 

The  following  system  is  due  to  (60),  (56),  and  (57), 

1-  {AV}{l.0}  +  {  AV}{1.  l}-l-{  AV}{1,3}  +  --- 
1-  {  A7j(3,0}  +  (  AV}{3,  l}  +  j  A:i*}{3,3}+--- 
1-  {  AV}i5,  0}  +  {  AV}i5,  l}  +  {  A,*}{5,3}  +  ---  (83) 

l-{AV}i7,0}  +  {  A:,'}{7,  l}  +  {  Avi{7,3i  +  --- 


Noting  that  { n,  m}  *0  if  n<(m+l),  we  see  that  all  terms  of 
(83)  that  lie  above  the  principal  diagonal  are  0.  This  system  is 
determinate,  for  the  determinant  of  the  first  k  equations  is  the 
product  of  the  terms  of  the  principal  diagonal: 

A»«l!*3!-5!-7!---2iF^!p«0. 

Also  /-(2fe-3), 

T~k.  (84) 

21-0, 

a«2,-2;fe. 

5  contains  k  elements. 

We  shall  now  derive  a  special  formula  based  upon  the  fact,  indi¬ 
cated  by  (71),  that  Q  is  more  affected  by  mid-terms  than  by  others. 
In  this  case  the  formula  will  consist  entirely  of  mid-terms;  hence, 
noting  the  condition  placed  upon  such  terms  in  Section  8,  we  have 

s-e{  AV}/a+o*{  A'o*}/o*+o‘{  a:o«}/o«+  •••»"*■*  {  a:o"-")/o"‘*. 


The  system  for  determining  the  AT’s  is 

2-{W} 

2-  3!jA:o*} 

2-  SlfA-o*) 


We  have  also 


2/fe-l!{  Kd 

r-1. 

2,-0. 

Q>m21i~2k. 

S  contains  k  elements. 


The  result  is  therefore 


j;w.2.{/.+f*+f+ 


2k^\ 


|.|<2^ 

2Ar+l! 


This  formula  appears  to  be  the  same  as  that  obtained  by  inte¬ 
grating  Taylor’s  expansion  about  the  mid-point.  As  an  example 

let  us  use  (85)  to  approximate  }  J  cos  x  dx  —  sin  x. 

Here  l./o*- -l.V- 1, /o*- -1.  •  •  •  . 

_  X*  x‘  (  — l)*''x**"‘ 

Thus  sinx=x— — I — —  » •  •  >-■ 

3!  5!  2ife-l! 

9^2*  + 

where  |e|<  '■■■  • 

I 

The  formulas  of  Cotes,  Gaxiss,  Tchebychef,  and  Christoffel  are 
other  examples  of  balanced  systems. 

10.  Possibility  of  Leaving  c’s  as  Unknown  Constants.  In 
Section  8  it  was  assumed  that  the  c’s  were  chosen  arbitrarily  and 
then  fixed.  This  was  done  merely  to  fix  ideas,  for  it  is  obvious  that 
the  theory  developed  is  independent  of  the  type  of  unknowns. 
We  thus  see  that  certain  A'’s  and  c’s  may  be  fixed,  subject  to  con- 
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ditions  (47)  and  (65) ;  and  the  remaining  ones  determined  by  plac¬ 
ing  derivatives  of  equal  to  zero  in  the  usual  manner,  the 
method  being  that  of  Sections  4,  5  and  6.  In  general 

a»2JV/  (86) 

where  M  is  the  number  of  unknowns  remaining  after  the  appli¬ 
cation  of  (47)  and  (65). 

As  an  example,  let  S— A'®o}/o+^(— 

where  {  A?o }  i  { cii } ,  and  { }  are  to  be  determined. 

We  have  immediately  from  (56),  and  (69): 

I  A'“o}-2,  7-1,  r-2,  Q»4; 

6 

hence  Jjix)dx^2efo+ei^  | 

where  |«  |  <  ,  using  method  B. 

'  27-5!.  l‘)44-7! 

11.  Determinateness  of  Results.  —  Arbitrary  Systems.  The 
theory  developed  in  Sections  8,  9  and  10  was  developed  entirely 
upon  the  basis  of  practical  convenience,  since  the  formulas  that 
are  of  practical  importance  are  special  cases  of  it.  The  arbitrary 
nature  of  the  theory  is  shown  by  the  restriction  of  mid-terms  to 

There  is  obviously  no  difficulty  encountered  in  the  general  case 
where  the  number  and  choice  of  the  elements  of  S  are  arbitary, 
the  number  and  choice  of  the  terms  of  the  various  elements  are 
without  restriction,  certain  K’s  and  c’s  are  fixed  arbitrarily,  and 
those  remaining  are  determined  by  placing  successive  derivatives' 
of  equal  to  zero.  A  limit  upon  |e  |  may  be  found  by  handling 
any  of  these  derivatives  in  the  usual  manner.  The  one  restriction 
upon  S  is  that  the  system  which  results  for  determining  the 
unknowns  is  determinate.  The  case  where  there  is  but  one  ele¬ 
ment  in  5  was  fully  considered  in  Section  3;  however,  the  general 
case  is  much  more  difficult. 

We  shall  consider  here  only  the  cases  where  the  c's  have  been 
fixed  and  only  A’s  are  to  be  determined,  other  cases  being  left 
to  trial. 
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15(> 

Let  us  suppose  that  though  the  number  of  elements  is  arbitrary, 
no  element  is  omitted ;  thus 

f-0,  (87) 

The  system  is  determinate  if  and  only  if 


where  A  is  the  determinant  of  the  system,  which  after  eliminating 
mid-terms  by  developing  by  minors  is  of  the  following  form : 


Ok) 

•  •  Oio 

0 

•  0 

0  •• 

•0 

UiiCi  • 

•  •  OnCi 

Oto 

'  flio 

0  •• 

•0 

A-B 

OisCi*  • 

•  •  aijcj* 

OjiCi  •  • 

•  OiiCi 

a&o  ’  * 

’  ‘  ‘  (88) 

aitci*  • 

•  •  OnCj* 

OaC,*  •  • 

•  anCi* 

a»iCi  •  • 

•  OiiCi  •  •  • 

OiCi®  • 

•  OiC,* 

OiC**”'*  • 

•  a,C4*^‘ 

OiCi’  **  • 

•  OoCe*'**  •  • 

where  the  a’s  and  c’s 

are  constants  representing  the  { f,  * } ’s  and 

{ fj } 's  of  (")())  respectively,  and  B  is  not  zero.  It  is  seen  that  each 
element  contributes  a  block  of  terms  to  this  determinant.  We 
now  develop  this  determinant  by  minors  wnth  respect  to  the  first 
column,  and  so  obtain  a  polynomial  Pi(ci)  that  is  of  degree  di 
where  di  <q.  The  c’s  of  the  first  block  are  obviously  roots  of  Pi(ci) ; 
however,  as  opposed  to  the  case  of  Section  3,  all  of  the  roots  are 
not  knf)wn.  As  it  is  known  that  they  exist  we  write,  using  the 
factor  theorem, 

-^“P i(ci) * (ci  — an)(ci  — aij)  •  •  •  (ci  — "IliAi  (89) 

where  Ai  is  the  cofactor  of  and  it  is  seen  that  Ai  and  the 

tti’s  do  not  contain  ci.  Since  Ai  is  a  determinant  of  the  same 
type  as  A,  we  may  write 

Ai*P»(ci)“(ct  — aii)(ci  — Oji)  *  •  •  (cj  — a2,*)Aj*niA», 
the  procedure  being' that  of  (89),  where  Ai  and  the  Oj's  contain 
neither  Ci  nor  ct-  Proceeding  in  this  way  we  finally  have 

A-pnrn,*n,*--ii.- V  (90) 

where  development  with  respect  to  the  upper  row  is  made  when 
the  last  column  of  each  block  is  encountered;  hence  V  is  a  Van¬ 
dermonde  determinant,  which  is  not  zero  since  the  c’s  of  each 
block  are  necessarily  distinct.  The  a’s  of  n„  are  determined  by 
the  c’s  of  V;  hence  once  these  c’s  are  fixed  we  have  a  discrete  set 


% 
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of  values  which  if  assigned  to  the  c  of  will  result  in  the  vanishing 
of  A.  Moreover,  only  these  values  of  c  will  cause  A  to  vanish. 
We  now  fix  this  c  and  immediately  have  a  discrete  set  of  values 
which  cannot  be  assigned  to  the  c  of  n,-i  •  •  • ,  and  so  on.  We  thus 
see  that  A  can  be,  but  generally  is  not  zero;  also  that  if  A  is  zero 
in  a  particular  case,  an  adjustment  of  the  c’s  is  all  that  is  required 
to  render  the  system  determinate.  It  is  therefore  evident  that 
5  need  not  be  altered  in  form. 

Let  us  now  suppose  that  k  successive  elements  are  omitted, 
there  being  elements  on  both  sides  of  the  gap  so  formed ;  then  the 
block  on  the  right  has  (ib+1)  more  rows  of  zeroes  than  has  the 
adjacent  block  on  the  left.  In  deriving  (90),  successive  coliunns 
of  (88)  were  taken  out,  the  degree  of  the  determinant  being 
lowered;  however,  we  now  continue  this  process  only  to  the  point 
where  there  are  (it+1)  columns  to  the  left  of  the  gap.  Laplace’s 
development  then  throws  the  determinant  into  the  product  of 
two  others  of  the  type  (88).  If  there  are  several  gaps,  the  process 
is  continued  only  to  the  point  where  it  is  first  possible  to  use 
Laplace’s  development,  the  resulting  pair  of  determinants  being 
considered  separately  as  before.  Thus  we  finally  have  either  a 
product  of  gapless  determinants  each  of  the  type  (88),  or  the  con¬ 
clusion  that  A  is  zero.  ' 

A  system  is  usually  determinate  if  the  first  p  equations  involve 
no  fewer  than  p  unknowns.  As  an  example,  every  S  must  have 
an  element  {  . 

As  a  further  example,  there  can  be  no  formula  of  the  form 

J}j:x)dx-e[{  KS,  )/(-«)+  {  K°, )/(»)]+»’  I  K'o  )/'(0)+€. 

1.0 

for  A-  -2  2  2  -  2  ,  ,  -0. 

3  3  0 

12.  Uniqueness  of  Results.  Let  us  suppose  that  by  the  above 
method  there  has  been  obtained  an  expression  S,  which  is  a  special 
case  of  (36) ;  and  that  the  system  which  determines  the  unknowns 
of  5  consists  of  t  equations,  and  is  uniquely  determinate.  Also 
let  us  suppose  that  in  some  other  way  there  has  been  derived  a 
formula,  2,  which  gives  exact  results  when  applied  to  a  poly- 
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nomial  of  degree  <8,  where  8  is  a  given  number;  and  that  2  is 
similar  in  form  to  S,  by  which  we  mean  that  the  same  unknowns 
were  determined  in  both  cases.  It  will  now  be  shown  that  if 


then 

To  this  end  we  place 


S  =  2. 


(91) 


<i>ie) 


J  f(x)dx- 


and  differentiate  successively.  Applying  the  law  of  the  mean, 
nc6)*‘p{O)+c0P'*’^{^,  to  refer  each  principal  term  of 
to  the  mid-point,  we  have 


Terms  involving  higher  \ 
derivatives  of  /  / 


(92) 


where  Qy+i  involves  only  the  unknowns,  which  were  determined 
by  the  other  method.  We  now  integrate  (92)  successively  between 
the  limits  0  and  6,  using  the  law  of  the  mean  upon  the  higher 
order  terms  to  keep  mean  values  of  the  derivatives  of  /  outside 
of  the  integral  sign.  The  result  is: 

o„.i£^r(o) 

r+l! 


(93) 


where  Xy+i  represents  terms  involving  higher  derivatives  of  /.  By 
hypothesis  we  know  that  if 

f{x)  ■»  Py{x)  ^  Any  polynomial  of  degree  y  (94) 

with  the  condition  that  we  have  from  (93)  that 


y+U 


(95) 


since  vanishes  due  to  the  order  of  the  derivatives  which  it 
involves.  Applying  (94)  and  noting  that  the  interval  of  integra¬ 
tion  is  arbitrary,  we  fix  an  interval  and  choose  Py{x)  so  that 
Py\0)  ^0;  hence  (95)  becomes 

C?y+i-0  ify<s. 


(96) 
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Placing  y*0,  1,  2,  3,  •  •  •  8,  we  obtain  a  system  of  (8-|-l)  eqtia- 
tions  that  are  satisfied  by  the  unknowns  of  2.  But  the  unknowns 
of  S  were  determined  by  the  relations: 

<2y+i”0  where  7*0,  1,  2,  3/ •  •  (/— 1); 
therefore  S  =  2  (97) 

if  and  only  if  8>  (/—  1). 

We  now  consider  some  applications  of  (97)  noting  that  the  formu¬ 
las  to  which  we  shall  refer  have  been  derived  as  indicated  in 
Section  1,  and  which  therefore  give  exact  results  when  applied  to 
polynomials  of  a  degree  smaller  than  some  given  number.  Denot¬ 
ing  the  total  munber  of  points  by  N,  we  have  the  following  cases: 

a.  Formulas  of  Cotes:  8«  ^—1,  iV;  8*i(— 1. 

b.  Formulas  of  Tchebychef:  8*  N,  f*  AT+l;  8*<— 1, 

c.  Formulas  of  Gauss:  8=»2A^— 1,  t^2N;  8*1—1. 

d.  Formulas  of  Euler:  N— I,  t**  N ;  .’.8*1—1. 

Since  (97)  is  satisfied  in  each  of  these  cases,  the  titles  of  Sections 
2,  4,  5,  and  9  are  justified.  We  now  consider  two  more  cases: 

e.  *  Formula  of  Simpson:  8*3,  1*  (N  odd]>l; .’.  8  >1—1  if  and 

only  if  iV*3;  which  merely  states  that  unless  AT *3,  Simp¬ 
son’s  formula  differs  from  the  cortesponding  one  of  Cotes. 

f.  Integration  of  Taylor’s  Series.  Referring  to  (85)  we  have: 

8*2/?  — 2,  l*2ifc— 1;  .*.  8*1—1,  and  (85)  is  identical  with 
the  integral  of  Taylor’s  expansion  about  the  mid-point. 

All  methods  of  procedure  do  not  lead  to  the  same  limit  upon 
I « I  even  though  all  may  be  of  the  same  form ;  however,  if  we  take 
as  the  starting  point,  expand  all  of  its  terms  in  Taylor’s 
infinite  series  about  a  common  point,  and  then  proceed  in  the 
usual  manner,  the  result  is  an  expansion  of  c  in  powers  of  B,  which 
is  necessarily  unique  and  coincident  with  the  corresponding  one  of 
Taylor.  Therefore  this  expansion  and  those  of  a  similar  nature 
which  have  been  derived  by  other  methods*’^  are  identical. 


A  NEW  METHOD  IN  TAUBERIAN  THEOREMS 
By  Nobbbbt  Wibneb 

The  classical  theorem  of  Abel  states  that  if  Za^^A,  then 

lim  Za^*^A.  (1) 

»— 1-0 

The  converse  of  this  theorem  is  not  imconditionally  true.*  Tauber* 
showed  that  if  (1)  is  true  and  lim  na,  — 0,  it  follows  that  A. 
Hardy  and  Littlewood*  have  shown  that  (1)  and  the  auxiliary 
condition  that  na,>  —  K  form  a  sufficient  hypothesis  for  this 
conclusion.  Theorems  of  this  type,  which  involve  some  hypothesis 
on  the  rapidity  of  growth  of  the  terms  of  a  series,  and  under  this 
assumption  proceed  from  the  given  summability  of  the  series  by 
some  particular  method  to  its  convergence  in  the  ordinary  sense, 
they  term  Tauberian  theorems. 

The  methods  of  Hardy  and  Littlewood  are  difficult,  and  involve 
a  repeated  differentiation  of  arbitrarily  high  order.  They  are 
furthermore  but  little  systematized,  so  that  each  piarticular 
theorem  involves  a  considerable  amount  of  manipulation  peculiar 
to  itself.  To  avoid  this,  Robert  Schmidt*  introduced  the  machin¬ 
ery  of  the  theory  of  moments,  and  at  the  cost  of  a  considerable 
amount  of  complication  in  the  case  of  the  theorems  already  proved, 
gave  a  general  theory  of  Tauberian  theorems  adequate  to  deal 
with  the  majority  of  known  cases. 

There  is  however  one  particular  Tauberian  theorem  which  has 
proved  refractory  even  to  the  improved  tools  of  the  Schmidt 
method.  Hardy  and  Littlewood  have  shown*  that  the  classical 
theorem  of  the  distribution  of  primes,  to  the  effect  that  the 

iCf.  a, 

S  A.  Tauber,  Ein  Satz  aus  der  Theorie  der  unendlichen  Reihen.  Monatsck. 
f.  Math.  N.  Phys.  8  (1897),  pp.  273-277. 

s  Hardy  and  Littlewood,  Tauberian  TheorentJs  concerning  Power  Series 
and  Dirichlet’s  Series  whose  Coefficients  are  Positive.  Proc.  Land.  Math. 
Soc.,  Series  2,  13  (1913),  pp.  174-191. 

•  R.  Schmidt,  Uber  divergente  Folgen  und  lineare  Mittelbildungen.  Math. 
Zlsckr.  22  (1925),  pp.  89-152. 

•  Hardy-Littlewood,  New  Proof  of  the  Prime  Number  Theorem,  Quarterly 
Journal  of  Pure  and  Applied  Matk.,  46  (1915),  pp.  215-219. 
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number  of  primes  less  than  n  is  asymptotically  represented  by 
n/log  n,  is  an  elementary  consequence  of  the  Tauberian  theorem 
to  the  effect  that  if  na„>  —  K  and 

lim  2  am  T!L1 _ «.  A  (2) 

•-^0 


then  2a,*i4.  This  theorem  they  are  only  able  to  prove  by  a 
recourse  to  the  prime  number  theorem  itself. 

The  present  paper  was  suggested  to  the  author  by  the  investi¬ 
gations  of  Mr.  Schmidt,  to  whom  the  author  is  also  indebted  to 
the  suggestion  to  apply  his  method  to  the  Tauberian  theorem  with 
the  hyp>othesis  (2).  It  bears  the  same  relation  to  the  Schmidt 
theory  which  the  theory  of  the  Fourier  integral  bears  to  the 
method  of  moments  and  the  theory  of  the  Laplace  transformation. 
In  other  words,  it  involves  the  theory  of  complex  moments.  It 
is  the  author’s  opinion  that  it  brings  not  merely  a  systematiza¬ 
tion,  but  a  simplification,  of  a  large  region  in  the  theory  of  Tau¬ 
berian  theorems.  It  is  in  particular  adequate  for  a  direct  treat¬ 
ment  of  the  case  with  hypothesis  (2). 

Hypotheses  (1)  and  (2)  are  alike  of  the  form 


where  iV(0)»l, 
(3) 


lim  2  OnNinw)’^  A, 
»-*0 

l>i 

If  we  put  o(x)  *  Ok, 


lim  S  N{nw)da{n) «  A . 
•  -•0  0 


(3) 


(4) 


If  N  vanishes  sufficiently  rapidly  at  infinity,  we  may  integrate 
by  parts  and  (4)  becomes 


lim  Sa{u/w)N\u)du^  —  A.  (5) 

»  — 0  0 

On  this  hypothesis,  together  with  a  further  hypothesis  restricting 
the  rate  of  growth  of  a,  we  wish  to  prove  that 


lim  a{u)^  A. 


J 

I 


« 


I 


(6) 
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It  will  be  seen  that  expression  (5)  is  a  mean  of  the  values  of  a(M) 
for  large  values  of  u.  Our  Tauberian  theorems  may  then  be  put 
in  the  form:  if  a  fimction  has  a  mean  value  of  a  certain  type  for 
large  values  of  its  arguments,  and  if  the  rate  of  growth  of  the 
function  is  subject  to  certain  restrictions,  then  the  function  has  a 
limiting  value  at  infinity.  Closely  related  to  theorems  of  this 
type  are  theorems  which  read  as  follows:  if  a  function  has  a  mean 
of  a  certain  given  type  at  infinity,  and  its  growth  is  restricted  in 
a  certain  given  manner,  then  it  has  a  mean  of  a  certain  other 
given  type  at  infinity.  We  shall  find  it  more  convenient  to  prove 
a  theorem  of  this  latter  type,  and  then  to  deduce  from  this  the¬ 
orems  of  a  more  obviously  Tauberian  nature. 

Our  key  theorem  reads  as  follows:  Let  M\{x)  and  Mt{x)  be  two 


real  functions  which  are  0 


both  at  0  and  at  oo ,  and  which 


are  bounded  over  every  interval  (€,  1/e).  Let  Mi{x)  be  non-negative 
and  measurable,  and  let 


Mi{x)x”‘dx  ^0.  [m — any  real  number) 


Let  Mt(x)  be  continuous  except  for  a  finite  number  of  finite  jumps. 
Let  ff>ix)  be  a  non-negative  measurable  function  such  that 

(o)  lim  f  Mi{x)dx^A  f  Mi{x)dx; 

,—oJo  \y/  Jo 

ib)  M)  Ml (x)d*  is  bounded.  (0<y<«) 

Then 

(c)  lim  <f>(^Mt(x)dx»A  /  Mt{x)dx. 
y-*oJo  \y/  Jo 

In  order  to  prove  this  theorem,  we  shall  introduce  the  trans¬ 
formations 

xM,{x)~  Nr{$)-,  xM,(x)-  «^(x)-/(^. 

Our  theorem  now  assumes  the  form:  let  NiiC)  be  two 
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bounded  functions  which  are  0(1/^)  at  .  Let  N\{^  be  measur¬ 
able  and  non-negative,  and  let 


£ 


d^r^O.  [-oo<u<«) 


Ift  Nii^)  be  continuous,  except  for  a  finite  number  of  finite  jumps. 
Letfi^be  a  non-negative  measurable  function  such  that 

(а)  lim  r fie-v)Nii^d€^A  f 

^-•-96^-00  J-<3C 

(б)  J^fi^—  yf)  Ni{$)d(  is  bounded.  [  —  «  <  17  <  <x> ). 

Then 

(c)  lim  r fi(-r,)N,(M‘A  C N,(()d(. 


In  order  to  prove  the  theorem  in  this  form,  let  ♦  be  the  class 
of  all  bounded  measurable  functions  NtiJ^  for  which  (c)  holds 
whenever  /(f)  is  a  non-negative  fimction  satisfying  (a)  and  (6).  If 
/?(f)  is  an  absolutely  integrable  function, 

5(f)  -  V,(f-f)/?(f)df 


belongs  to  4>.  For  we  have 

r /(^-’?)s(f)df- //(f-i?)df/  iv.(f-f)i?(f)dr 

J-^  J-a>  J-» 

-  rRiOdtT r(f-i7+f)iVi(f)df. 

y-9D  */-flO 


as  the  order  of  intention  may  be  inverted  owing  to  the  absolute 
integrability  of  R  and  the  non-negsttive  character  of  f  and  N\. 
Let  us  put 

-A  £^N,ie)d€^il,ir,). 


The  function  is  then  a  boimded  function  approaching  0  as 
17  tends  toward  —  00 .  We  have 
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.!  t 


<  max  I  |  |/?(f)  |df 

+  max  r  |/?(f)|df. 

B  */-* 

It  follows  at  once  that 

lim  I  /?(f)i^(i7-f)df  <  max|i/»(i7)  I /*  |f?(f)|df. 
and  as  B  is  arbitrary,  that 


lim  I  f  /?(f)i/»(i7-f)dr 


'0, 


or  as  we  may  write  it,  that 

iiS  r fi^-V)S(e)d$^A  r /?(f)df/  N,ie)de 

J -QO  J-TO  J-» 

The  boundedness  of  S  follows  from  that  of  Ni  and  the  absolute 
integrability  of  R.  Hence  S  belongs  to  ♦. 

Let  us  put 

Vi{u)~  J\{e)e''^dl 

By  the  Plancherel  theory  of  the  Fourier  transform, 

/i(M)  =  limit  in  mean  f  i(Ni{i)^'^d^ 

J-B 

exists  as  a  measurable  function  the  square  of  whose  modulus  is 
Lebesgue  integrable  from  —  oo  to  oo  *  We  have 

*  M.  Plancherel,  Contribution  A  I’^tude  de  la  representation  d'une  function 
arbitraire  par  des  integrales  dehnies.  Rendiconti  di  Palermo,  30  (1910), 
pp.  289-335. 
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^1 


The  function  Vi(u)  is  thus  a  non-vanishing  function  which  is  an 
indefinite  integral. 

Let  S(ft  be  a  bounded  function  which  is  0(l/f*)  at  ±00.  Let 


and  let 


As  above,  we  have 


i.  m.  f 
B-*x  J-B 

J  T{u)du 


Let  us  make  the  further  restriction  that 

T(«)  =  0  1|«|>L>1. 

1  then  say  that  S{0  belongs  to  4>. 

The  proof  is  as  follows:  consider 

s  ^  Viiu)Tiu)-fi{u)<r{u) 

(viCu)!* 

It  is  easily  seen  that  ar{u)  as  well  as  t(«)  must  vanish  for  |«  |  >  D, 
as  it  is  constant  outside  this  range  and  is  quadratically  summable. 
Over  the  range  {  —  D,  D),  Ri(m)  and  <r(M)  are  bounded  continuous 
functions,  and  Vi(m)  does  not  vanish.  Hence  <»(«)  is  a  bounded 
measurable  function  vanishing  outside  {  —  D,  D),  such  that  the 
square  of  its  absolute  value  is  Lebesgue  integrable.  We  can  take 
D  — rr  in  what  follows  without  any  essential  restriction  of  the 
argument. 

Let  Vi(u)  have  the  Fourier  series  f  Then  ft(«)  will  have 

the  Fourier  series  2  in  'Similarly,  let  <r(u)  have  the  Fourier 

series  26,^'"“,  which  means  that  t(m)  will  have  the  Fourier  series 

2  in  Let 


i 
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It  is  clear  that 


“7-.  K(«)P[*'^(«)1* 

The  functions  (m),  (r^iu)  and  l/p^i(u)  are  all  uniformly 
bounded  in  w  and  N  and  converge  uniformly  to  the  corresponding 
functions  without  the  N.  It  can  then  be  shown  by  a  simple 
but  tedious  argument  that 

...V  /.a_N/.a  „  JVr  A-.V/  A 


Similarly, 


.V-«  P'lWP 


iin.^.ZW 

,V-**  I'i(m) 


uniformly  in  u.  Since 

r  .  q'^(/3)  _ <r^  (g) 

7. 


we  have 


Let  us  put 


ta(u)du  > 


o-jP)  _  o-ja) 

ViiP)  viia) 


R(^^±  f  \  Z^e-^'^du. 

2irJ-^Py(u) 

S{e)^  J 


m 


I 
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We  also  have 


Since  to{u)e~^du  is  quadratically  summable,  it  follows  by  a 
simple  ttse  of  the  Schwarz  inequality  that 
£\R(m  and  /: 

are  bounded.  Combining  this  fact  with  the  boundedness  of  R, 
which  we  deduce  from  (7),  we  see  that  R(()  is  absolutely  inte- 
grable  from  —  oo  to  oo  .  It  follows  from  our  previous  lemma  that 
S(f)  belongs  to  ♦. 

If  we  already  know  certain  members  of  the  class  <(,  we  may 
enlarge  the  class  in  the  following  manner.  Let  S(^  be  a  fimction 
such  that,  if  any  positive  e  is  given,  we  can  find  two  members  of 
♦,  5i  and  S|,  such  that  Si(i)<S(f)  <Si(f),  while 

Then  S  itself  belongs  to  For 

m  r /(^-i?)S(f)df<  lim  f  f{e-v)S,ie)de 
,__oe  f-*-*  J-<*I 

[£s(6^+.]; 

iH?  r f(€-y))Sie}d^>A\  r Si()d€-€\ 

Since  e  is  arbitrarily  small 

lim  r  fie-v)S(.e)di~A  rSi^dt 
j  J-* 


and  5  belongs  to  4>. 
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As  an  example  of  a  function  5  which  can  be  proved  in  this 
manner  to  belong  to  «l>,  let  us  take 

s(e)- 


We  shall  cany  the  proof  through  in  the  case  S(f)  — l/(l+f*); 
the  method  is  general. 

We  have 


if- 


Let  us  consider  the  slightly  modified  function. 

r(^.  1  r 

which  belongs  to  4>  as  a  result  of  our  previous  discussion.  We  have 

r(f)- 

2qt  J-B 

r  e^^^e-^du- r  e**-e-du 

2(iJo  2€iJ-B 


1— e“*cos  e”®sin  B( 


Hence 


|7'(e)-S(^|<(l  +  B)e-«S(^. 

from  which  it  follows  that  for  large  enough  values  of  B, 

[!+(!  +  B)e-’^\-^  r(ft  <  S(f)  <  (1  -  (1  -  r(f). 

If  we  make  use  of  the  fact  that 

lim 
0— •« 
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we  see  that  we  may  put 

(1  +  (1  +  nf)  -S,(^ ;  [1  -  (1  +  B)e-’^V  r(f) 

and  apply  our  last  lemma.  It  follows  at  once  that  S{^  belongs 
to  ♦. 

Another  function  which  belongs  to  4>  is 


We  have 


Qa  (^)  -(7(  A  (f  4-  D)  -(7(  A  (f  -  D) . 


Gi^)  -  -  /* 

nJo 


(1— i>)sin  V  ^ 


=  0;  -  f  (l—v)cosv(dv 

nJo 


1— cos  $ 
irf* 

Hence 

G((,. 

Jo  irir 

-  r  ^dz-  r — + T— * 

Jo  irz*  Jt  nz^  Jt  irz* 

2  ^irf 

as  may  be  seen  by  considering  the  graph  of  cos  z/irai*.  It  follows 
that 


+0(1/A*^) 


nAi(-l)  'irA(f+l)  '  ' 

“0(1/Af») 

as  Af*  becomes  positively  infinite  in  any  manner  whatever,  pro- 
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vided  ^  remains  larger  than  some  constant  greater  than  1  (or 
less  than  some  constant  less  than  —  1).  Hence  the  function 


0a(^)- 


1 


is  negative  over  (l+i),  oo)  and  (—  oo ,  —  1— 17)  for  large  enough 
values  of  A. 


As  A  increases.  Qa{^  tends  uniformly  to 
sgn  (f+l)-sgn(f-l) 

except  in  the  neighborhood  of  ±1,  while  it  always  lies  between 
0  and  1.  Furthermore, 

rQAie)d€~2. 


It  follows  that  if  we  put  S(^=»sgn(^^+1)— sgn(^^— 1),  we  may  put 

(1 (f(l -■»?))- 5, (f) ; 

(i->l)04(f(i+i))-  -s.(6; 

lor  contains  only  a  limited  range  of  frequencies,  and  so 

belongs  to  4>,  — -  belongs  to  «l>,  the  difference  between  two 

members  of  <l>  belongs  to  <l>,  and  we  can  so  choose  17,  B  and  A 
that 


(l+i7)(?A(^^(l-i7))>sgn(^+l)-sgn  (^-1) 

while 


(8) 

(9) 


,2ri±?-iz5i+i  <., 

Ll-17  I+17J  B 


To  make  this  determination,  we  first  choose  17  and  B  so  that  (9) 
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holds,  and  then  determine  A  in  such  a  manner  as  to  make  (8) 
hold.  It  follows  that  sgn  (i'+l)  — sgn  (f— 1)  belongs  to  ♦.  j 
The  same  method  of  proof  will  show  that  any  step  function 
of  a  finite  number  of  steps,  vanishing  for  large  positive  and  nega¬ 
tive  arguments,  belongs  to  ♦,  for  the  sum  of  a  number  of  members 
of  4>  belongs  to  ♦,  and  the  argument  in  the  case  of  any  function 
of  a  single  step  proceeds  exactly  as  in  the  case  .of  sgn  (^+1)  — 
sgn(f—  1).  It  follows  that  any  function  continuous  except  for  a 
finite  number  of  finite  jiunps,  vanishing  for  large  positive  and 
negative  arguments  also  belongs  to  ♦,  for  we  can  determine  step- 
functions  Si  and  St  for  it. 

Now  let^»(f)  be  any  bounded  function  which  isO(l/f*)  at±  oo , 
which  is  continuous  except  for  a  finite  number  of  finite  jumps. 
Let 

\Nt{e)\<p/^^+i 

for  all  f.  We  put 

5, (i)- AT, (ft;  (|f|<Ml 
S,(ft-  -P/ft+l;[|f|>A/]. 

5,(ft-N,(ft;  l|f|<A/l 
5,(ft-P/ft+l.  [|f|>Afl 

It  is  immediately  clear  that  Ni(ft  belongs  to  ♦,  as  Si  and  S*  are 
the  sums  of  finite  sets  of  functions  in  ♦.  Our  main  theorem  is 
thus  proved. 

It  is  worth  while  noting  that  our  main  theorem  has  at  least  a 
partial  inverse  which  is  valid.  We  shall  suppose  that  J^Mi{x)dx  ^ 0. 

"I"  i(x)x'"dx  =  0,  then  let  us  put 
Then 

(a)  lim  /  <f>(-^Mi(x)dx^A  f  Mi{x)dx\  [^l-O]  • 

y-»oJo  \y/  Jo 

{b)  Ij(S)  Mt{x)dx  is  bounded. 


A  NEW  METHOD  IN  TAUBERIAN  THEOREMS 


173 


Unless  Aft(x)  satisfies  the  special  condition 


we  shall  not  have 


(c)  lim  [  Mt(x)dx"‘ A  /** Mt(x)dx. 

y—ojo  \y/  Jo 


It  is  only  the  restriction  on  the  order  of  magnitude  and  the 
boundedness  of  M\  which  prevents  us  from  regarding  this  as  a 
perfect  inverse  of  the  fundamental  theorem.  Except  for  this,  our 
theorem  is  a  “best  possible  theorem,”  and  no  alternative  method 
such  as  the  method  of  moments  can  go  substantially  beyond  it. 

Our  main  theorem  is  only  implicitly  Tauberian.  We  wish  to 
make  the  transition  to  the  theorems  of  a  more  obviously  Tauberian 
character.  To  this  end,  we  put 

A/,(x)«-  r^^dy. 

J*  y 


Mi{x)  satisfies  all  the  conditions  necessary  for  the  hypothesis  of 
our  theorem.  If  F'{y)  is  bounded,  and  is  at  infinity,  we  shall 

have 

Afi(*)  »0(log  x)  at  0; 

at  00  ; 

and  a  fortiori 

at  0  and  »  .  The  condition 


may  be  written 


//(«)-/  dx  r  ^  dy9^0  (m  real). 
Jo  J*  y 


H{u)  is  an  analytic  function  of  u  in  the  strip  0> /(«)>—!,  and 


;ril(UL. 
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is  continuous  over  the  region  0>/(i«)>  — 1.  In  the  strip  of  ana- 
lyticity, 

Jo  y  Jo 

-  Jr.  r 

*M  +  1  Jo 

r  FW-^dy. 

tu+lJo 

If  then  the  function  J  F(y)  is  analytic  in  the  neighborhood 

of  the  line  /?(«)» 0,  with  the  exception  of  a  pole  of  order  1  at 
z «  0,  and  does  not  vanish  on  this  line, 

J*  Mi{x)x*'‘dx  ^  0. 

The  only  remaining  assumption  concerning  Mi  alone  is  that  it 
is  non-negative.  This  will  be  satisfied  if  F'{x)  is  non-positive. 
Examples  of  functions  F  satisfying  our  conditions  are 


In  the  first  case, 


jT F(y)y*~^dy^  e^^'^dy  r(z); 


and  in  the  second. 


Jo 


/dy-^iz+l)  r(z-f  1). 


For  such  functions  F,  if  <f>{x)  is  non-negative  (or  simply  bounded 
below,  as  we  may  easily  generalize),  and 

(a)  -lim  /  4>(-)f  ^dy^AFiO);  ' 

ojo  \t/Jx  y 
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We  then  see  that  (11)  is  valid.  Proposition  (o')  takes  the  form, 

i4F(0)— —  lim  F'(y)dy  f  ^{x)dx 
•-»oJo  Jo 

fB  ry/t 

*  lim  lim  —  /  F'{y)dy  I  ^{x)dx 
t-*o  a-»«  J)  Jo 

lim  lim  f  |F(tc)— F(B)  %ft{x)dx. 

«-*o  B-*«  Jo  i 

We  shall  show  that  we  can  deduce  this  from  the  assumption  that 


•  lim  r 
f— 0  Jo 


F(tx)\ft(x)dx 


together  with  the  auxiliary  assumption  that  F(x)  is  of  the  order 
of  magnitude  of  some  negative  piower  of  x  at  infinity,  and  the 
assumptions  which  we  have  already  made  concerning  F  and  \ft. 
Under  these  assumptions, 

»0(log  €). 

Since  the  expression  H - is  non-negative,  we  can  replace 

X 

F{x)  by  any  smaller  expression,  and  in  particular  by  an  expression 
equal  to  a  constant  from  x*0tox*Z,>0.  Then 

-H  j  dx  -  O(log  <) . 

A  repetition  of  our  argument  will  give  us 

/• 

tli(x)dx^O(log  <). 


Hence 


lim  F(B) 

B-»ao  Jo 


0, 


and  (o')  is  established  as  a  consequence  of  (a'O- 
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In  order  to  prove  firoposition  (b')  as  a  consequence  of  (a"), 
let  us  notice  that 

\fF'(y)dyl%)dx\<C,\£  F'{y)i\og  y-\og  e)d>| 

<  cJ-F(i7e)(log  r)€-log  t)-  r^^dy 

\  Jv  y 

<c, 

for  all  values  of  <  greater  than  a  given  value,  Ci  and  C*  being  prop¬ 
erly  chosen  constants.  In  combination  with  (o'),  this  establishes 

{br  r. 

The  expression  x^(x)  is  bounded  below.  If  then  /  is 

bounded  below,  (cO  is  valid  whenever  (o')  is.  •'® 

We  wish  to  prove  that  under  suitable  hypotheses,  the  bounded¬ 
ness  of  follows  from  that  of  We  shall  assume 

that  F(0)“1.  We  define  A/i(x)  as  in  (10).  Then 

f*[F{tx)—Mt(tx)]^(x)dx<  [  —  {l—F{tx))dx 

J  f  ~  Jo  X 

roo 

+F  /  <|»(*)[/^(«f)-F(Xe*))dx 

Jrr/. 

f  —  [F(cf)-F(Xex)]dx 

0  * 

+  —[iti—i)F(€x)—fJiF(\tx)]dx, 

Jt  I*  X 


provided  for  a  /a  >1  and  X>  1 
F(*)>  ^ 

Under  this  condition, 

[F(«x) — Af j(tc)  }tff(x)dx 


fi-1 


F(\x) 


lx>T] 


I 


F(x)— F(Xx) 


(fi-l)F(x)-fiF(Xa;) 


dx 


(F(€x) — F(  \€x)^{x)dx. 
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It  then  follows  from  (aO  and  (60  that 


J  M\{tx)^{x)dx^ 


i/« 

^{x)dx 


is  bounded  below. 

To  gather  these  results  into  our  second  fundamental  theorem: 
Let  F{x)  be  a  differentiable  function  assuming  the  value  1  a/  0  and 
tending  to  0  at  infinity.  Let  F'{x)  be  nowhere  positive,  bounded, 
OC*"*”*)  at  00  ,  and  let  Fix)  be  subject  to  the  relation 


Fi\x)<diFix),  [x>n 

where  \>  I,  0<$i<l.  Let 

Fiy)f^dy 


be  analytic  in  the  neighborhood  of  the  line  /?(s)  «0  with  the  exception 
of  a  pole  of  order  1  at  and  let  it  have  no  zeros  on  this  line.  Let 
xjfix)  be  any  measurable  function  {the  restriction  that  it  shall  not 
vanish  in  the  neighborhood  of  the  origin  is  obviously  unnecessary) 
satisfying  the  relation 


Then  if 

^ix)>-K/x. 

lim 

f  F(ex)tft(x)dx»  A 

•-»o 

it  follows  that 

Jo 

J 

/  yjt(.x)dx^A. 

'o 

Possible  values  of  F  are 

1 

In  particular,  let 

where 

F{x)~  . 

l-e-‘ 

\p(x)^a,  {n- 

a„>  -  Kfn. 
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Let  us  investigate  the  meaning  of  the  condition 
lim  /  F{<tx)^{x)dx^ A. 

We  have 

F(€x)\lt(x)dx  *  F(tx)dx 

-2;a,F(ew)+2  Fi€x)dx-Fi€n)^ 

+  l-\F(€n)-  rF{tx)dx]. 

1  n  L  J"-i  J 

By  the  law  of  the  mean, 

/  F{€x)dx  -  Fitn)  <  -  €F'(e(n  [0  <  <  1  ] . 

•  J»-i 

Let  us  introduce  the  new  hypothesis, 

-F'{x)<CF(x+l)<De-^.  (12) 

It  follows  that 

1  n  L  Jn-i  J|  1  n 

-  ATeD/'log  (l-e"''*); 

and  that 

2  (a.4-  [ jf"  Fitx)dx-Fi€n)^<C€  2 

90  90  ^"'^(•*'“1^ 

<  Ctla^Fitn)+C€KDl^ - 

I  1  n 


Hence  if 


‘C€laJ^i€n)-\-C€KDe^\og  (1-0- 
1 


lim  ZanF{€n)^A, 
«-»0  1 


> 
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we  have 


lim  f  F{€x)^{x)dx  —  A , 

€_o  Jo 

and  under  the  hypotheses  of  our  last  principal  theorem, 

f  \lt(x)dx^lan"‘A. 

Jo  1 

As  particular  examples  of  this  theorem,  let  us  suppose  that 
a,>-  K/n  . 


and  that  either 


lim 

t-.0  1 


or 

CD  #  M  * 

lim  Z  Qn - 

—0  I  l-e”*" 

We  then  have 

90 

2a, -A. 

1 

In  the  Hardy-Littlewood  terminology,  we  have  proved  the  Ol 
Tauberian  theorems  for  Abel  and  for  Lambert  summation.  As 
we  have  previously  said,  the  latter  theorem  is  equivalent  to  the 
classical  theorem  on  the  asymptotic  distribution  of  primes. 

A  third  theorem  on  summability  may  be  formulated  as  follows: 
Let  G(u)  be  a  diferentiable  function  assuming  the  value  I  at  —  oo 
and  tending  to  0  at  +  « .  Let  G'{u)  be  nowhere  positive,  less  than 
Ce*,  and  at  +  co  .  Let  G(u)  be  subject  to  the  relation 

Giu-\-f)<0Mu)  [x<T] 

where  l<0;0<6i<l.  Let 

J G{u)^du 

be  analytic  in  the  neighborhood  of  the  line  R{z)*‘0,  with  the  excep¬ 
tion  of  a  pole  of  order  1  o/  «  — 0,  and  let  it  have  no  zeros  on  this  line. 


5 
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Let  x(>)  ^  measurable  function  defined  for  all  positive  argu¬ 
ments  and  satisfying  the  relation 


Then  if 


it  follows  that 


X(x)>-K/Vx. 


/40 

X(*X7(V'  *  -  V  M)dx  -  A, 

» 


The  truth  of  this  theorem  follows  from  the  fact  that  it  may  be 
obtained  from  the  second  theorem  by  the  following  equivalences: 


Gilog  x)^Fix); 


2xI0og  <)■!  — 

X 


A  possible  value  of  G(x)  is 


Here 


G(u)e*“du- 


This  theorem  is  of  importance  in  that  it  indicates  a  mode  of 
bringing  Borel  summation  under  the  methods  of  this  F)aper. 
Vijayaraghavan’  has  given  a  proof  that  the  condition 


S^-^-S  (sn^lor) 
nl  \  ,-o  / 


together  with 

Sn>  —  K/y/  n 

leads  to  the  conclusion  that 


iOi) 


2  On 
0 


^  T.  Vijayaraghavan,  A  Theorem  Concerning  the  Summability  of  Series 
^  Borel's  Method.  Proc.  Land.  Math.  Soc.,  Series  2,  27  (1928),  pp.  316-326. 
Cf.  also  a  paper  by  the  same  author  in  Jour.  Loud.  Math.  Soc.,  1  (1926),  pp. 
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Indeed,  he  shows  that  (Oi)  may  be  replaced  by  the  weaker  condi¬ 
tion  (s) 

lim  (i,*— [m>n;  m,  n-»  oo  ;  «)-*0). 

due  to  R.  Schmidt.  On  this  assiunption  he  shows  by  elementary 
means  that  and  that 

lim  — ==  I  e^'^f{t+x)dt~s, 

«_«  \/2irxJ~’*‘ 

where 

Sn+{y-n)is  n+l  —  Sn)  (n<y<n+l), 

\0  (y<0). 

His  argument  can  be  used  without  substantial  change  to  show 
that 

lim  I  — L=«"*(V (A) 
*— X  J-oDv^27rt 

Instead  of  taking  this  step,  Vijayaraghavan  proceeds  directly  and 
in  an  elegant  and  ingenious  manner  to  the  Tauberian  theorem  for 
Borel  summation  itself.  This  is  the  only  step  in  his  paper  which 
is  in  any  intimate  way  concerned  with  the  specific  properties  of 
the  Borel  coefficients.  This  step  may  be  filled  in  —  at  least  under 
the  more  stringent  hypothesis  (Qi)  —  by  our  third  theorem.  In¬ 
deed,  it  is  not  a  matter  of  much  difficulty  to  recast  the  argiunent 
in  such  a  manner  that  this  may  be  replaced  by  the  more  lenient 
hypothesis  of  Schmidt. 

To  show  that  Vi jayaragha van’s  assumptions  imply  (A)  let  us 
consider 

1  1 

e  **  —  '  ■  —  <  -V  * )’  , 

V2ir*  v27it 

putting 

>//  -  n/*  “X. 


We  have 


‘s/2irx 


Jt??  1 

e  2*  —  — =r  #-2(V  l-V«)* 


\/2irt 


I  ■■ 


M 
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\'2nt  V  *  L  *  xy/  X  J 


From  this  it  follows  that 


<  max|/(t)  I  lim  ^  J—  F— .H — 

x-*»  J-<t>  \  ir  *  L  *  x\/  X  J 


d\ 


-0. 

This  proves  formula  (A). 

Now,  formula  (A)  may  be  written 


x-»aeJ-«  V2lrt  LjO  j 

r  re-*(VT-VT)* 

hm  /  a|,|/  - 
*— jt 


V2in 


x-*»J-ce  'W*'V|~'V* 

This  comes  directly  under  our  third  theorem,  for  the  (7(*)  already 
discussed. 

We  may  indeed  say  that  practically  every  Tauberian  theorem 
yet  proved  may  be  treated  by  the  methods  of  this  paper.  In  this 
connection,  it  is  a  matter  of  interest  to  compare  the  methods  of 
Schmidt  and  of  myself.  In  all  cases,  the  types  of  summability 
handled  either  already  are  such  as  are  treated  in  my  second  and 
third  theorems,  or  may  be  reduced  thereto  by  a  further  theorem, 
itself  Tauberian,  but  of  a  looser  character.  This  is  the  meaning 
of  Schmidt’s  “gestrahlte  Mittelbildungen,”  and  of  the  formulae  of 
Hardy  and  Littlewood  invoked  on  pages  323  and  324  of  Vijayara* 
gha van’s  paper  on  Borel  summation. 

The  main  Tauberian  theorem  —  the  one  which  puts  the  closest 
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restriction  on  the  coefficients  —  is  then  of  the  type  of  the  theorems 
of  the  present  paper,  save  perhaps  that  conditions  of  the  {Ot) 
type  are  replaced  by  those  of  the  (s)  type.  Explicitly  or  implicitly, 
all  three  methods  reduce  this  theorem  to  the  solution  of  a  singular 
integral  equation 

K{y-x)dx  -  <^(y) 

of  the  first  kind.  Vijayaraghavan’s  attack  depends  upoq.  the  con¬ 
sideration  of  a  finite  or  infinite  set  of  equations  which  may  be 
obtained  from  this  by  successive  differentiation.  Schmidt  attacks 
this  problem  more  systematically  by  the  method  of  mcxnents, 
which  yields  a  general  answer,  but  an  answer  not  always  easy  of 
concrete  application,  as  in  the  case  of  Lambert  summation.  The 
present  paper  uses  the  method  of  Fourier  analysis,  also  of  general 
bearing,  and  in  the  opinion  of  the  author,  simpler.  The  divergence 
of  standpoints  here  reflected  is  but  a  reflection  of  that  prevailing 
in  the  operational  calculus  at  large.  It  is  in  that  more  general 
region  that  the  relative  merits  of  the  different  methods  must  be 
decided.  The  present  author*  has  already  given  grounds  for 
believing  that  the  power  of  Fourier  methods  is  here  of  the  same 
order  as  that  of  methods  depending  on  successive  differentiation 
or  on  the  theory  of  moments  and  of  the  Laplace  transformation 
and  has  succeeded  in  using  them  to  establish  the  asymptotic 
formulae  of  Heaviside.  He  is  therefore  inclined  to  look  favorably 
upon  them  in  this  closely  related  field. 

At  all  events,  Tauberian  theorems  have  undergone  a  remark¬ 
able  change  of  status  since  the  early  days  of  pioneer  work,  in 
which  four  or  five  years  of  brilliant  technique  and  persistent  effort 
were  often  necessary  to  reduce  an  O  condition  to  an  o  form.  All 
three  of  the  present  methods  are  in  essence  reasonably  simple, 
and  at  least  two  of  them  seem  to  be  of  sufficient  generality  for  all 
oiu"  present  needs.  What  the  reason  for  this  change  may  be  is 
perhaps  hard  to  say;  the  fairest  explanation  is  perhaps  that 
Hardy  and  Littlewood*  had  already  succeeded  in  casting  a  large 
group  of  Tauberian  theorems  into  the  form  of  the  equivalence  of 
two  means  of  positive  quantities 

•  N.  Wiener,  The  Operational  Calculus.  Math.  Ann.  95  (1926),  pp.  557-.'i84. 

•  Loc.  dt. 


NOTE  ON  CONGRUENCES  IN  RIEMANNIAN  SPACE 


By  C.  L.  E.  Moore 

1.  It  is  the  purpose  of  this  note  to  extend  to  Riemannian  3-space 
the  well  known  property  of  congruences  of  straight  lines  in  ordi¬ 
nary  Euclidean  3-space.  “Through  each  line  of  a  congruence 
passes  two  developable  surfaces,  whose  generators  are  lines  of  the 
congruence.  The  necessary  and  sufficient  condition  that  the  con¬ 
gruence  be  normal  is  that  these  developable  surfaces  intersect 
orthogonally,”  For  Euclidean  space  these  conditions  apply 
throughout  the  whole  length  of  a  line  of  the  complex,  but  in 
Riemannian  space,  since  we  have  no  analog  of  a  plane,  we  must 
limit  ourselves  to  a  planar  element  so  that  the  corresponding  con¬ 
ditions  hold  at  a  point  and  not  along  the  whole  curve. 

In  Euclidean  space  if  two  straight  lines  intersect,  a  vector  which 
cuts  both  of  them  when  displaced  along  one  of  them,  i>arallel  to 
itself,  will  continue  to  qut  both.  This  is  the  property  of  develop¬ 
able  surfaces  which  is  used.  In  other  words  we  replace  the  notion 
of  tangent  plane  to  a  developable  by  that  of  planar  elements 
having  the  above  property  of  planar  elements  of  a  developable 
surface.  We  call  these  developable  planar  elements.  For  geodesic 
congruences  we  then  have  the  following  theorem:  Through  each 
line  element  of  a  real  geodesic  congruence  passes  two  developable 
planar  elements  and  the  necessary  and  sufficienct  condition  that  the 
congruence  be  normal  is  that  these  planar  elements  everywhere  inter¬ 
sect  at  right  angles. 

For  general  congruences  we  find  that  the  directions  which  when 
moved  by  parallelism  along  the  element  of  the  congruence  do 
generate  a  developable  planar  element  form  a  quadric  cone  which 
has  the  congruence  direction  as  an  element.  We  prove  that  the 
necessary  and  sufficient  condition  that  the  congruence  be  normal  is 
that  this  cone  contain  two  generators  perpendicular  to  the  element  of 
the  congruence  and  to  each  other. 
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2.  Geodesic  Congruences  in  S-Space.  Let  the  geodesic  congru¬ 
ence  be  one  set  of  coordinate  lines,  say,  x^.  The  element  of  arc 
is  then 


ds^^^Or/i^dx* 


(1) 


where* 


aM*l, 


dOit  doft 
Sxt  dxt 


0. 


The  coordinate  surfaces  const,  can  be  chosen  as  any  one 
parametered  set  of  real  surfaces.  That  is,  we  can  choose  these 
surfaces  so  that 

anOi*— au*^0.  (2) 

With  the  element  of  arc  as  chosen,  we  see  at  once  that 


and  therefore  the  increment  added  to  a  vector  by  parallel  dis¬ 
placement  along  one  of  the  geodesics  is  independent  of  the  x* 
component  of  that  vector.  We  will  then  take  for  our  vector  to  be 
displaced,  one  of  directions  (dx\  dx^,  0)  tangent  to  the  ac*-co6rdi- 
nate  surface  passing  through  the  point  considered.  Then  by  the 
formulae  for  parallel  displacement  we  have 

8**-  {  ^2^}  {  V} 

8**=o. 


If  the  new  vector  is  to  cut  the  same  two  near  by  geodesics  as 
the  original  vector  idx\  dx^,  0),  then 


dx' 


/  1  3l 
8xi_  \  2  J 

'2  3l 

.  2  J 

/  1  3l 

1  1  J 

[*■+1 

'2  3l 

.  1  J 

\dx^ 

If  we  put  X*  —  ,  this  becomes 
dx' 


1  Eisenhart,  Riemannian  Geometry,  page  66. 
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The  developable  planar  element  is  determined  by  the  vectors 
(dx^,  dx?,  0)  and  (0,  0,  d**).  Hence  through  each  line  element  of 
the  geodesic  congruence  passes  two  developable  planar  elements. 

If  we  denote  the  two  directions  determined  from  (4)  by  (1,  X|.  0) 
and  (1,  0)  where  Xi  and  Xt  are  the  roots  of  (4),  the  covarient 

coordinates  of  the  normals  to  the  two  developable  planar  elements 
are 

(Xi,  -1,0)  and  (X,  -1.0). 

The  condition  that  the  two  developable  elements  be  orthogonal  is 
that  the  last  named  vectors  be  perpendicular.  That  is 

o>>X,X,-a“  (X,+  X^+a«  =  0. 


From  (4)  this  becomes 


If  we  substitute  the  values  of  the  Christoff  el  symbols  in  terms  of 
the  coefficients  of  (1),  this  reduces  to 


and  since  the  first  factor  does  not  vanish  we  have  for  the  con^ 
dition  of  perpendicularity, 


^q«_3ou_  - 
dxi  dx*  “ 


(5) 


The  covariant  coordinates  of  the  contravariant  vector  (0,  0,  1) 
tangent  to  lines  of  parameter  are  (ou,  om,  1)  and  the  condition 
that  this  last  be  the  coordinates  of  a  normal  congruence  is  (5). 
Hence,  the  necessary  and  sufficient  condition  that  a  congruence  of 
geodesics  be  normal  is  that  the  two  developable  planar  elements  pass¬ 
ing  through  each  line  element  of  the  congruence  be  perpendicular. 


3.  In  Euclidean  space  the  developable  surface  elements  are 
always  surface  building,  but  in  Riemannian  space  this  is  not  the 
case.  Let  us  now  investigate  the  condition  that  in  a  normal  con- 
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gruence  these  elements  be  surface  building.  Since  the  geodesic 
congruence  is  normal,  (1)  can  be  written  in  the  form  (6) 


dj*“an(d*')*'f2aud*‘  a*i(da;^*+(dac*)*  (6) 

and  the  covariant  coordinates  of  the  vector  perpendicular  to  one 
of  the  developable  elements  are  (Xi,  —1,  0)  and  the  condition 
that  the  surface  element  be  surface  building  is  the  same  as  the 
condition  that  these  vectors  form  a  normal  congruence.  That  is 


This  means  that  as  the  element  is  moved  by  parallelism  along  a 
line  of  the  geodesic  congruence  it  will  always  cut  the  same  two 
geodesics.  If  then  on  one  surface  we  choose  the  lines  determined 
by  (4)  as  parameter  lines 

and  from  (7)  this  must  hold  for  every  point  of  space  and  the 
element  of  arc  takes  the  simple  form 

ds*  — an(rfjc')*+a*i(<^^)*+ W^)*-  (8) 


The  developable  elements  will  envelope  the  cobrdinate  surface 
x‘«  const.,  x*  =  const.  A  tangent  plane  to  one  of  these  siirfaces  is 
moved  by  parallelism  along  the  geodesic  generator  into  a  tangent 
plane  and  the  surfaces  are  therefore  of  the  parabolic  type.  The 
three  sets  of  coordinate  surfaces  form  a  triply  orthogonal  system. 
Then  the  necessary  and  sufficient  condition  that  a  geodesic  congru¬ 
ence  can  form  the  intersection  of  two  sets  of  surfaces  of  a  triply 
orthogonal  system  is>  that  the  congruence  be  normal  and  that  the 
developcdile  elements  be  surface  building. 


4.  If  the  congruence  is  normal  and  on  a  surface  we  choose 
the  directions  defined  by  (4)  for  codrdinates  on  this  surface  we 
have 


aij=0. 
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The  second  fundamental  form*  for  this  surface  is 

V}  V} 

But  from  the  relation  above  we  see  that  the  product  term  van¬ 
ishes  and  hence  the  coordinate  lines  are  lines  of  cxirvature.  Hence. 
the  surface  element  formed  by  a  line  of  curvature  and  a  normal  is 
a  developable  element.  It  is  well  known  that  directions  normal  to  a 
surface  at  two  near  by  points  of  a  line  of  curvatiu^  lie  in  a  plane 
and  now  we  have  the  added  property  that  if  a  tangent  to  a  line 
of  curvature  is  moved  by  parallelism  along  a  normal  it  will  cut 
two  near  by  normals  in  its  new  position. 

5.  General  Congruences.  We  can  also  apply  the  foregoing 
notions  to  any  congruence  in  a  Riemannian  3-space.  If  any  con¬ 
gruence  of  curves  is  defined  in  contra  variant  cobrdinates  by  X', 
the  condition  that  an  element  ds,  cutting  a  curve  of  the  congru¬ 
ence  X*  and  the  cxirve  infinitesimally  near,  will  do  the  same  when 
displaced  by  parallelism  along  X^  can  be  expressed  by  saying  that 
X^  X*+8x*,  ds  all  lie  in  the  same  plane.  This  may  be  written 

c,^*X'8x^dx*-0,  (9) 

where  8x*  indicates  the  covariant  differential  and  dx*  are  the 
components  of  ds.  Since 

we  see  that  (9)  is  qxiadratic  in  dx*.  Then  associated  with  the 
element  X*  through  each  point  P  there  are  an  infinite  number  of 
developable  surface  elements,  and  the  directions  which  moved 
along  X*  to  generate  these  developable  elements,  generate  a  quad¬ 
ratic  cone,  on  which  X*  is  a  generator. 

The  character  of  the  congruence  is  largely  indicated  by  this 
cone.  We  can  simplify  the  calculations  by  choosing  X*  as  one 
set  of  codrdinate  lines,  x*  say,  and  also  let  x*  be  the  arc  length 
along  these  curves.  Then 

ds'^^Or/i^dx’,  (10) 

*  Eisenhart,  loc.  cit.,  page  150. 
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Equation  (9)  then  becomes 


The  directions  on  this  cone  which  are  perpendicular  to  X*,  i.e., 
to  the  vector  (0,  0,  1),  must  also  satisfy 

(12) 

Eliminating  dx*  between  (11)  and  (12) 


+a«|  ](<i**)*-0.  (13) 

Let  the  directions  determined  by  the  solution  of  (13)  be 


(X,  1,  -OuX-a«),  {fi,  1,  -aufi-On). 

These  two  vectors  are  perpendicular  if 

(ail  -  ou*)  Xfi+  (oi*  -  auOtt)  ( X + /*) +0*1  -  Ob*  -  0.  (14) 

Substituting  for  Xfi,  X+fi  from  (13)  this  reduces  to 


where  has  the  usual  meaning.  If  now  we  substitute  for  the 
ChristoflFel  symbols,  (15)  can  finally  be  reduced  to 


dou  doii  don  n 

On - Ou - + - — 0, 

dxt  Bxi  dxt  dxi 


(16) 


which  is  at  once  seen  to  be  the  condition  that  the  congruence 
be  normal.  Hence  /lie  necessary  and  sufficient  condition  that  a 
congruence  be  normal  is  that  the  cone  (9)  cut  the  plane  element  per- 
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pendicular  to  \*  in  perpendicular  directions.  Or,  the  developable 
elements  determined  by  directions  normal  to  X*  must  be  perpendicular. 

If  (16)  is  satisfied  and  we  take  the  orthogonal  surfaces  as  one 
set  of  coordinate  surfaces  {an  cannot  now  be  unity)  from  para¬ 
graph  4  it  is  at  once  seen  that  the  directions  in  which  (9)  cuts  the 
tangent  planes  of  these  surfaces  are  along  the  lines  of  curvature. 
The  congruences  formed  by  the  lines  of  curvature  of  the  normal 
surfaces  are  the  congruences  conical  with  the  given  congruences.* 

6.  Since  the  cone  (9)  contains  X*  when  it  degenerates  it  will 
degenerate  into  two  plane  pencils,  one  of  which  must  contain  X*, 
this  will  mean  that  to  this  pencil  of  directions  correspond  the 
same  developable  surface  element.  In  case  of  a  Euclidean  3-space 
this  condition  would  mean  that  X*  is  a  congruence  of  plane  curves. 
If  both  pencils  contain  X*  then  the  congruence  will  be  a  congru¬ 
ence  of  geodesics. 


7.  Extensions  to  n-space.  In  order  to  generalize  the  foregoing 
to  n-dimensions  we  first  consider  a  geodesic  congruence.  Let  x" 
be  this  congruence,  then 


t  n 
n 


(17) 


and  equation  (9)  takes  the  form 
i  n 


dx' 


M—  1 


dx* 


(18) 


It  is  to  be  noted  that  dx"  does  not  occiu*  and  so  this  is  a  well- 
known  set  of  equations  and  the  number  of  solutions  is  n  —  1.  Con¬ 
sequently  through  each  linear  element  passes  w— 1  developable 
planar  elements.  If  (17)  does  not  hold,  that  is,  if  the  congruence 
is  a  general  congruence,  then  (18)  will  have  dx"  on  the  left  side 
and  hence  will  represent  a  cone.  If  we  substitute  for  dx*  any 
linear  function  of  dx\  dx*,  •  •  •  dx""'  this  set  of  equations  will  again 
have  n  — 1  solutions,  which  means  that  any  plane  through  the 

*  Ricci  Levi-Civati,  M^thodes  de  calcul  diilerentiel  abaolu.  Math.  Ann., 
Vol.  M,  p.  156. 
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vertex  will  cut  n— 1  generators  from  the  cone,  hence  the  cone  is 
of  degree  n  — 1. 

We  will  then  state  the  following  theorem  without  giving  the 
details  of  the  proof.  The  developable  elements  passing  through 
any  linear  element  of  a  congruence  in  n-dimensions  are  determined 
by  the  tangent  to  the  congruence  passing  through  the  given  point  and 
an  element  of  a  cone  of  order  n  — 1.  The  necessary  and  sufficient 
condition  that  the  congruence  be  normal  is  that  the  elements  of  the 
cone  cut  by  a  hyperplane  perpendicular  to  the  direction  of  the  con¬ 
gruence,  are  mutually  orthogonal.  If  the  cone  factors  into  n—\ 
linear  factors,  each  containing  the  congruence  direction,  then  the 
congruence  must  be  a  geodesic  congruence.  If  only  one  of  the  plane 
factors  contains  the  congruence  direction,  then  the  congruence  is  the 
analog  of  a  congruence  of  curves  which  lie  in  an  {n—\)-linear  space. 
If  two  of  the  linear  factors  contain  the  congruence  direction,  each 
curve  of  the  congruence  is  the  analog  of  a  curve  which  lies  in  an 
(n  —  2)-space,  etc. 


ON  SETS  OF  PRINCIPAL  DIRECTIONS  IN  A 
RIEMANNIAN  MANIFOLD  OF  FOUR  DIMENSIONS 


By  D.  J.  Stki}|K 

§1.  Riemann-Christoffel  Tensor  and  Quadratic  Complex. 
The  Riemann-Christoffel  curvature  tensor  of  a  four-dimen¬ 
sional  Riemannian  manifold  Vi  corresponds  in  a  protective  space 
of  three  dimensions  Ps  to  a  quadratic  line  complex 

(1) 


Here  the  are  simple  bivectors,  representing  in  Pi  the  Plucker 
codrdinates  of  the  lines  of  the  complex.  They  satisfy  the  relation 


plJpl4^.pll^^^4p2S_0 

(2) 

or,  in  a  shorter  notation : 

t 

1 

p 

(3) 

The  resulting  relation 

(4) 

is  fulfilled  as  a  result  of  the  identities  existing  for  the  curvature 
tensor.* 

Klein  has  shown  in  his  dissertation*  how  the  equation  of  the 
qxiadratic  complex  in  Pi  can  be  cast  into  a  special  form  by  an 

1  The  brackets  mean  the  alternation  over  the  enclosed  indices,  e.i., 

^|A^9r)  Ppk^ik  *  P^k^p  “  p9)i9k  Pkp^ik  )  • 

SComp.  A,  Clebsck.  Ueber  die  Pluckerschen  Complexe.  Mathematische 
Annalen  2  (1870),  p.  1-8. 

•  F.  Klein.  Ueber  die  Transformation  der  allgemeinen  Gleichung  des 
sweiten  Grades  zwischen  Linien-Koordinaten  auf  eine  canonische  Form 
(Inauguraldissertation  Bonn,  1868;  Mathematische  Annalen  23  (1884),  p.  .530- 
578;  Gesammelte  mathematische  Abhandlungen  I  (1921),  p.  5-49).  Comp, 
also  C.  M.  Jessop.  A  treatise  on  the  line  complex  (Cambridge,  University 
Press),  1903,  p.  97  or  K.  Zindler,  Algebraische  Liniengeometne,  p.  1015,  in 
(Pascal's)  Repertorium  der  hoheren  Mathematik  II,  2,  Raumgeometrie 
(Teubner,  Leipzig- Berlin),  1922).  J 

Comp,  also  C.  L.  E.  idoore  and  H.  B.  Phillips.  The  dyadics  which  occur  < 

in  a  point  space  of  three  dimensions.  Proc.  American  Academy  of  Arts  and 
Sciences  53  (1917-18),  p.  389-438,  esp.  p.  420. 
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imaginary  transformation  of  the  Plucker  coordinates.  We  show 
in  this  paper  how  a  similar  transformation  in  Vt  detects  particular 
sets  of  preferred  directions  of  the  1^4,  introduced  for  the  first  time 
by  Kretschmann*). 

§2.  The  principal  bivectors  of  1^4.  We  start  with  the  covariant 
components  of  the  curvature  tensor  /?*****'  and  ask  whether  there 
are  covariant  bivectors  px,  for  which 

^Pmit  ^[Aitp0\-  (5) 

Here  X  is  a  coefficient  and  the  unit  quadruvector  of 

the  V''4  with  components  ±1  when  the  indices  are  not  equal 
(+1  for  even,  —1  for  odd  p)ermutations)  and  0  when  at  least 
two  indices  are  equal.  The  Pxi.  need  not  be  simple,  that  is,  the 
equation  of  typie  (3)  is  not  necessarily  fulfilled. 

Equation  (5)  leads  to  a  set  of  six  equations,  of  which  the  two 
first  ones  are: 

A^imp>4+  Aiiiip4t+  h.mAPn~\~  Eimpu'h  Aia4pii+  Ai*»4Pij*  Xpu 
Euitpu-^"  EuuP4a-\-  AumPhH”  AimPud-  KimPn-^-  Em^Pit^  Xpu. 

(6) 

The  solution  deponds  on  the  determinant  equation: 


A^iiij  “  ATitu 

a:,„4 

a:,„ 

~  Eau 

A'liM—  X 

Eun  ~  Eint 

E]tu 

Ktm 

~  Eim~  X 

A'lm 

-0 

(7) 

Euit~  X  —  A's4U 

• 

• 

• 

Euu 

We  will  only  consider  the  case  that  this  equation  has  six  different 
roots  X|,  Xj,  •  •  • ,  X4.  We  then  have  six  different  bivectors 

fulfilling  equation  (5).  We  can  normalize  them  by  assuming 

Plmit  pArl  “  (8) 

and  call  them  the  principal  bivectors  of  A',^.  They  fulfil  the  rela- 

*  E.  KrftsckmaHH.  Uber  den  physikalischen  Sinn  der  RelativiUitspx>stulate. 
.^nnalen  der  Physik  53  (1917),  p.  575-614.  Comp,  also  R.  Back.  Zur  Weyl- 
schen  Relativitdtstheorie  und  der  Weylschen  Erweiterung  de*  Krummungs- 
tensorbegrifls.  Mathematische  Zeitschrift  9  (1921),  p.  110-135. 
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tions,  following  from  (5): 

-0.  *>/  (9) 

and  correspond,  in  Pt,  to  a  set  of  linear  complexes  in  involution. 
Referred  to  these  bivectors  assumes  the  form 

(10) 

> 

§3.  Sets  of  principal  directions.  The  principal  bivectors  are 
in  general  not  simple.  Each  pair  of  them,  however,  determines  two 
simple  bivectors  by  the  equation; 

(pU (pi, -}=opi^,)»0,  !>/  (11) 

where  the  alternation  is  on  at,  (i,  X,  v.  On  account  of  (8)  and  (9) 
this  gives 

a*  db**=  — 1.  (12) 

We  can  divide  the  six  principal  bivectors  into  15  pairs  with 
*V/i  which  can  be  arranged  in  15  different  ways  to  sets  of  three 
piairs  containing  all  6  indices  (as  12,  34,  56;  13,  46,  25).  Each 
pair  determines  2  simple  bivectors.  We  thus  find  15  different  sets 
of  simple  bivectors  determined  by  equations  (11).  We  call  one 
set  of  them  ir*^,  i  —  1,  •  •  • ,  6  and  arrange  them  (dropping  the 
wfi  for  a  while): 

ir**p*4"*P*  ir*»p*-f-*p* 

ir*^p*—ip*  (13) 

Then  we  have  the  relations,  following  from  (8)  and  (9) 
ir*Ai>|“  2E,„x» 

0-2, 3,  5, 6  (14) 

etc. 

This  means  that  we  can  introduce  four  linear  independent  co- 
v'ariant  vectors  r*,  ik  —  1,  2,  3,  4  in  such  a  way  that  the  ir*  are  of 
the  form 

ViX],  *V/.  1,  2.  3,  4. 
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Passing  to  contravariant  components  it  means  that  there  are  four 
independent  directions  issuing  from  the  point  of  Vt  in  considera¬ 
tion,  whose  6  connecting  planes  are  the  planes  of  the  contra¬ 
variant  bivectors  If  we  introduce  these  vectors  into  equation 
(10),  we  find  an  equation  of  the  form 

Kvui  r*!.  ®‘lA  »*r)+  »‘|A  »*r|  + 

+  /Cum®'],  b*^|  C*|a  V*,i  +  Kim  o’.  0*^  0*a  + 

+  Kimfi\^  0*^1  o*[A  0*^)  , 

-h  Kimi^im  ®‘|A  o*,j  -b  •  •  •  ,  (15) 

with 

Kvui^  Kim',  Kuit"*  Ktm]  Kitu’^  Knu  (16) 

The  coefficients  Kiju  of  (16)  and  the  right  member  of  (15) 
have  a  meaning  different  from  the  K^^i,  of  the  left  side  of  (15) 
and  (10);  they  represent  the  components  of  the  curvature  tensor 
with  resi)ect  to  the  set  of  o*. 

This  scheme  (15) 


12 

13 

14 

23 

24 

34 

12 

0 

0 

1 

0 

0 

Kim 

13 

0 

A'uu 

0 

0 

Kim 

0 

14 

0 

0 

Kim 

Kim 

0 

0 

23 

0 

0 

K„u 

Ktm 

0 

0 

24 

0  1 

Ku\i 

0 

0 

Kim 

0 

34 

Kim 

0 

0 

0 

0 

Kim 

has  been  foimd  for  the  first  time  by  Kretschmann  by  a  simple 
entuneration  of  constants.  In  the  case  that  equation  (7)  has  dif¬ 
ferent  roots,  such  a  scheme  can  be  obtained  in  15  different  ways, 
yielding  different  ATy*/. 

The  directions  determined  by  the  vectors  o|,  can  be  called  a 
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set  of  principal  directions  of  the  Riemann  Christoffel  tensor. 
They  are,  in  general,  not  orthogonal. 

§4.  Relation  to  the  principal  directions  of  Ricci.  Let  g*"'  be 
the  covariant  fundamental  tensor  of  the  V'4.  We  then  find  from 
(15)  for  the  contracted  curvature  tensor: 

A'.,-  ( A«„ 

-1-  A'uU  ®A*  +  A'i414  V^*  tA^g***) 

+  K‘  r.MAuuVtAV*- 

-2 A«4  Vt;A«g^-2A'.4»  W  fT") 

+  •  • '  .  (17) 

This  shows  that  when  the  principal  directions  ®i,  *'*  1,  2,  3,  4, 
are  mutually  orthogonal,  the  terms  in  v*,  vt  i^j,  vanish: 

If  a  set  of  principal  directions  of  the  Riemann-Christofel  tensor 
is  orthogonal,  it  coincides  with  the  set  of  principal  directions  of 
the  contracted  curvature  tensor  (the  so-called  principal  directions  of 
Ricci). 


DEFORMATION  OF  PLANE  PIPES 
By  Pkofessor  William  Hovgaakd 
A.  Introduction 

The  present  paper  is  a  continuation  of  that  published  in  Vol. 
VI,  No.  2,  of  the  Journal  of  Mathematics  and  Physics,  November, 
1926.*  It  is  the  first  installment  of  a  record,  which  it  is  intended 
to  make  of  further  study  and  experimentation  in  the  field  of  pipe 
bends.  The  paper  shows  how  to  determine  deflections  and  reac¬ 
tions  in  steam  pipe  lines  of  various  lay-out,  comprising  different 
types  of  bends.  It  is  essentially  of  a  fundamental  nature,  giving 
a  development  on  first  principles  of  general  formulas  applicable 
to  all  cases.  On  account  of  the  great  diversity  in  pipe  bends  and 
in  the  lay-out  of  piping,  it  is  believed  to  be  of  primary  value  to 
the  engineer  to  possess  the  master  key  to  all  problems,  rather 
than  the  solution  of  a  number  of  special  problems,  many  of  which 
he  may  never  meet.  It  is  therefore  considered  impiortant  first  to 
secure  a  full  understanding  of  the  methods  and  of  the  assumptions 
involved,  after  which  ready-made  handy  formulas,  tables  and 
diagrams  can  be  used  more  easily  and  safely. 

The  paper  does,  however,  give  the  solution  for  several  special 
types  of  bends  commonly  used  in  practice,  but  chiefly  for  the 
purpose  of  illustrating  the  general  method  and  principles.  In 
one  case  it  is  attempted  to  develop  approximate  formulas.  Alge¬ 
braic  and  graphical  methods  of  solution  are  described,  in  particular 
for  evaluating  the  integrals  that  occiu*  in  the  formulas. 

In  a  later  piaper  it  is  intended  to  give  a  report  and  analysis  of 
tests  on  pipe  bend^  carried  out  at  the  Massachusetts  Institute  of 
Technology  in  the  early  part  of  1928,  possibly  supplemented  by 
the  results  of  further  tests.  The  tests  referred  to  were  carried  out 
on  a  9J^  and  a  14J^-inch  pipe  bend,  larger  than  any  hitherto 
tested  and  gave  extremely  interesting  results.  The  longitudinal 
strain  measiu«nents  were  carried  out  directly  by  strain  gages  as 

^  Subsequently  reprinted  in  the  Bulletin  of  the  Massachusetts  Institute 
of  Technology,  Vol.  62,  No.  64,  and  here  referred  to  as  the  “first  paper”  or 
the  "1926  paper.” 
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in  the  1926  tests,  but  the  transverse  strains  were  calculated  from 
the  change  of  curvature  obtained  from  measurement  of  a  number 
of  diameters  around  a  section,  and  this  new  method  proved 
entirely  successful.  Another  new  feature  in  these  tests  was  that 
they  were  carried  to  destruction,  making  it  possible  to  determine 
with  fair  accuracy  the  limit  of  proportionality  in  the  deformation 
of  the  pipe  as  a  whole,  and  it  was  attempted  to  correlate  this 
limit  with  the  calculated  and  measured  stresses.  Finally  a  close 
study  was  made  of  the  Luders  lines,  which  began  to  appear  prac¬ 
tically  at  the  limit  of  proportionality.  As  the  analysis  of  these 
tests  is  not  quite  completed  and  as  it  is  hoped  to  verify  the  results 
by  further  tests  in  a  near  futiu^,  it  was  thought  best  to  defer  a 
detailed  report  and  discussion  of  them  to  a  later  paper,  the  more 
so  as  the  paper  would  otherwise  become  rather  voluminous. 

As  many  readers  of  the  present  paper  may  not  be  acquainted 
with  the  1926  paper,  a  brief  review  of  it  is  here  given  in  order 
to  provide  the  proper  background  and  perspective  for  the  follow¬ 
ing  discussion. 

Review  of  the  First  Paper 

When  a  curved  pipe  is  subject  to  bending,  the  circular  section 
tends  to  take  a  flattened  oval  form,  whereby  the  stresses  in  the 
material  farthest  from  the  neutral  axis  are  relieved.  The  stresses, 
instead  of  following  the  usual  linear  law,  will  be  so  distributed  as 
to  have  their  maximum  values  nearer  to  the  neutral  axis;  and 
the  angular  deflection  of  the  bend  will  be  increased  before  equi¬ 
librium  with  a  given  bending  moment  is  established.  This  was 
pointed  out  already  in  1911  by  Dr.  v.  Karman,*  who  developed 
formulas  for  the  augmented  deflections.  These  formulas  remained 
unconfirmed  for  a  number  of  years  and  were  by  some  contested, 
by  others  ignored.  In  his  first  paper  the  author  proved  the  cor¬ 
rectness  of  Dr,  v.  Karman ’s  formulas  by  an  entirely  different 
method  and  published  the  results  and  the  analysis  of  a  series  of 
tests  made  at  the  Massachusetts  Institute  of  Technology  as  well 
as  an  analysis  of  tests  previously  made  by  Professor  Bantlin, 
which  fairly  conclusively  showed  the  correctness  of  v.  Karman’s 
theory.* 

•Zeitschr.  Vcreines  Deutscher  Ingenieure,  1911,  Vol.  55,  p.  1889. 

•  This  theory  has  been  further  corroborated  by  the  1928  tests. 
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The  following  notation,  which  was  used  in  the  first  paper,  will 
also  be  used  here: 

A/ —  bending  moment. 

R  -  radius  of  curvature  of  axis  of  pipe. 

2h  -  wall  thickness  of  pipe, 
r  — radius  of  the  middle  surface  of  the  pipe  wall. 

/—moment  of  inertia  of  the  area  of  the  transverse  section  of 
the  pipe  wall  about  the  neutral  axis. 

E  —  modulus  of  elasticity. 

the  angle  of  a  small  arc  of  the  pipe  axis  comprised  between 
two  consecutive  transverse  sections. 

Adi|i-the  change  in  d\Jt  consequent  on  the  flexural  strain. 

s  —  the  length  or  girth  of  the  axis  reckoned  from  some  point  of 
reference  to  the  section  under  consideration. 

According  to  the  ordinary  approximate  theory  we  have: 


dtl,  “  El 


or  Adii—  —ds 
^  El 


(1) 


which  are  the  formulas  commonly  used  for  curved  bars,  but  in 
the  first  paper  it  was  shown  that  due  to  flattening  of  the  section 
the  angular  deflection  of  an  elemental  piece  of  a  curved  pipe  was 
actually: 


d^jt 


J.MR  ...  KM, 

K -  or  Aau»— - ds 

El  ^  El 


(2) 


where 

48A»f?*-H0r« 

iSh*R}+r* 


(3) 


The  value  of  this  coefficient  depends  on  the  relative  values  of 
h,  r  and  R.  Karman  put 

r» 


-  X  which  makes: 

12X»+10 
12X*+1  ■ 


(4) 


He  obtained  his  formulas  by  making  the  potential  elastic  energy’ 
a  minimum  and  included  in  the  expression  for  the  energy  not 
only  the  longitudinal  but  also  the  transverse  strains. 
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The  coefficient  K  has  the  same  effect  as  if  the  bending  moment 
were  increased,  since  K  is  greater  than  one.  In  fact,  K  varies 
from  unity  in  straight  pipes  to  4  or  5  in  pipes  bent  to  a  sharp 
curve.  K  ocimrs  again  as  a  simple  factor  in  the  expressions  for 
longitudinal  and  transverse  stresses  p\  and  pt  and  in  the  displace¬ 
ments  of  the  pipe  due  to  its  deformations.  It  might  also  be 
regarded  as  associated  with  the  moment  of  inertia,  reducing  it 


In  the  tests  on  pipe  bends  carried  out  at  the  Massachusetts 
Institute  of  Technology  in  1926,  strain  measiuwients  of  the  pipe 
wall  were  carried  out  for  the  first  time  and  as  explained  in  the 
paper  showed  a  close  agreement  with  the  formulas. 

It  was  shown  also,  both  theoretically  and  experimentally,  that 
the  transverse  stresses  occurring  at  the  end  of  the  major  and 
minor  axis  of  the  deformed  transverse  section,  might  under  cer¬ 
tain  circumstances  be  much  greater  than  the  longitudinal  stresses, 
a  fact  which  had  not  hitherto  been  taken  into  account. 

Formulas  were  developed  for  determining  the  deflections  in 
lyre-shaped  bends  and  a  graphical  method  was  presented  by 
which  all  forms  of  pipe  bends  could  be  dealt  with.  It  was  shown 
that  for  the  purpose  of  analyzing  experimental  results  the  alge¬ 
braic  method  was  often  unsatisfactory,  because  bends  can  seldom 
be  made  of  exact  geometrical  forms. 

B.  Calculation  of  Forces,  Moments  and  Deflections  in  Pipe-Bends. 

1.  General.  The  general  lay-out  of  steam  piping  is  governed 
primarily  by  practical  considerations,  which  in  most  cases  deter¬ 
mine  the  total  length  as  well  as  the  changes  in  direction  and  level 
of  the  piping  as  dictated  by  local  conditions.  The  designer  has 
to  conform  to  these  requirements  and  at  the  same  time  arrange 
the  piping  so  as  to  secure  the  flexibility  necessaiy*  to  provide  for 
elongations  and  contractions  due  to  changes  in  temperature.  He 
must  also  arrange  the  piping  so  as  to  permit  efficient  drainage  of 
the  water  of  condensation;  he  must  provide  intervals  of  sufficient 
strength,  and  supports  which  will  permit  easy  movements  of  the 
pipe  by  changes  of  temperatiu’e. 

The  discussion  will  be  limited  to  a  consideration  of  the  flexi- 
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bility  and  deflections  of  the  piping,  as  well  as  the  forces  and 
moments  called  forth  by  a  rise  in  temperature.  The  practical 
requirements  to  anchorage,  support,  and  drainage  are  considered 
to  be  outside  the  scope  of  this  paper.  Only  pipes  in  one  plane 
will  be  considered.  The  question  of  strength  and  stresses  will  be 
discussed  in  a  later  paper. 

Before  dealing  with  concrete  cases  we  shall  first  see  how  the 
fundamental  formulas  are  obtained  which  connect  the  deflections 
and  displacements  of  a  pipe-bend  with  the  terminal  forces  and 
couples.  The  problem  is  indeed  not  a  new  one,  in  fact,  the  general 
method  of  solution  is  given  in  textbooks  on  Applied  Mechanics, 
but  for  engineers  who  have  not  made  a  special  study  of  this  sub¬ 
ject  and  who  desire  to  refresh  their  memory,  it  is  convenient  to 
have  the  development  of  the  required  formulas  placed  before 
them,  pre'^nted  in  the  same  symbols  as  used  hereafter,  and  pre¬ 
pared  especially  with  a  view  to  a  solution  of  the -problems  occurring 
in  pipe  bends. 

The  term  “deflection”  is  here  used  to  cover  any  change  of  posi¬ 
tion,  linear  or  angular,  due  to  deformation,  but  the  terms  “dis¬ 
placement”  and  “rotation”  are  used  where  it  is  desired  to  be  more 
specific,  especially  to  distinguish'  between  linear  and  angular  de¬ 
flections,  and  where  deflections  are  caused  by  heat  expansion. 

2.  Fundamental  Formulas  for  a  Plane  Pipe.  Consider  the 
problem  in  its  most  general  form.  A  pipe  bent  to  any  shape  in 
one  plane,  as  shown  in  Fig.  1,  is  anchored  at  the  ends  O  and  A. 
The  anchorages  are  such  as  to  prevent  linear  displacements  of 
the  ends,  but  may  or  may  not  prevent  rotation.  In  the  former 
case  we  say  that  the  pipe  is  “fixed”  at  the  ends,  in  the  latter  case 
that  it  is  “hinged.”  In  many  cases  one  end  is  “fixed,”  while 
the  other  may  be  regarded  as  “hinged.”  Finally  one  end  may  be 
“fixed”  while  the  other  is  partly  free,  being  capable  of  rotation 
and  displacement  in  one  direction,  in  which  case  we  speak  of  the 
end  of  the  pipe  as  being  “restrained”  or  “guided.” 

For  the  purpose  of  mathematical  analysis  we  first  suppose  that 
the  pipe  is  fixed  at  0,  but  perfectly  free  to  move  at  A,  where  there 
is  no  restraint  and  no  external  forces  acting.  Now  a  rise  in  tem¬ 
perature  takes  place  and  the  pipe  expands.  The  A -end  will  be 
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displaced  by  a  certain  amount,  the  components  of  which  in  direc¬ 
tion  of  the  coordinate  axes,  and  Ay ,4,  have  values,  which  can 
be  readily  calculated  as  explained  below. 

If  the  /l-end  is  hinged  instead  of  being  free,  the  displacements 
Ax ,4  and  Ay^  will  be  zero,  but  the  pipe  will  suffer  deformation  and 
generally  the  tangent  at  A  will  rotate  through  a  small  angle  Ai/»,4. 
Reaction  forces  will  be  called  into  play  at  both  ends  and  a  reaction 
couple  will  be  created  at  O,  but  no  couple  will  exist  at  the  hinged 
end  A. 

The  result  is  the  same  as  if  the  pipe  had  been  first  allowed  to 
expand  and  then  forced  back  by  extraneous  forces  equal  to  the 
reaction  forces,  so  that  the  displacements  would  first  be  +Ax^ 
and  +Ay^  and  then  —  Ax^  and  —  Ay^. 

If  both  ends  are  fixed,  we  may  again  conceive  the  process  to 
consist  of  two  steps,  during  the  first  of  which  the  pipe  expands 
by  heating,  but  in  order  to  force  the  i4-end  back  to  its  original 
position  we  must  now  apply  a  couple  besides  the  forces,  and  the 
i4-end  has  to  be  rotated  forcibly  through  an  angle  —  Ai/i^. 

Let  the  reaction  forces  acting  at  be  P'  and  Q'  and  the  reac¬ 
tion  couple  Ma,  while  at  O  the  forces  are  P  and  Q  and  the  couple 
A/o.  Since  these  forces  and  couples  form  a  system  in  equilibrium 
we  must  have 

P--P.  I 

a/m  =  -(Mo+p//-oz.  / 

where  L  and  H  are  the  coordinates  of  A. 

It  is  to  be  noted  that  all  the  terminal  forces  and  couples  with 
which  we  deal  here  are  reactions  exerted  by  the  supports  on  the 
pipe. 

Generally  we  are  left  with  three  unknown  qxiantities  P,  Q  and 
A/o,  but  when  the  pipe  is  hinged  at  both  ends  and  in  cases  of 
symmetry,  one  or  two  of  these  may  be  equal  to  zero. 

For  the  determination  of  these  unknown  quantities  we  employ 
the  method  of  deflection  by  which  the  component  displacements 
and  the  rotation  at  A  are  expressed  in  terms  of  the  three  unknown 
reactions.  We  have  then  three  equations  and  six  imknown  quan¬ 
tities,  but  in  accordance  with  the  foregoing  we  shall  assume  that 
the  displacements  Ax^i  and  Ay^  produced  by  the  reactions  are 
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equal  to  those  produced  by  the  heat  expansion  although  in  oppo¬ 
site  directions  and  since  the  latter  are  known  we  may  substitute 
them  for  and  with  negative  sign.  The  expression  for 
the  rotation  enables  us  to  eliminate  one  more  of  the  unknown 
quantities. 

Strictly  the  expansion  at  A  due  to  heating  is  not  exactly  equal 
to  the  displacement  obtained  by  applying  the  reaction  forces, 
because  we  assume  these  forces  to  be  applied  to  the  pipe  in  its 
original  condition,  before  it  is  expanded  by  heating,  but  the  error 
so  involved  is  of  the  second  order  and  will  be  here  neglected. 

The  expansion  by  heating  depends  on  the  coefficient  of  linear 
expansion  for  1  degree  Fahrenheit,  c,  and  the  rise  in  temperature 
in  degrees  Fahrenheit,  T.  Every  element  of  the  pipe  ds  expands 
by  an  amount  cT  ds  in  direction  of  the  tangent  to  the  ctirve  at 
that  point  and  causes  every  point  on  SA  including  A  to  move 
by  the  same  amotmt  parallel  with  that  tangent,  which  forms  an 
angle  %/i  with  OX.  Thus  the  total  displacement  of  A  relative  to 
O  in  direction  of  OX  and  0  Y  will  be  respectively: 

cT  [cos  tft  ds^cT  f  dx^cTL  and  cT  f  sin  i/i  ds’^cT  f dy^cT H. 

Jo  Jo  Jo  Jo 

The  same  formulas  apply  to  any  point,  S,  substituting  S  for  A 
and  X  and  y  iar  L  and  H.  If  A  is  situated  on  the  axis  of  OX, 
the  heat  expansion  in  direction  of  O  V  is  zero. 

Our  fundamental  assumption  is  then  that  the  positive  displace¬ 
ments  produced  by  heat  expansion  are  annulled  by  the  negative 
displacements  which  would  be  caused  by  the  application  of  the 
reaction  forces  and  couples.  Hence  we  have: 

cTL-fArx^O  and  cT/Z-j-Ay^ *0. 

For  briefness  we  write  cT^fi  and,  in  order  to  distinguish  the 
calculated  or  fictitious  displacements  from  those  actually  existing 
we  shall  denote  the  former  by  an  accent.  Thus  we  have: 

Ax/—^L  and  ^y/^  —fiH. 

The  actual  displacements  at  A  are  Ax^— Oand  Ay^^O,  except 
when  the  ^-end  is  free  in  the  X  or  K  direction,  but  all  other 
points  of  the  pipe  will  suffer  displacements  which  at  any  point  5 
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are  here  denoted  by  Axs  and  Ays  or  simply  by  A*  and  Ay.  It 
is  necessary  in  many  cases  to  calculate  the  latter  in  order  to 
determine  the  proper  design  of  the  supports  at  points  intermediate 
between  the  anchorages. 


Consider  now  Fig.  1  in  more  detail.  The  ciu^e  OSA  represents 
the  axis  of  a  pipe  of  arbitrary  form.  O  is  taken  as  origin  and  the 
coordinate  axes  are  placed  in  an  arbitary  position  in  order  to  make 
the  treatment  as  general  as  possible.  In  many  cases  it  is  con¬ 
venient  to  place  the  codrdinate  axes  so  that  one  of  them  is  parallel 
to  or  identical  with  a  line  of  symmetry  in  the  bend,  or,  if  the 
pipe  is  "fixed”  at  one  end  to  place  one  of  the  axes  along  the  tan¬ 
gent  at  that  end.  If  only  one  end  of  a  pipe  is  fixed  it  is  always  best 
to  place  the  origin  at  that  end. 

For  the  sake  of  briefness  the  X  and  Y  directions  are  often  re¬ 
ferred  to  as  horizontal  and  vertical  respectively,  although,  actually, 
since  gravity  is  here  neglected,  the  pipe  may  be  in  any  plane. 

By  the  method  of  deflection  now  to  be  described  we  are  able 
to  find  the  displacements  of  any  point  on  the  pipe  axis  and  the 
rotation  at  that  point,  but  the  displacements  as  well  as  the  rota¬ 
tion  are  relative  to  0  and  the  tangent  at  0  as  if  this  tangent 
were  a  fixed  line  of  reference,  and  this  is  true  whether  the  pipe  is 
fixed  or  hinged  at  O.  In  other  words,  for  a  pipe  which  is  under 
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the  action  of  certain  forces  and  a  couple  at  the  free  end  A,  and 
provided  we  disregard  heat  expansion,  the  deflections  obtained  by 
the  formulas  now  to  be  given  are  directly  applicable  and  correct 
only  under  the  assumption  that  the  pipe  is  actually  flxed  at  O. 

If  the  pipe  is  hinged  at  the  origin,  we  must  in  general  apply  a 
correction  to  the  deflections  as  explained  hereafter. 

If  we  take  the  heat  expansion  into  account,  the  actual  displace¬ 
ments  at  intermediate  points  are  found  from  the  formulas: 

AX5-A*.v' -b/ix 
^ys~^ysA-it-y. 

Applying  then  the  method  of  deflection,  assume  that  the  0-end 
is  fixed,  while  the  A-end  is  acted  upon  by  a  given  couple  and 
by  a  given  force  which  has  the  components  P'  —  —  P  and  Q'  *  —Q 
along  the  X  and  Y  directions,  but  that  the  A -end  is  otherwise 
unrestrained:  Let  us  try  to  determine  the  displacement  of  the 
A -end  caused  by  said  forces  and  couple,  and  let  5  be  any  point 
(x  y)  on  the  axis  of  the  pipo. 

The  tangent  at  S  forms  an  angle  i/»  with  OX  and  the  tangent 
at  an  adjacent  point  S'  at  a  distance  ds  from  S  forms  an  angle 
iff+diff  with  OX. 

As  indicated  in  the  figure,  we  reckon  the  rotation  to  be  positive 
in  counter-clockwise  direction. 

The  pwirt  A  S  of  the  pip>e  exerts  at  S  a  couple,  which  causes 
the  element  S  S'  to  deflect  through  an  angle  Ad^j/.  As  explained 
above  (formula  (2)]: 

The  element  S  S',  in  rotating,  carries  with  it  the  pwirt  S  A  and 
the  point  A  suffers 'displacements  which  can  be  determined  by 
regarding  the  figxu’e  S  S'  A  P  as  rigid  and  rotating  through  an 
angle  Ad^  in  positive  direction.  The  displacements  of  A  are  seen 
from  the  figure  to  be: 

in  direction  of  OX:  —  Adij/i  H—y) 
in  direction  of  OY:  Ad^  (L—x). 

Since  everv’  element  of  the  pip>e.  excepting  that  at  the  origin 
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O,  deflects  through  an  angle  Adtjf  and  each  one  causes  displace¬ 
ments  of  A  in  direction  of  OX  and  OV,  we  find  the  total  dis¬ 
placements  of  the  /I -end  to  be: 


Evidently  the  same  formulas  would  apply  to  the  rotation  and 
displacements  at  any  other  point  such  as  S,  simply  changing  the 
upper  limit  pf  the  integration  to  S,  and  substituting  *5  and  ys 
for  L  and  H. 

The  moment  Mas  might  be  expressed  in  terms  of  the  forces  and 
couple  acting  at  A : 

MAs^MA-\-P{H-y)-Q{L-x) 

but  evidently  Mas  is  counterbalanced  by  an  exactly  equal  and 
opposite  couple,  exerted  by  the  part  of  the  pipe  O  S  to  the  left 
of  S  and  this  couple,  which  we  denote  by  Mqs  can  be  expressed 
more  simply  than  Mas'-  ' 

Mos^Ma+Py-Qx. 

It  is  therefore  more  convenient  to  write: 

MAs^-iMo-f-Py-Qx)  (12) 

and  to  substitute  this  expression  in  equations  (11).  Applying 
accents  to  the  deflections  in  order  to  indicate,  as  explained  above, 
that  they  are  generally  fictitious  in  the  problem  of  pipe  bends, 
we  get: 

-  P-Pr  (Mo+Py-Qx)ds 
Jo  El 

A»V  -  JJ'^^i^j^{Mo+Py-Qx)ds  .  ,  (13) 

iy/--  (Mo+Py-Qx)ds 

Jo  El 
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These  are  the  most  general  and  fundamental  equations.  They 
apply  to  all  plane  bends  and,  in  fact,  to  all  plane  curved  bars 
whatever  may  be  their  form.  They  give  the  displacements  and 
the  rotation  at  A  relative  to  O  and  relative  to  the  tangent  at  O 
,  regarded  as  Axed  when  the  i4-end  is  free  and  under  the  action 
of  given  forces  and  a  given  couple.  Even  if  the  0-end  is  not 
actually  fixed  in  direction,  the  formulas  give  the  same  result  as 
if  it  were  fixed. 

It  is  here  to  be  noted  that  if  we  apply  formulas  (13)  first  to 
one  end  and  then  to  the  other  end  of  a  given  bar  or  pipe  which 
is  in  equilibrium  under  a  given  system  of  forces,  we  shall  not 
find  the  displacements  of  the  free  end  to  be  the  same.  This  may 
at  first  sight  seem  paradoxical,  since  the  same  forces  and  couples 
are  acting  at  the  ends  in  either  case,  since  the  angular  deflection 
of  each  element  must  be  the  same,  and  since  the  integration 
extends  between  the  same  limits.  It  is  due  to  the  fact  that  it  is 
tacitly  assumed  in  these  formulas  that  the  tangent  at  the  origin 
is  fixed  in  either  case,  so  that  if,  for  instance,  the  changes  of 
curvature  under  the  given  system  of  forces  are  much  greater  near 
one  end  than  the  other  the  deflections  must  differ  widely  in  the 
two  cases.* 

Hence  these  formulas  must  be  applied  with  a  certain  caution. 
When  the  end  at  the  origin  is  actually  fixed,  the  formulas  give 
the  correct  deflection  of  A  if  that  end  is  free,  and  this  is  true 
whether  we  place  one  of  the  cobrdinate  axes  along  the  tangent 
at  the  origin  or  not.  If  we  impose  certain  conditions  of  restraint 
on  the  i4-end,  we  must  adjust  the  forces  and  the  couples  acting 
at  O  and  A  accordingly,  and  this  is  what  we  have  to  do  in  pipe 
bends.  If  both  ends  are  hinged,  and  we  place  the  origin  at  one 
end,  the  formulas  will  give  us  fictitious  displacements  for  the 
i4-end,  and,  as  explained  in  the  next  section,  it  is  necessary  in 
that  case,  if  we  want  to  know  the  vertical  displacement  at  inter¬ 
mediate  points,  to  bring  A  back  to  the  line  O  A  hy  rotating  the 
whole  pipe,  as  if  it  were  rigid,  about  O. 

We  are  now  ready  to  apply  the  formulas  to  a  pipe  bend  which 
is  restrained  at  the  ends  and  prevented  from  expanding  in  a 


*  We  may  visualize  this  if  we  imagine  a  dog  to  be  wagged  by  the  tail  instead 
of  the  tail  being  wagged  by  the  dog. 
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certain  direction  by  anchorages  when  a  rise  in  temperature  takes 
place.  In  that  case  the  forces  P,  Q  and  the  couple  appear  as 
unknown  reactions  and  all  we  have  to  do  is  to  substitute  the 
known  components  of  the  heat  expansion,  (iL  and  fiH,  with 
negative  sign  instead  of  Ax^'and  in  the  last  two  of  equa¬ 
tions  (13).  We  obtain  thus  the  following  relations,  which  are 
applicable  in  practically  all  cases  of  plane  bends  subject  to  heat 
expansion  and  with  immovable  anchorages: 

EIA^ -  -  Py-Qx)ds 

ElfxL^-  j\{H-y){Mo+Py^Qx)ds  (130 

j\{L-x){Mo-¥Py-Qx)ds 

In  these  formulas,  then,  (iL  and  fi//  are  simply  the  numerical 
values  of  the  heat  expansion. 

At  any  point  S  on  the  pipe,  the  ou:tual  displacements  are  found, 
in  accordance  with  (9)  from  the  equation ; 

A*s*A*5'-f-/iJc*  f  ^\Mo+Py-Qx)ds+fixs 

Jo  El 

Sys’^^ys+py--  f  {Mo-^-Py-Qx)ds+iiys 

Jo  El 

When  S  is  moved  to  A  we  have  according  to  (130  A*5— A*^  *0 
and  Ays— Ayx“0- 

The  boundary  conditions  always  furnish  at  least  one  of  the  un¬ 
known  quantities.  If  both  ends  are  fixed  Ai/i^— Ai^^— 0.  If  both 
ends  are  hinged  Afo— 0  and  also  (2*0.  If  one  end  is  fixed, 
the  other  hinged,  it  is  simplest  to  place  the  origin  at  the  fixed 
end,  and  then  Mji  —0.  If  the  pipe  has  an  axis  of  symmetry  both 
as  regards  form  and  mode  of  anchorage,  the  solution  is  simplified. 
For  instance,  if  the  pipe  is  symmetrical  with  respect  to  a  straight 
line  normal  to  OA  and  midway  between  O  and  A,  and  if  both 
ends  are  either  fixed  or  hinged,  there  can  be  no  reaction  forces 
normal  to  OA.  Hence,  if  we  place  OX  along  or  parallel  with 
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OA,  the  Q-forces  will  be  zero,  and  it  is  sufficient  to  deal  with  one 
side  of  the  bend.  This  is  not  the  case  if  one  end  is  fixed  and  the 
other  hinged,  because  then  the  pipe  will  not  deform  symmetrically. 

In  practice  we  meet  a  variety  of  plane  pipe  bends,  but  they 
differ  only  in  form  and  in  the  terminal  conditions.  They  can  all 
be  dealt  with  by  means  of  equations  (13)  and  (130  the  mode 
of  attack  is  not  always  the  same,  and  by  a  proper  location  of 
origin  and  axes  of  coordinates  much  labor  can  often  be  saved. 
The  location  of  the  ends  and  their  mode  of  fixation  usually  govern 
the  treatment;  but  while  in  some  cases  these  features  allow  sim¬ 
plifications,  they  may  in  others  introduce  complications,  which 
may  easily  lead  to  errors.  In  order  to  illustrate  these  points  we 
shall  now  make  a  special  study  of  some  of  the  more  important  or 
frequently  occurring  types  of  pipe-bends,  and  show  how  the 
fundamental  equations  can  be  simplified  in  many  cases. 

3.  Simple  Plane  Bend.  Hinged  at  the  Ends.  Consider  a 
curved  pipe,  represented  in  Fig.  2  by  its  axis  OS\A,  denoted  as 
position  (1).  S'  is  any  point  on  (1)  . 


The  pipe  is  unsymmetrical  in  form  and.  being  hinged  at  both 
ends,  the  reaction  couples  Mq  and  are  equal  to  zero.  The 
length  of  the  pipe  in  direction  of  0  A"  is  OA^L.  The  coordinate 
system  is  placed,  as  shown  in  the  figiu^,  so  that  OX  coincides 
with  OA.  Since  A/o*Af^*0,  the  resultant  reaction  forces  at  0 
and  A  must  act  along  OA  and  it  follows  that  the  Q-iorces  or  reac¬ 
tions  normal  to  OX  must  be  zero.  Thus,  by  placing  OX  through 
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the  end  points,  we  are  left  with  only  one  unknown  reaction.  P, 
and  have 

Mos~Py- 

Substituting  in  the  first  of  equations  (130.  we  find: 


/  Kyds 
EiJo 


which  represents  the  total  rotation  of  the  taagent  at  A  relative 
to  that  at  O,  and  is  the  rotation  at  At  when  the  tangent  at  O, 
denoted  in  Fig.  2  by  OTi,  is  regarded  as  fixed. 

From  the  second  of  equations  (130  we  find,  since  H^O: 


But  the  third  of  equations  (130  does  not  apply,  since  //— 0  and 
therefore  while  the  integral  on  the  right  hand  side  of  the 

equation  is  not  equal  to  zero.  In  fact,  this  integral  according  to 
(13)  gives  the  vertical  displacement  Ay/  and  since  P  is  now 
determined  by  (16),  we*cannot  make  this  displacement  vanish. 
According  to  (13)  A  should  go  to  A\,  so  that  AAt^  Ay/.  Appar¬ 
ently  the  pip>e  will  take  up  position  (2),  following  the  curve  ASjA*. 
\’et  we  know  from  the  physical  conditions  of  the  problem  that  the 
actual  displacement  must  be  equal  to  zero.  This  discrepancy 
is  explained  by  the  fact  that  the  displacement  Ay/  is  fictitious, 
resulting  from  the  artificial  assumption  that  the  tangent  OTi  is 
fixed.  Actually  the  curve  ASjAi  and  therewith  its  tangent  at 
the  origin  will  take  up  such  a  pxssition  that  Aj  falls  in  A.  We 
may  therefore  imagine  the  whole  curve  (2)  to  swing  up,  as  if 
rigid,  imtil  Ai  coincides  with  A.  Then  the  curve  takes  up  piosition 
(3),  OSiA,  which  represents  the  actual  final  pxisition  of  the  pipie 
after  heat  exp}ansion  has  taken  place. 

Equation  (15),  which  gives  the  reaction  P,  is  ordinarily  the 
only  equation  of  practical  impxntance  in  this  pwoblem.  It  is, 
however,  in  some  cases  of  interest  to  know  the  vertical  displace¬ 
ment  at  intermediate  pioints  of  the  pipie,  resulting  from  the  com- 
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bined  effects  of  heat  expansion  and  deformation,  and  we  shall  now 
show  how  this  can  be  found. 

In  swinging  the  curve  from  position  (2)  to  position  (3)  the 
tangent  0T\  goes  to  OTi,  rotating  in  positive  direction  through 
an  angle,  which  we  call  Axffo,  while  the  tangent  at  A  after  rotation 
forms  an  angle  Ax/ia  with  its  original  direction.  Evidently  the  sum 
of  these  angles  is  equal  to  the  total  rotation: 


where  and  Axj/^  are  both  negative,  while  Axjto  is  positive. 

It  is  also  clear  that  the  angle  between  OA  and  OAt  denoted 
by  Ai/h  in  the  figure  is  equal  to  A«^,  and  hence: 

la 


I 


From  the  third  of  equations  (13)  we  find: 


-  f\{L-x)yds 

EIJo 

(16) 

A</»o« 

P 

^jK(L-x}yds. 

(17) 

The  actual  vertical  displacement  at  any  point  5  can  now  be 
found  as  the  algebraic  sum  of  three  quantities,  viz.,  the  fictitious 
displacement  Ay's\  the  displacement  produced  by  swinging  the 
curve  from  position  (2)  to  position  (3)  through  an  angle  Axjto', 
and  the  displacement  directly  due  to  heat  expansion: 

f  K{xs-x)yds+XsAxfto-¥tiy.  (18) 
EIJo 

$ 

In  this  case  as  in  all  the  following,  when  compressive  forces  P 
act  at  the  ends  of  a  pipe,  there  is  at  any  point  S  an  axial  compres¬ 
sive  force  P  cos  ^  and  a  shear  force  P  sin  xft,  where  is  the  angle 
which  the  tangent  at  S  makes  with  OX.  A  similar  remark  applies 
to  Q.  Usually  the  displacements  and  even  the  stresses  due  to 
these  forces  can  be  neglected  except  in  experimental  work. 

When  P  is  found  from  (15),  Ay  can  be  found  from  (18).  The 
same  treatment  is  applicable  in  all  cases  where  both  ends  of  a 


! 
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pipe  can  be  considered  as  hinged.  In  illustration  of  the  method 
we  shall  here  discuss  a  few  simple  cases,  which  can  be  solved 
algebraically  and  which  permit  of  certain  generalizations. 


3a.  Circular  Quarter-Bend  with  Hinged  Ends.  The  force  P  is 
found  from  (15),  in  which  K  can  be  placed  outside  the  integral 
sign  as  it  is  constant.  (See  Fig.  3.)  We  can  here  evaluate  the  in¬ 
tegral  algebraically  and  find; 


.  2EIiiL 

{n-Z)KR* 

At  any  point  the  bending  moment  is  M^Py  and  the  maximum 
bending  moment  is; 


36.  Circular  Quarter-Bend,  Hinged  at  the  Ends,  with  Two 
Straight  Branches  of  Equal  Length.  The  branches  are  generally 
tangents  to  the  ends  of  the  quadrant  and  are  often  referred  to  as 
‘tangents.”  In  many  cases  the  branches  are  very  long  relative 
to  the  radius  of  the  quadrant  and  often  they  are  of  tmeqtial  length. 
We  shall  here  consider  the  case  where  the  branches  are  of  equal 
length,  a. 

In  Fig.  4  the  top  of  the  bend  is  denoted  by  T,  and  OB^  AD^^a. 
The  factor  K  is  unity  for  the  straight  branches  but  has  a  certain 
constant  value  greater  than  one  in  the  bend. 
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The  reaction  P  is  again  found  from  (15),  but  the  evaluation  of 
the  integral  is  a  little  more  laborious. 

In  way  of  the  bend  y—y'  -f-  where  y'  is  the  ordinate 

n/  2 

referred  to  the  chord  BD  as  abscissa  and  is  given  by 


Kfds 


i: 


l2EIfLL 

4a*-  ££(37ra*+6(4-7r)a£-|-6(7r-3)£»l 


(21) 
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The  maximum  bending  moment  is  found  at  T : 


[a+/?(v/2-l)I 


When  the  branches  are  long  relative  to  the  radius  of  the  bends 
these  formulas  can  be  simplified  with  sufficient  approximation. 

When  a  >2/?  we  may  omit  the  last  term  inside  brackets  in  the 
denominator  of  (21)  and  have  thus; 

M  -  l^EIiiL\a^R{s/2-\)] 

V2'[4a*+3aA:/?(rro+2(4-ir)f?]]  '  ^  ^ 

When  0*2/?  and  with  K  *  6,  the  error  of  this  approximation  is 
about  1.5  per  cent. 

When  a>  15  /?  we  may  omit  both  the  middle  and  the  last  term 
inside  brackets  in  the  denominator  of  (21)  and  get  then  the  simple 
expression : 

aV2(4a+3irA:/?) 

When  a*  15/?  and  with  A' *5  the  error  is  again  about  1.5  per 
cent.  Ordinarily  K  is  less  than  5  and  the  error  will  then  be  smaller 
in  either  case. 

3c.  Cast  Right-Angled  Knee  with  Two  Long  Straight  Branches 
of  Equal  Length.  Hinged  at  Ends.  The  angle  at  T  is  assumed 
to  remain  a  right  angle,  and  the  branches,  being  hinged  at  0  and 
A  take  a  slight  curvature,  which  is  greatest  at  the  top.  The 


•  rj>; 
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angular  deflection  of  the  branches  is  greatest  at  O  and  A.  The 
top  point  T  moves  to  V.  The  displacement  A*x'*-/*L  —  -fiav'2 , 
assuming  OT^a.  See  Fig.  5.  We  have  A'— 1  everywhere,  and 
I  is  uniform  except  in  the  knee  where  it  is  much  greater  than  else¬ 
where.  We  disregard  this  irregularity  and  form  the  integral  in 
the  denominator  of  (15)  as  if  I  was  the  same  throughout. 

From  (15): 


W  2  Jo  Jo  2  3  o* 


It  is  seen  that  the  maximum  bending  moment  corresponding  to 
a  given  expansion  is  inversely  proportional  to  the  length  of  the 
branches,  and  this  must  be  true  approximately  also  if  an  ordinari- 
elastic  bend  is  fitted  at  T  instead  of  the  knee,  provided  the  branches  * 

are  long  relative  to  the  radius  of  the  bend.  « 

On  the  other  hand,  when  the  branches  are  long,  TT'  is  consider¬ 
able  and  has  to  be  provided  for  in  the  design  of  the  supports. 

Referring  to  Fig.  5,  assume  the  branches  OT'  and  AT'  to  remain 
straight.  Drop  TB  normal  to  OT',  then  BT'^fta  and  TT'  — 

2,  but  this  is  equal  to  —Ix^,  so  that  the  actual 
displacement  at  the  top  is  equal  to  the  heat  expansion  in  the  hori¬ 
zontal  direction.  The  same  result  would  have  been  found  by  the 
more  complicated  fosmula  (18). 

Actually  the  branches  are  slightly  cur\'ed  and  form  parabolas 
of  the  third  degree. 

Let  the  ratio  between  the  length,  a,  and  the  diameter  of  the 
pipe  be  m : 

a^md; 

then  the  maximum  longitudinal  bending  stress,  which  txxnirs  near 
the  knee  is: 


'  ij  -.  ^  "  .Ik:  . 
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^  SftEd  _  3^  , 
21  2a  2m 


(25) 


that  is,  the  stress  is  inversely  proportional  to  m. 

If  for  instance  the  coefficient  of  expansion  c  — SX!©"^,  and  the 
range  of  temperature  is  760®  F.,  we  have 


/i-8X  10‘*X760  -  6080X  lOA 


Suppose  m»100  and  let  30X10*  Ibs./sq.  in. 
^  3  X  6080  X  30 


200 


'2736  Ibs./sq.  in. 


This  stress  would  occur,  for  instance,  in  a  12-inch  pipe  with 
two  branches  each  100  ft.  long,  but  even  if  the  branches  were  as 
short  as  25  ft.,  the  stress  would  be  only  about  11,000  Ibs./'sq.  in. 
The  displacement  of  T  is:  TT'^fiaV2  ,  which  for  a«100  ft. 
1200  in.  would  make  rr-6080Xl200Xl.414Xl0'*-10."3. 

The  right  angled  bend  with  long  branches  has  the  advantage 
of  small  stresses,  but  on  the  other  hand  it  requires  considerable 
extra  length  of  piping,  which  will  hardly  be  justified  unless  local 
conditions  make  it  necessary  or  desirable  to  adopt  this  type  of 
bend.  It  must  be  noted  also  that  it  requires  intermediate  sup¬ 
ports  especially  designed  to  permit  displacements  in  directions 
oblique  to  the  pipe. 


4.  Simple  Plane  Bend.  Fixed  at  the  Ends.  We  place  again 
OX  along  OA,  because  in  cases  of  symmetry  it  gives  the  simplest 
solution. 

If  the  pipe,  as  here  assumed,  is  unsymmetrical,  there  will  be  a 
tendency  for  it  to  rotate  when  it  expands  by  heating.  This  is 
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counteract^  by  the  couples  Mq  and  and  by  vertical  forces 
Q  at  0  and  —Q  at  A.  See  Fig.  6.  It  will  be  shown  below  that 
only  when  the  pipe  is  symmetrical  with  respect  to  the  middle 
ordinate,  CB,  will  the  Q  forces  be  equal  to  zero.  Taking  moments 
about  any  point,  S,  we  have: 

Ma.s~  -  A/o.s-  -  (Mo+Py-Qx).  (26) 

Ma--{Mo-QL).  (27) 


Since  the  tangents  at  both  ends  are  fixed  in  direction  we  have 
the  total  angular  deflection  equal  to  zero,  whence  from  the 
first  of  equations  (130: 


X 


K(Mo-\-Py-Qx)ds~0. 


(28) 


The  second  of  equations  (130.  when  putting  //  — 0,  gives: 

J  Ky{Mo+Py—Qx)ds.  (29) 


In  this  case  the  fictitious  displacement  as  determined  by 
the  third  of  equations  (13)  must  be  zero,  since  and  the 

fixity  of  the  tangents  at  the  ends  precludes  a  rotation  of  the  pipe 
as  a  whole. 

With  due  regard  to  (28)  we  find: 

f  Kx{Mo+Py-Qx)ds^O.  (30) 


We  now  introduce  the  symbol  A  with  appropriate  suffixes  to 
denote  the  various  integrals  between  the  limits  O  to  A: 


J  Kds’^As, 

J  Kxyds^A, 


J  Kxds^A,,  J  Kyds^A, 

y,  J  Kx^ds-^  A, 3,  J  Kfds^Ay, 


and  substituting  in  the  foregoing  equations  we  have: 
AsMo+AyP-A,Q~0 
AyMoA-AyJP—A^^EIyiL 
AMoA-A^P-AM~0. 


(280 

(290 

(300 


DEFORMATION  OF  PLANE  PIPES 


219 


From  these  equations  the  three  unknown  quantities  P,  Q,  and 
Mo  can  be  found  readily  by  the  methods  of  determinants: 


0 

Ay 

-Ax 

IMq^ 

ElfiL 

Ayt 

-Axy 

0 

Axy 

—  Ax* 

■^5 

Ay 

-Ax 

where  A  — 

Ay 

Ay* 

Axy 

A. 

Axy 

-Ax* 

0 

-Ax 

AP- 

Ay 

ElfiL 

—  Axy 

Ax 

0 

-Ax* 

As 

Ay 

0 

AO- 

Ay 

Ay* 

EIiiL 

Ax 

Axy 

0 

We  write  out  the  complete  solution  for  Q: 
AsAgyEIfiL—AgAyEIfiL^ 


(31) 


(32) 

(33) 


(AsAiy—  AgAy)EI(lL 

—2  - 

Ax{,AfAyi~  AyAg^ 


,  (330 


from  which  it  is  seen  that  G“0  when: 


It  can  easily  be  shown  that  this  relation  holds  only  when  the  bend 
is  symmetrical  about  the  middle  ordinate,  in  which  case: 


J  Kds  Kyds 

J  Kxds  J  Kxyds 


(34) 


the  integrals  being  taken  between  the  limits  0  and  A. 
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4a.  Circular  Quarter-Bend  with  Fixed  Ends.  This  case  is  repre¬ 
sented  in  Fig.  3,  except  that  the  ends  are  here  fixed  instead  of 
being  hinged. 

R  and  K  are  constants,  Q^O,  and  we  have  two  eqtiations  for 
the  determination  of  a  and  P. 

From  (28): 


'Mo 


A 

yds^Q  or  MoA.s-¥PA 


y 


From  (29): 

MoK  ryds-^-PK  Ty^ds-^EIiiL 

Jo  Jo 

or  MoAy-\-PAyt»  ElfiL 


(28") 


(29") 


We  might  also  use  (30): 

Mo  £xds-^-pJ^  xyds  *  0, 


(30") 


but  from  symmetry  (see  (34)),  this  is  identical  with  (28'0-  As 
already  found  in  cases  (3a)  and  (36): 


I 


A 

ds- 


nR 

~2 


■ 


2y/2 


^R*,  r^ds^'^R}, 

2  Jo  2 


and  we  find  from  (28")  and  (29") 

p_  iirEIiiL 

“  (it* -f27r- 16)  a:/?*’ 

- _4(4-ir)EI,iL- 

V  2(ir*+27r-16)A:A*' 


(35) 

(36) 


The  maximum  bending  moment  is  at  the  top  and  is: 

V  2  {ii^+2w- 16)  KR^' 


(37) 


46.  Circular  Quarter-Bend,  Fixed  at  the  Ends,  with  Two  Straight 
Branches  of  Equal  Length.  This  case  is  represented  by  Fig.  4, 
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if  we  imagine  the  ends  to  be  fixed.  Again  Q^O,  and  in  case  36, 
we  have: 


V2 


for  OB  and  y’ 


— =  +y'  for  the  bend. 
V2 


/.R(co,»-i),  A,.J\ 

A,.f\y6s-2j;y6.+  K£[^+y)i: 


2a  +  —  KR, 
2 


2  "^2*^  2 


’'?=RR+  ±:^R-R*. 


2V  2 


As  found  in  case  36 : 

'A 


TTO* 


Kfds^  A'/?+ 

3  4 


(4  —  w)a 


A'/?*+ 


ir— 3 


KR*. 


When  the  values  of  the  A -coefficients  are  calculated,  Mq  and  P 
can  be  found  from  (28")  and  (29"). 

Even  if  the  angle  at  T  is  not  a  right  angle,  and  the  bend  is  not 
circular,  but  provided  symmetry  is  preserved,  we  still  have  (2“0 
and  the  formulas  to  be  used  are  again  (28")  and  (29"):  hut  then 
the  evaluation  of  the  A  coefficients  is  generally  best  done  graphi¬ 
cally  as  explained  in  Section  10. 

4c.  U-Bend  Combined  with  Straight  Parts  and  Branches.  Fixed 
at  Ends.  The  pipe  consists  of  two  long  straight  parts  c  and  d, 
generally  much  longer  than  indicated  in  Fig  7.  An  U-shaped  bend 


is  inserted  consisting  of  four  quadrants  drawn  with  the  same 
radius  R  and  separated  by  straight  parts  of  lengths  6  and  2a. 

This  pipe  does  not  differ  essentially  from  the  general  case. 
The  formulas  (27),  (28),  (29),  (30)  can  be  used  as  they  stand  and 
a  solution  obtained  from  (31),  (32),  (33). 
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We  shall  now  assume  c»d,  in  which  case  the  lay-out  is  sym¬ 
metrical,  the  vertical  reaction  Q— 0  and  the  solution  is  much 
simplified.  We  need  only  deal  with  one-half  of  the  pipe,  and  can 
regard  the  middle  point  of  the  top  branch  as  the  /I -end,  which 
is  fixed  in  direction. 


We  have  then :  —  —  4/iL. 

From  (28)  and  (29): 


which  give: 


Mo  f  Kds+P  f  A'yd5*0; 
Jo  Jo 

^ElfiL^Mo  rKyds+P  f^Ky^ds\ 
Jo  Jo 


AsEIfiL 
2{AsAy,-10  ' 
AyEIjlL  . 

2(,A<iAyl~  Ay^ 

AsEIftL 


Mr 


M„ 


2{AsAy,-Ay*) 


(38) 

(39) 

(40) 


Where  A„  Ay,  etc.,  are  the  integrals  for  one-half  of  the  pipe. 

The  integrals  can  be  evaluated  algebraically,  but  the  solution 
so  obtained  is  cumbrous  even  in  the  case  of  symmetry.  The 
graphical  method  is  believed  to  be  preferable  in  this  case. 


5.  Simple  Plane  Bend  —  Fixed  at  One  End,  Hinged  at  the 
Other.  The  pipe  is  fixpd  at  O,  both  in  location  and  direction,  and 
hinged  at  A.  Under  the  action  of  —P  applied  at  A,  the  pipe  will 
tend  to  move  up  or  down  and  a  reaction  —Q  is  called  forth.  At 
O  we  have  the  forces  +P,  A-Q  and  a  reaction  couple  Mq-  We 
make  Ay.4's0  because  the  tangent  at  O  is  fixed  and  A  remains  in 
OX.  See  Fig.  8. 

At  any  point  S  the  bending  moment  is: 

Mos^Mo+Py-Qx; 
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and  since  A/^  *  0  and  »  //  =  0,  we  have,  taking  moments  about 

A: 

Mo-QL-O  or  Q-^.  (41) 


The  general  equations  (130  become: 


-  £/ai/».4 = ^  -j;^+Py  ]  ^ 

EltiL  -  j\^Moy{\ -|-)+  p/^ds 


The  last  two  of  these  equations  give  Afoand  P,  and  can 
then  be  found  from  the  first  if  desired.  The  solution  requires  the 
integration  of  six  integrals,  but  in  bends  of  simple  form  consisting, 
for  instance,  of  straight  lines  and  circular  arcs  this  may  be  readily 
performed.  When  Mo  is  determined,  Q  can  be  found  from  (41). 
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6.  Simple  Plane  Bend.  Fixed  at  One  End  and  Free  at  the  Other, 
Except  that  it  is  Prevented  from  Moving  Horiz'^ntally.  The  pipe, 
as  shown  in  Fig  9,  is  fixed  at  0,  while  the  i4-end  may  be  imagined 
to  slide  in  a  vertical  guide,  which  prevents  it  from  moving  hori- 
jsontally,  but  |)ermits  rotation  and  vertical  motion.  Hence,  when 
the  pipe  expands  by  heating,  the  only  reaction  called  forth  at  A 
is  a  force  —  P,  while  Q—0  and  Af^  —  O.  Although  H^O,  the 
force  P  will  exert  a  bending  moment  at  the  origin,  because  the 
A-end  will  be  displaced  by  an  amount  which  in  this  case  is 
an  actual  displacement.  The  reaction  couple  at  0  is: 

Mo~-PAyA,  (43) 

and  the  bending  moment  at  any  point  is: 


Ma.s~-  PiyA-  Ay  a)  -  -  Mos- 
From  equations  (13)  and  (13'):* 

ElyiL  -  pj^  K  (y*  -  yAyJ^)ds  -  P{Ayt-  Ay^Ay) ; 
-ElAy^^ 

P  I^K{L-x){y- Ay  A)ds^P(,LAy-LAy  AAs-Ayy-\- Ay  aA^ 


(44) 


•(45) 


From  these  equations  P  and  Ay can  be  found  and  hence  Mo¬ 
lt  is  seen  that  Ay^  is  always  negative.  For  a  pipe  symmetrical 
about  the  middle  ordinate  it  is  found  that: 


A,P-EI 


(46) 


7.  Turbine  Expansion  Bend.  7a.  Both  Ends  Fixed.  This  dif¬ 
fers  from  the  general  case  in  Section  4,  Fig.  6,  only  in  that  the 
pipe  is  of  special  form,  which  renders  it  convenient  to  place  the 
coordinate  axes  parallel  with  the  straight  parts  which  are  at  right 
angles  to  each  other.  See  Fig.  10.  Thus  the  A-end  comes  to  be 
placed  at  a  height  H  above  0.  We  have: 

From  (27): 

Afo.s- A/o-f  Py-Qx ; 

Ma  ~-{MoA-PH-QL). 
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From  (28) 


K{Mo+Py-Qx)ds-‘0. 


The  horiiontal  displacement  is  found  from  (130,  but  in  virtue 
of  (28)  it  reduces  to: 


A'>'(A/o+  Py—Qx)ds. 


Due  to  the  unequal  length  of  the  two  vertical  branches  the 
vertical  displacement  of  A  due  to  heat  expansion  is  not  now  equal 
to  zero.  From  (130  and  (28)  we  find: 


KxiMo+Py-Qx)ds. 


The  various  integrals  are  usually  best  e^'aluated  graphically, 
after  which  P,  Q,  and  Mq  can  be  found  by  the  method  of  determi¬ 
nants  from : 


AsMo-\-A,P-AJ2~0 

A,Mo+AyJ>-AJ2~EIliL  >.  (49) 

AJ^o-^A„P-A^~-EIiiH  ^ 

where  the  A  coefficients  represent  the  integrals  as  defined  in 
Section  4. 
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76.  One  End  Fixed,  the  Other  Hinged.  The  fonnulas  are  the 
same  as  under  Section  5,  except  that  A/^is  now  equal  to  —ElfiH, 
which  is  not  equal  to  zero. 

7c.  Both  Ends  Hinged.  The  simplest  solution  is  obtained  by 
placing  the  axis  of  OX  through  OA  as  in  Section  3,  in  which  case 
the  formulas  (16)  to  (18)  can  be  applied  as  they  stand. 

8.  Of  set  Bend  with  Long  Branches.  In  some  cases  it  may  be 
conveneient  for  local  reasons  to  offset  the  pipe  as  indicated  in 
Figs.  11,  12,  and  13,  so  that  it  comes  to  extend  on  both  sides  of 
the  line  connecting  the  anchorages  O  and  A.  The  pipe  may  be 
hinged  or  fixed  at  the  ends,  but  in  no  case  does  it  differ  essentially 
from  cases  3  an!d  4  discussed  above.  There  are  however  certain 
peculiarities  in  this  type  of  bend,  which  make  it  worth  while  to 
consider  it  separately. 

In  Fig.  11  such  a  bend  is  shown  in  its  most  general  form,  the 
angles  at  the  bends  being  unequal  and  different  from  a  right  angle 


and  the  general  form  unsymmetrical.  In  Figs.  12  and  13,  given 
below,  the  bends  are  both  right  angled  and  of  the  same  radius, 
and  the  pipe  is  designed  so  as  to  be  symmetrical  about  a  middle 
point  C  on  the  line  OA.  The  bends  are  denoted  by  DiDDj  and 
EiEEt.  From  symmetry’  it  follows  that  C  is  midway  between  D* 
and  El. 

The  formulas  here  given  hold  good  whether  the  pipe  is  sym¬ 
metrically  arranged  or  not,  but  when  the  cross  branch  is  nearer 
one  end  of  the  pipe  than  the  other  and  when  C  is  not  in  the  middle 
of  DE,  in  fact,  in  any  case  of  unsymmetiy’,  the  whole  pipe  will 
generally  tend  to  move  out  to  dne  side  or  the  other.  This  is  unde¬ 
sirable.  since  in  that  case  the  supports  of  the  pipe  must  be  so 
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ilesigned  as  to  allow  perhaps  considerable  motion  in  directions 
normal  to  OA.  A  symmetrical  arrangement  or  one  approaching  it 
should  therefore  be  adopted  if  practicable. 

8a.  Both  ^nds  Hinged.  It  is  assumed  then  that  OC— 

that  the  bends  at  D  and  E  are  right-angled  and  circular  of  the 
same  radius  R\  and,  further,  that  C  is  midway  between  the  two 
bends.  See  Fig.  12.  The  only  external  forces  are  +P  acting  at 
O  and  —P  acting  at  A,  both  acting  along  OA,  and  it  follows  that 
the  bending  moment  at  C  is  zero,  so  that  C  is  a  point  of  inflection. 
When  the  pipe  expands  due  to  heating,  the  line  Dt  E\  will  rotate, 
but  C  will  remain  in  the  same  position. 

As  in  the  single  bend,  case  3,  we  have  Mos^Py  buty  may  be 
here  positive  or  negative.  The  thrust  is  found  from : 


If  we  want  to  find  the  vertical  deflection  Ay  at  D  and  E,  it  is 
in  the  case  of  synumetry  simply  equal  to  one-half  of  the  expansion 
of  a  pipe  of  length  equal  to  the  vertical  projection  of  DE. 


86.  Both  Ends  Fixed.  We  place  the  coordinate  axes  so  that 
the  long  branches  are  parallel  to  OA'  and  the  cross  branch  parallel 
to  O  Y.  The  formulas  which  are  given  below  would  hold  also  if 
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the  X  axis  had  been  placed  along  OA  as  in  case  (a),  but  the  cal- 
cxilation  is  somewhat  simpler  with  the  proposed  arrangement.  See 
Fig.  13. 

Taking  moments  about  0; 

MoA-MaA-PH-QL~0.  ' 

From  symmetry  must  be  of  the  same  magnitude  and  sign 
as  Mo' 

2Mo-\-PH-QL-‘0.  (50) 

With  the  convention  that  the  counter  clockwise  direction  is 
positive,  Mq  and  will  be  negative  as  the  figure  is  drawn. 

The  three  fundamental  equations  are  the  same  as  (49)  for  the 
turbine  bend,  case  7 ;  and  we  have  thus  with  (50)  altogether  four 
equations  for  the  determination  of  Mq,  P,  and  Q,  but  the  first 
of  (49)  is  evidently  the  same  as  (50)  when  multiplied  by  a  suitable 
factor.  Hence: 


2_ 


A,  A, 


(51) 


furnishing  two  relations  between  the  integrals: 

A,’^  —As  and  Ay^  —  As- 
2  "^2 

Thus  we  obtain  from  (49)  the  following  three  eqviations: 


2A/o+//P-IQ-0 
AyMo+AytP—Ayj/Q^EIflL  .  >  , 
AJUo-^-A^P-A^^-EIfiH  ^ 


(52)  . 


which  can  be  readily  solved  by  the  method  of  determinants. 


9.  The  Lyre-Shaped  Bend.  The  bend  consists  of  four  circular 
arcs  as  shown  in  Fig.  14;  the  two  upper  of  radius  Rt,  referred  to 
collectively  as  (1),  the  lower  of  radius  /?*  referred  to  as  (2).  The 
angles  covered  by  the  arcs  are  and  respectively.  The  total 
height  of  the  bend  is  H  and  the  height  of  Ci,  the  center  of  arc 
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9a.  Both  Ends  Hinged.  For  convenience  we  place  the  origin 
at  0,  where  the  tangent  remains  in  the  same  direction.  The  axes 
OX  and  O  Y  are  placed,  as  shown  in  the  figure.  Since  the  bend 
and  the  reactions  are  symmetrical  with  respect  to  O  V,  we  need 
only  deal  with  one-half  of  the  bend,  and  consider  the  part  OA. 

When  the  pii)e  expands,  a  reaction  force  —P  will  be  created 
at  A  and  a  force  -f-P  at  the  other  end  B.  At  O  a  stress  force 
—  P  is  exerted  by  the  part  P  O  on  OA  and  there  is  also  a  stress 
couple  Mo,  but  no  shear  force.  No  vertical  or  Q-forces  act  at  the 
ends. 

The  displacement  Ax  4'  as  determined  by  the  formula  (13)  is 
equal  to  one-half  of  the  total  heat  expansion  in  horizontal  direc¬ 
tion: 


K{H-y){Mo-^Py)ds 
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but  since  A/^  »0  we  have  Afo*  —  PH  and 

Mos~Mo+Py~-P{H-y) 


■L 


(53) 


2  /  K{H-yYds 


The  rotation  of  the  tangent  at  A,  neglecting  the  rotation  caused 
by  heat  expansion,  is  from  (130 


‘  EiJo 


K{H-y)ds. 


(54) 


The  vertical  displacement  is  the  algebraic  sum  of  the  dis¬ 
placement  due  to  the  action  of  P  and  that  due  to  heat  expansion : 


^yA’-^yA  ■\-tt-H~  K  -^{H-y)ds-\-iiH. 


(5.5) 


Actually  the  base  line  A  5  is  fixed  and  O  will  move  relative  to 
AB  by  the  same  amount  but  in  opposite  direction. 

The  integrals  may  be  evaluated  algebraically  without  difficulty, 
but  the  expressions  are  not  very  simple. 

For  arc  (1): 


y*/?i(l— cos »/») 

X  *■ /?i  sin  </» 

For  arc  (2) : 

y  “ // — f?i(l  —  cos  «/») 

/?!  sin  </» 

We  find  on  substitution  in  (54) : 


//— y—di-f /?!  cos  i/i; 

—  —X*  —  —R\  sin  \Ii. 
2  2 


//— y*/?j(l— cos  i/»); 

— — x’^Rt  sin  li. 

2 


Tri  +  sin  i/»i)+  A',f?i*(i/>,-sin  i/i*)] 

El 

jT  A'(  //  —y)*ds  -  KiRt  (di*i^-f  i  + J  Ai*  sin  i/«i  cos  %lh+2diRi  sin  i/»0 
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P> 


+  sin  i/h  COS  sin  i/t,  ^  (540 

ElfiL 


Ari/?)(2<ii*i/»i  +  Pi*i^j  +  /?i*  sin  i/»i  cos  i|»i+4cii/?i  sin  i/h) 

4“  sin  xjtj  cos  sin 

(56) 

In  the  simple  U-bend  where 

Ai*  A^i*  /C;  di*Aj 

we  find 

p^.ELtL  .  (560 

37rA'A* 

96.  Both  Ends  Fixed.  We  refer  again  to  Fig.  14.  where  in  this 
case  terminal  couples  A/^  and  Mg  exist  at  A  and  B. 

Again,  by  symmetry  there  can  be  no  (2  forces. 

From  (130  since 


[*K(Mo-\-Py)ds~Q  or  Mo~-^P. 
Jo  A, 

From  ( 130  and  in  virtue  of  (57) 

\EIfiL^‘  J  Ky(M()A-Py)ds. 

Substituting  for  Mq  from  (57)  and  solving  for  P: 

p_  EIpLA, 

2iA*A^-T^  ’ 

,  EIpLAy 

.  .  Afo* - ; 

2(A,A^-a7) 


A/4--(Afo+PP)- 


EIpL 


2(AA^-Ay) 

For  the  simple  U-bend  we  have: 


(Ay-  HAX 


Af^irKR,  A,*irA'P*,  Ayt^—irKR*; 
.  p.EIpL, 

ttKR*  ’ 


(57) 


(58) 

(59) 

(60) 


(580 
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SO  that,  in  order  to  absorb  a  given  expansion  in  such  a  bend  with 
fixed  ends,  there  is  required  three  times  as  great  a  thrust  as  when 
the  ends  are  hinged. 

9c.  One  End  Fixed,  the  Other  End  Hinged.  It  is  here  convenient 
to  place  the  origin  at  the  fixed  end,  since  the  deformation  of  the 
bend  is  not  symmetrical.  See  Fig.  15.  The  /l-end  is  forced  to 
remain  on  OX  and  we  must  therefore  introduce  a  restraining 
vertical  force  Q.  The  deflection  will  not  be  equal  to  zero. 
We  have: 


but  since 


we  have 


Mos-Mo+Py-Qx, 

Mji »  0  and  //  “  ^,4  =  0, 

Af^-Afo-QL-O. 

Mo^QL 


V 

_ _ X 

A 


From  (130 


EIfiL~J)<  ^Moy(l-i^+Pf^ds 

EIfiH~  J*K{L-x)^Mo(^l-^^+Py'^ds~0 
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For  the  simple  U-bend  we  find: 

lA4jrKR*  ' 


(63) 


which  is  intermediate  in  value  between  that  for  hinged  ends  and 
that  for  fixed  ends. 


9d.  One  End  Fixed,  the  Other  End  Free  to  Move  Vertically. 
This  is  case  6  and  the  equations  are  the  same  as  (44)  and  (45). 


10.  Graphical  Method  of  Calculation.  The  solution  of  the  funda¬ 
mental  equations  (130  depends  on  the  evaluation  of  one  or  more 
integrals.  In  many  cases,  as  where  the  pipe  is  straight  or  bent 
to  circular  arcs,  the  integration  can  be  most  readily  performed 
algebraically  as  in  3a,  36,  4a.  46  above,  but  often  the  algebraic 
method  is  inaccurate  or  too  laborious,  and  in  k«ne  cases  even 
quite  inapplicable.  It  is  then  necessary  to  resort  to  graphical 
integration,  which  indeed  can  be  applied  in  all  cases. 

Consider  an  integral  such  as: 

Ay,  » 

In  order  to  evaluate  this  integral,  calculate  the  expression  A'y* 
under  the  integral  sign  for  a  number  of  points  on  the  axis  of  the 
pipe,  assig^ng  to  A'  and  y  their  proper  values  at  each  point.  The 
quantities  so  obtained  are  plotted  as  ordinates  on  the  developed 
girth  of  the  axis  of  the  pipe  as  abcissae.  The  area  under  the 
curve  may  now  be  measured  with  any  integrating  instnunent  and, 
after  multiplication  with  an  appropriate  scale  factor,  it  will  give 
the  value  of  the  integral.  We  reproduce  here  as  illustration  the 
calculation  for  the  deflection  of  a  lyre-shaped  pipe  bend,  taken  from 
the  1926  paper.  The  bend  was  presented  to  the  Institute  by  the 
Walworth  Manufacturing  Company  and  was  tested  to  a  load  of 
1200  lbs.  It  was  so  supported  that  it  could  be  regarded  as  hinged 
at  both  ends.  The  deflection',  denoted  by  2Axjr  for  the  whole  bend 
was  calculated,  as  clearly  shown  in  Table  IV  of  that  paper  here 
appended,  from  the  formula: 

P  f 

rt  A  *  I  rr  J- 
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This  will  be  found  to  be  identical  with  (53)  of  this  paper,  bear¬ 
ing  in  mind  that  the  integration  extended  over  both  sides  of  the 
bend,  because  they  were  not  exactly  symmetrical.  It  will  be 
noticed  that  K  varies  from  point  to  point  due  to  changes  in 
curvature.  The  integral  was  evaluated  by  integration  of  a  curve 
for  K(H  —  yy  shown  in  Fig.  16  to  a  reduced  scale.  The  scale  of 

FIG.  »6. 


AMA  uMOcm 


- — - - 

or  NtWTIKM.  A»tS 


MTCOIIATION  or  CUMVC  .OT  POO  •AAPHICAL  COMTUTATION  Or  (OXV 

ro«* 

THE  VyALWORTH  PIPE  BEND 

abcissae  was  1  in.  =  8  in.  and  the  ordinates  were  plotted  to  a 
scale  1  in.  ■>=  2,000lrr*  The  area  of  this  curve  was  found  to  be 
112.0  sq.  in.  and  as  each  square  inch  has  a  value  of  8  X  2,000  = 
16,000  in.®,  the  displacement  was 


112.0X16,000= 


29X10*X27.17 


X 1792X10*  =  2.73  in. 


In  further  illustration  of  the  graphical  method  we  give  the  cal¬ 
culation  for  an  of  set  bend  hinged  at  both  ends,  similar  to  that 
discussed  under  8a. 

The  pipe  is  of  10  in.  nominal  diameter  and  its  section  has  a 
moment  of  inertia  of  211  in.^  The  general  dimensions  are  as  giv'en 
in  Fig.  17.  Since  the  pipe  is  symmetrical  about  C,  we  need  only 
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make  the  calculation  for  one-half  of  its  length.  The  value  of  K 
for  the  quarter  bends  at  D  and  E  was  found  to  be,  A'— 1.39. 
The  coefficient  of  expansion  was  taken  to  be  c  —  SXlO"*  and  the 
range  of  temperature  7*760®  F.  Thus: 

-  8  X 10  X  760^  *  6080 X  lO*^. 

Since  Z,»1790  in.,  we  find:  /j.L*10.9  in.  for  the  whole  pipe 
from  O  to  A. 


The  modulus  of  elasticity  was  taken  £*30X  10*  Ibs./sq.  in. 

The  formula  to  be  used  is  (15):  > 


p_  ElfiL 

J  Kfds 

The  following  table  gives  the  calculation  for  the  section  ODC. 


0 


0 


Calculation  for 


All  Dimensions  are  in  Inches 


Point 

s 

y 

y* 

K 

Ky* 

0 

0 

0 

0 

1 

0 

B 

420 

<  145 

21,0.30 

1 

21  (KX) 

I 

630 

217 

47,090 

1 

47,100 

D, 

76H 

263 

69,170 

1 

69.200 

D, 

768 

26:i 

69,170 

1.39 

96,100 

F 

795 

270 

72.900 

1.39 

101,300 

D 

825 

262 

68,640 

1.39 

95,400 

G 

85:i 

246 

60,510 

1..39 

84,100 

D, 

881 

222 

49,280 

1.39 

68..500 

Di 

881 

222 

49,280 

1 

49,300 

H 

964 

145 

21,030 

1 

21,000 

C 

1,118 

,0 

1 

0 

1 

0 
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It  will  be  noticed  that  for  the  points  A  and  D*.  at  the  transition 
between  the  straight  and  the  curved  parts,  two  values  of 
are  given  for  each  of  these  points.  The  curve  for  A'y*  here  takes 
a  vertical  rise,  providing  thus  in  an  approximate  manner  for  the 
change  in  curvature. 

Fig.  18  shows  the  curve  for  AV-  ’The  abcissae  represent  s, 
the  girth  of  the  pipe  along  the  axis,  to  a  scale  of  1"  — 200  in.,  and 
the  ordinates  represent  AV.  plotted  to  a  scale  of  1"*  20,000  in.* 
Thus  the  value  of  one  square  inch  of  the  area  of  the  curve  is 
4  X  lO’lrT.®  This  area,  which  represents  the  value  of  the  integral 
for  one-half  of  the  pipe,  was  found  to  be  8.14  sq.  in. 

Hence  the  value  of  the  integral  for  the  whole  pipe  is: 

-  2  X4  X  10«X  8. 14  -  65. 1 X  10‘TS;* 

p.30>a0«X21lXl0.9,^^,^^ 

65.1X10* 
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All  other  intejirals  can  be  dealt  with  in  the  same  manner  with¬ 
out  difficulty,  but  it  must  be  admitted  that  in  long  and  involved 
pipe  lines  such  as  occur  in  many  modem  plants,  the  work  may 
become  very  lengthy.  Such  pipe  lines  must  be  divided  by  anchor¬ 
ages  into  a  great  number  of  sections,  each  of  which  may  constitute 
a  separate  problem.  For  this  reason  it  is  highly  desirable  that 
methods  should  be  devised  by  which  results  can  be  obtained  more 
readily  and  quickly. 

11.  Other  Methods  of  Solution.  Several  methods  for  shortening 
the  work  are  available,  but  none  of  them  have  yet  been  fully 
developed. 

a.  A  summary  of  formulas  for  bends  of  simple  geometrical 
forms  such  as  exemplified  in  Sections  3  and  4.  Several  attempts 
have  been  made  in  this  direction, *  some  of  them  very  elaborate 
and  complete  in  their  respective  fields. 

b.  Preparation  of  curves  and  tables  covering  a  wider  field  of 
bends. 

c.  Model  experiments.  Mr.  S.  S.  Sanford*  has  made  experiments 
on  models  of  pipe  bends  of  simple  shape  made  up  of  straight 
pieces  of  tubing,  and  the  results  were  in  close  acc9rd  with  the 
calculated  results.  He  has  given  formulas  and  rules  for  converting 
the  forces,  moments,  and  deflections  obtained  in  model  tests  into 
the  corresponding  values  for  full-size  installations.  Such  experi¬ 
ments  seem  ver>'  promising,  and  may  perhaps  offer  the  only  prac¬ 
ticable  solution  of  a  very  difficult  problem,  viz.,  the  design  of  pipe 
bends  in  three  dimensions,  which  are  quite  common  and  often 
unavoidable.  The  author  has  attempted  to  deal  mathematically 
with  such  bends,  but  due  to  the  fact  that  both  torsion  and  bending 
are  inv'olv'ed,  the  calpulations  become  very  lengthy  and  difficult, 
and  apparently  unsuitable  for  practical  purposes. 

*S.  Crocker  and  S.  S.  Sanford:  “The  Elasticity  of  Pipe  Bends,”  Am.  Soc. 
Mech.  Eng.,  1922. 

A.  M.  Wahl:  “Stresses  and  Reactions  in  Expansion  Pipe  Bends,”  American 
SocieW  of  Mechanical  Engineers,  1927. 

J.  R.  Finniecome:  “The  Flexibility  of  Plain  Pipes,”  The  Metropolitan- 
V'ickers  Gazette,  Jan.  to  May,  1928. 

■  See  discussion  of  Mr.  Wahl’s  paper  referred  to  above. 


FURTHER  RESEARCH  ON  PIPE  BENDS 
By  Prof.  William  Hovgaard 

A.  Introduction 

This  communication  may  be  regarded  as  the  second  part  of  a 
paper  of  which  that  published  in  the  Journal  of  Mathematics  and 
Physics,  October,  1928,*  was  the  first  part,  both  being  a  con¬ 
tinuation  of  that  published  in  this  Journal  in  1926.* 

In  Chapter  B  is  given  a  discussion  of  the  stresses  and  strains  in 
pifie  bends.  New  formulas  are  developed  by  which  the  inter¬ 
action  between  the  longitudinal  and  the  transverse  strains  is 
taken  into  account. 

Chapter  C  contains  a  description  of  tests  made  under  the 
author’s  guidance  at  the  Massachusetts  Institute  of  Technology 
by  student  officers  in  the  course  of  Naval  Construction.  The  first 
and  major  set  of  tests  was  made  in  the  early  part  of  1928,  and  a 
second  set  in  October,  1928. 

Chapter  D  gives  an  analysis  of  the  tests,  comprising  curves  and 
tables  which  facilitate  a  general  survey  of  the  results.  It  also  con¬ 
tains  a  description  and  discussion  of  the  Luders’  lines  which  ap¬ 
peared  on  the  surface  of  the  pipes. 

Chapter  E  gives  a  discussion  of  the  strength  of  pipe  bends, 
applying  the  modem  theory  on  this  subject  to  the  tests. 

Chapter  F  gives  siunmary  and  conclusions. 

It  is  necessary  in  order  to  make  this  piaper  fairly  independent 
of  the  1926  paper  to  explain  briefly  the  principal  points  in  the 
latter.  This  was  done  also  in  the  first  1928  paper,  frc»n  which 
the  following  is  extracted. 

Summary  of  the  1926  Paper.  When  a  ctirved  pipe  is  subject 
to  bending,  the  circular  section  tends  to  take  a  flattened  oval 
form,  whereby  the  stresses  in  the  material  farthest  from  the 
neutral  axis  are  relieved.  The  stresses,  instead  of  following  the 

1  Defomuition  of  Plane  Pipes,  Journ.  of  M.  &  P,  V<rf,  VII,  No.  3,  October 
1028,  hereafter  referred  to  as  the  “first  1928  paper.” 

•  “The  Elastic  Deformation  of  Pipe  Bends,'’  Joum.  of  M.  &  P.  Vol.  VI,  No. 
2,  November  1926,  hereafter  referred  to  as  “the  1926  paper." 
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usual  linear  law,  will  be  so  distributed  as  to  have  their  maximum 
values  nearer  to  the  neutral  axis,  and  the  angular  deflection  of 
the  bend  will  be  much  increased  before  equilibrium  with  a  given 
bending  moment  is  established.  This  was  pointed  out  already  in 


Ittll  by  I)r.  V.  Kamuui*  who  developed  formulas  for  the  aug- 
RMfitcd  dedartmia.  These  fommlas  rcnwhicd  unronfinned  for  a 
mmher  at  yean  and  weie  hy  some  contestsd,  hy  othcn  ignored. 
•  nrnmkt.  Vmmtmm  Dmitmtkm  li^wUeew.  Itll,  Val  U,  pg.  ItM. 
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In  the  1926  paper  the  author  proved  the  correctness  of  Karman’s 
formulas  by  an  entirely  different  method  and  published  the  results 
and  an  analysis  of  a  series  of  tests  made  at  the  Massachusetts 
Institute  of  Technology.  This  analysis  as  well  as  that  of  tests 
previously  made  by  Professor  Bantlin  of  Stuttgart,  fairly  con¬ 
clusively  confirmed  the  theory. 


The  following  notation,  which  was  used  in  the  first  paper,  will 
also  be  used  here  (see  Fig.  1  and  2) : 

Af  —  bending  moment. 

radius  of  curvature  of  axis  of  pipe. 

2h  «  wall  thickness  of  pipe. 

radius  of  the  middle  surface  of  the  pipe  wall. 

# wangle  which  a  radius  of  the  transverse  section  forms  with 
OX  (Pig.  2). 

/  ■  moment  of  inertia  of  the  area  of  the  transverse  section  of  the 
pipe  wall  about  the  neutral  axis. 

£  •  modulus  of  electricity. 
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usual  linear  law,  will  be  so  distributed  as  to  have  their  maximum 
values  nearer  to  the  neutral  axis,  and  the  angular  deflection  of 
the  bend  will  be  much  increased  before  equilibritun  with  a  given 
bending  moment  is  established.  This  was  pointed  out  already  in 

na.i. 


1911  by  Dr.  v.  Karman*  who  developed  formulas  for  the  aug¬ 
mented  deflections.  These  formulas  remained  imconfirmed  for  a 
number  of  years  and  were  by  some  contested,  by  others  ignored. 
sZeitachr.  Vereines  Deutscher  Ingenieure,  1911,  Vol.  55,  pg.  1889. 
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In  the  1926  paper  the  author  proved  the  correctness  of  Karman’s 
formulas  by  an  entirely  different  method  and  published  the  results 
and  an  analysis  of  a  series  of  tests  made  at  the  Massachusetts 
Institute  of  Technology.  This  analysis  as  well  as  that  of  tests 
previously  made  by  Professor  Bantlin  of  Stuttgart,  fairly  con¬ 
clusively  confirmed  the  theory. 


//cj.  z 


The  following  notation,  which  was  used  in  the  first  paper,  will 
also  be  used  here  (see  Fig.  1  and  2) : 

Af  — bending  moment, 
f?— radius  of  curvature  of  axis  of  pipe. 

2h  “  wall  thickness  of  pipe, 
f —radius  of  the  middle  surface  of  the  pipe  wall. 

9  — angle  which  a  radius  of  the  transverse  section  forms  with 
OX  (Fig.  2). 

I —moment  of  inertia  of  the  area  of  the  transverse  section  of  the 
pipe  wall  about  the  neutral  axis. 

E  —  modulus  of  electricity. 
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(hjt  -  angle  of  a  small  arc  of  the  pipe  axis  comprised  between  two 
consecutive  transverse  sections  (Fig.  1). 

» the  change  in  consequent  on  the  flexural  strain. 

5  —  the  length  or  girth  of  the  axis  reckoned  from  some  point  of 
reference  to  the  section  under  consideration,  ds^Rd^. 


According  to  the  ordinary  approximate  theory  we  have: 


Adili  MR 
— i  a» -  or 

El 


(1) 


which  are  the  formulas  commonly  used  for  curved  bars.  In  the 
192()  paper  it  was  shown  that  due  to  flattening  of  the  section  the 
angular  deflection  of  an  elemental  piece  of  a  curved  pipe  was 
actually 


where  A'* 


d^ 

4S/i»A*+10r^ 
'4Hh^R^+r*'  ' 


.  , ,  KM. 

or  - ds 

El 


(2) 

(3) 


The  value  of  this  coefficient  depends  on  the  relative  values  of 
h,  r  and  R.  Karman  put  2/iA/r*“  X  which  makes: 


j^,_12X»-t-10 

*12X»+r* 


(4) 


The  factor  K,  which  is  greater  than  one,  has  the  same  effect  as 
if  the  bending  moment  were  increased;  it  varies  from  unity  in 
straight  pipes  to  4  or  5  in  pipes  bent  to  a  sharp  curv’e.  It  occurs 
as  a  simple  factor  in  the  expressions  for  the  longitudinal  and 
transverse  stresses  pi  and  pt  and  in  the  displacements  of  the  end 
of  the  pipe  due  to  ;ts  deformations.  It  might  also  be  regarded  as 
associated  with  the  moment  of  inertia,  reducing  the  latter  to  1/  K. 

In  the  tests  on  pipe  bends  carried  out  at  the  Massachusetts 
Institute  of  Technology  in  1926,  strain  measurements  of  the  pipe 
wall  were  carried  out  for  the  first  time  and,  as  explained  in  that 
paper,  showed  a  close  agreement  with  the  formulas. 

It  was  shown  also,  both  theoretically  and  experimentally,  that 
the  transverse  stresses  occurring  at  the  ends  of  the  major  and 
minor  axes  of  the  deformed  transverse  section,  might  under  cer- 
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tain  circumstances  be  much  greater  than  the  longitudinal  stresses, 
a  fact  which  had  not  hitherto  been  taken  into  account. 

Two  bends  were  tested  and  one  of  these,  a  six-inch  lyre-shaped 
bend,  was  used  again  in  recent  tests,  October  1928,  which  will  be 
described  below. 

Other  Investigations.  It  is  of  interest  at  this  point  to  give  a 
brief  account  of  the  work  done  in  this  held  by  certain  other  inves¬ 
tigators  since  the  publication  of  the  1926  paper. 

In  a  paper*  presented  to  the  American  Society  of  Mechanical 
Engineers  in  1927,  Mr.  A.  M.  Wahl  gave  formulas,  tables  and 
diagrams  facilitating  the  determination  of  the  forces  and  couples 
produced  at  the  hxed  ends  of  pipe  bends  of  various  standard  forms 
when  subject  to  a  rise  in  temperature.  In  the  analysis  he  made 
use  of  the  maximum-shear  theory,  according  to  which  the  strength 
depends  on  the  value  of  the  maximum  shear  stress.  It  follows 
from  this  theory  that  the  difference  between  the  algebraically 
greatest  and  smallest  of  the  principal  stresses,  which  he  called  the 
equivalent  stress,”  p,,  must  not  exceed  a  certain  value.*  The 
longitudinal  and  transverse  stresses,  p\  and  pt.  of  which  the  latter 
occurs  on  every  radius  both  as  a  positive  and  a  negative  quantity, 
are  assumed  to  be  the  principal  stresses: 

p4~pi-pt  (5) 

Mr.  Wahl  showed  how  to  find  the  maximum  values  of  p,  and 
simplified  the  calculations  by  expressing  the  equivalent  maximum 
stress  in  terms  of  the  ordinary  maximum  longitudinal  stress, 
applying  to  the  latter  a  coefficient  a.  He  wrote: 


The  factor  a  was  plotted  as  ordinates  in  a  diagram  on  Karman’s 
coefficient  X  as  abscissae.  The  equivalent  stress  shows  a  maxi- 
mtun  at  some  point  not  far  from  the  neutral  axis  and  other  maxima 
or  extremes  at  the  top  and  bottom  of  the  section,  all  of  which 
may  be  much  in  excess  of  the  maximum  values  of  the  longitudinal 
and  transverse  stresses  considered  apart.  Wahl  proposed  the 

^  "Stresaes  and  Reactions  in  Expai^on  Pipe  Bends." 

*  This  must  not  be  confounded  with  the  ‘‘equivalent  stress"  as  defined  in 
this  paper.  Chapters  B  and  E. 
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tise  of  the  equivalent  stress  as  a  criterion  for  strength,  but  it  is 
to  be  noted,  first,  that  the  expressions  for  the  longitudinal  and 
transverse  stresses  used  by  Wahl  are  incomplete,  since  no  account 
is  taken  in  them  of  the  transverse  and  longitudinal  strains  respec¬ 
tively,  a  remark  which  will  be  fully  explained  in  the  next  chapter. 
Second,  as  explained  in  Chapter  E,  it  is  doubtful  whether  the 
equivalent  stress,  even  when  calculated  from  the  complete  formu¬ 
las  given  below,  (20)  and  (21),  can  be  used  as  a  criterion  of  strength 
on  account  of  the  local  nature  of  the  transverse  stresses. 

Wahl  showed  that  the  steam  pressure  in  a  pipe  does  not  reduce 
the  flattening  of  the  pipe  section  materially. 

Wahl  made  some  tests  on  U-shaped  bends  of  pipes  of  1  and 
2-in.  diameter  and  found  a  good  correspondence  between  the 
observed  deflections  and  those  calculated  under  inclusion  of  the 
factor  K. 

Finally  shall  be  mentioned  a  series  of  articles  by  an  English 
engineer,  Mr.  J.  R.  Finniecome,  which  were  published  recently.* 
Finniecome  analyzed  the  tests  made  by  Bantlin,  by  Crocker 
and  Sanford,  and  also  those  made  by  the  author  in  1926.  He 
made  an  elaborate  analysis  of  .the  stresses  including  a  study 
of  the  equivalent  stress,  based  on  the  shear  stress  theory.  He 
concluded  that  the  actual  deflection  and  stresses  ‘agree  very 
closely  with  the  formulas  presented  by  Karman  and  the  author, 
and  recommended  that,  as  proposed  by  Mr.  Wahl,  the  design 
of  steam  piping  should  be  based  on  the  “equivalent  stress,” 

B.  The  Stresses  and  the  Strains 

In  the  1926  paper  no  attempt  was  made  to  take  account  of  the 
interaction  between  the  longitudinal  and  transverse  stresses  as 
determined  by  Poisson’s  ratio,  because  the  transverse  strain 
measurements  were  very  uncertain,  but  in  the  tests  here  described 
a  method  was  devised  by  which  the  transverse  strains  could  be 
obtained  about  as  accurately  as  the  longitudinal  strains.  Thus  it 
became  possible  to  make  a  more  accurate  analysis  in  which  the 
combined  transverse  and  longitudinal  strains  and  stresses  were 

•  ‘‘The  Flexibility  of  Plain  Pipes,”  The  Metropolitan  Vickers  Gazette;  Janu¬ 
ary  to  May  1928,  afterwards  reprinted  in  the  London  ‘‘Engineer,”  and  in 
Metropolitan  Vickers  Ciixnilar  No.  1440/9-1,  J«ily  1928. 
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used,  and  we  shall  now  develop  the  requisite  formulas  for  this 
ptupoae. 

We  assume  that  a  plane  stress  exists  in  the  wall  of  the  pipe, 
since  there  was  no  radial  stress,  Pt,  in  the  experiments,  but  the 
corresponding  strain  Ci  is  not  equal  to  zero  and  is  taken  into 
account. 

It  is  ftulher  assumed  that  the  longitudinal  stress  pi,  the  trans¬ 
verse  stress  Pt,  as  well  as  the  radial  stress  Pt  are  principal  stresses. 
This  is  strictly  true  only  in  the  section  at  the  top  of  the  bend, 
where  the  end  forces  P,  which  produce  the  bending,  are  normal, 
so  that  no  shear  forces  act  in  the  plane  of  the  section.  It  is  tqjprox- 
imately  true  for  sections  near  the  top  of  the  bend;  but  nearer  the 
ends,  where  the  direction  of  the  P  forces  is  more  nearly  tangential 
to  the  sections,  the  assumption  is  permissible  only  when  these 
forces  are  relatively  small.  In  practice  this  is  generally  the  case, 
and  even  in  the  tests  of  the  QV^in.  and  the  14-in.  pipe  bends 
here  analyzed,  where  the  forces  applied  Were  unusually  great,  the 
shear  stresses  were  small.  The  analysis,  moreover,  was  restricted 
to  sections  at  or  near  the  top  of  the  bends. 

We  refer  to  the  notation  given  in  Chapter  A  and  to  the  1926 
paper.  From  the  Theory  of  Elasticity  we  know  that  the  principal 
stresses  pi,  pt  and  Pi  are  connected  with  the  principal  strains  by 
the  formulas: 

f9%E 

where  e»€i-|-€i-l-€|  and  (7* - - 

2(m-|-l) 

Sintx  the  radial  stress  Pi  is  equal  to  zero,  it  follows  frcsn.  the  last 
of  equations  (6)  that 


*rf<» 

n-1 
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and  substituting  in  the  two  first  ot  equations  (6),  we  find: 


.(7) 


In  the  1926  paper  it  was  shown*  that,  with  due  regard  to  the 
flattening  of  the  section,  the  longitudinal  strain  can  be  calculated 
from  the  formula; 


<1 


^  24A*/P+5H/ 


(8) 


The  transverse  strain,  in  cases  where  the  deflections  are  small, 
can  be  calculated  for  a  point  which  is  at  a  distance  t  from  the  middle 
surface  by  means  of  the  formula: 

•  \-.(},-^)  (9) 

where  r  and  r'  are  the  radii  of  curvature  of  the  transverse  section 
of  the  middle  surface  before  and  after  deformation  respectively. 
At  the  surface  of  the  pipe  z^dth.  The  term  inside  brackets  is 
the  change  in  curvature,  which,  asstuning  the  section  to  be  origi¬ 
nally  circular,  is  given  approximately  by  the  formula: 


where  Ar  is  the  radial  displacement.  Let  A/  be  the  tangential 
displacement,  then  the  vertical  displacement  is: 

<  Ay  — Ar  sin  tf-|-A/ cos  (11) 

and  assuming  the  middle  surface  to  be  inextensible  we  have; 

Ardfl-|-d(A/)-0  or  Ar--^-  (12) 

de 

Assuming  now,  as  in  the  1926  paper. 

Ay— —  fer*sin*®  (13) 

f  See  formulas  3  and  18  of  that  paper,  putting  y  ■■  r  sin  0. 


n+* 

rpiydzdB. 


Substituting  for  Pi  from  (7) : 


iJiuijU.. 
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we  find: 

from  which  in  conjunction  with  (12): 

Ar— ibr^cos  29.  (14) 

Substituting  in  (10)  we  find: 

JL-i. -3ibrcos29  (15) 

r*  r 

where,  as  given  by  equations  (15)  and  (18)  of  the  1926  paper: 

—  Ay  6r*  Adi^ 

”  r*sin*9  ' 

Substituting  in  (15)  above  and  then  in  (9)  we  find: 

18sr*co6  20  A# 


tt^Szkr  cos  29« 


2ih*R*+5r*  <hfi 


(16) 


The  angular  deflection  Ad\l//cbft  enters  both  in  Ci  and  Cj  and  is 
determined  as  in  the  1926  paper  by  eqxiating  the  integral  of  the 
moments  of  the  longitudinal  stresses  about  the  neutral  axis  to 
the  known  bending  moment: 


^  2hrpi(y+^y)d$. 

Substituting  from  (7)  above  and  from  (18)  in  the  1926  paper: 

Or^in*®  Adi^\  ^ 


24A*/?+5r<  dt/»/ 


Carrying  out  the  integration  and  bearing  in  mind  that  the  integral 
of  €j  vanishes,  we  obtain  by  proceeding  as  in  the  1926  paper  the 
same  expression  for  Adt^/d</»  with  the  exception  that  it  is  multi* 
plied  by  the  factor  (m*— l)/m*. 


d^lt  m*  El  \  4Sh*R*-hr* 
Substituting  in  (8)  and  (16),  we  find: 

m*-l  rKM/  . 

€i- - (  S" 

m»  El  \ 


•  (  sin  9— 


|_m»-l  KMR 
'  m*  El 

(17) 

6r^n*9  \ 

24h*I^4-5r*  ) 

(18) 
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mj— 1  KMR  182r*cos  2B 
Int  17  24fc*/?+5r*' 


(19) 


Substituting  in  (7)  from  (18)  and  (19)  we  find  for  the  outer  surface, 
where  the  principal  longitudinal  stress: 

KMrV  .  .  6r^in*fl  ,  lShr*Rcos2$  ~\ 

pi  -  sin  —  — — —  H -  (20) 

/  L  24h^R*-^br*  m{24h*R*-¥br*)J 


and  the  principal  transverse  stress: 


KMrTl  .  .  6r^n*fl  ,  18/tf*^  cos  2^  "1 

p,- -  —smff - - -  (21) 

I  Im  m(241»*i?*+5f<)  (24h*R*+5r*)  J 

The  stresses  pi  and  pt,  as  determined  from  these  formulas,  are 
hereafter  referred  to  as  the  "calculated  stresses."  It  will  be  noticed 
that  the  factor  m*—l 7m*  does  not  appear  in  these  expressions. 

The  stresses  can  be  calculated  for  every  point  of  a  transverse 
section  of  a  given  pipe  from  (20)  and  (21),  and  when  plotted  in 
curves  the  maximum  values  can  be  obtained,  but  we  can  also 
find  the  maximum  values  by  differentiation  of  Pi  and  pt  with 
respect  to  6,  equating  the  derivatives  to  zero.  For  instance,  dif¬ 
ferentiating  the  expression  for  Pi  with  respect  to  0  and  equating 
to  zero,  we  find  the  value  of  d  for  which  is  a  maximum  to  be 
given  by: 


sin  6 


2hR  ^  lU^R*  m^R*+5r* 
tnr*  ^  m*r*  18r^ 


(20a) 


This  gives  one  positive  and  one  negative  value  for  6  and  hence  a 
maximum  tensile  stress  and  a  maximum  compressive  stress  for 
each  side  of  the  section.  It  is  seen  that  the  maximum  compressive 
stress  occurs  at  a  greater  distance  from  the  neutral  axis  than  the 
maximum  tensile  stre^. 

At  the  middle  surface  pi—0  and  the  last  term  inside  brackets 
in  the  expression  for  pi  vanishes  since  j—O.  The  longitudinal 
stress  at  the  middle  surface  is  a  maximum  when 


.  ^  ISr* 

and  the  maximum  value  is: 


.2  KM  i2\h'R}-^br* 

- 


(20b) 

(21) 
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Also,  since  p, «  Eci  at  the  middle  surface,  we  have  here 
A#  _  KMR 
”  El  ' 


If  the  results  of  tests  are  available  in  which  Ci  and  <i  have  been 
determined  by  measurements,  we  can  also  find  the  stresses  directly 
from  (7).  We  denote  the  observed  strains  by  Coi  and  £o*  and  the 
stresses  calculated  from  them,  hereafter  referred  to  as  the  "ob¬ 
served  stresses"  by  poi  and  pn  and  have: 


(22) 


It  is  here  to  be  noted  that  when  the  bends  are  tested  in  a  machine 
and  also  generally  in  practice,  the  bending  moment  M  is  asso¬ 
ciated  with  compressive  end  forces  P  which  produce  compressive 
strains.  These  strains  are  included  in  Coi  and  «o»  but  not  in  «i 
and  e,  as  given  in  (18)  and  (19).  If  then  we  want  to  compare  the 
observed  and  the  calculated  stresses  we  must  make  corrections 
for  the  compressive  stress  pt  produced  by  P.  This  is  readily  done, 
especially  for  the  section  at  the  top  of  the  bend,  where  the  tan¬ 
gent  to  the  pipe  axis  is  parallel  with  P.  We  have  here: 

P 


The  transverse  stress  Pn  will  not  be  affected  by 

In  practice  the  pipe  is  generally  under  a  steam  pressure  p,  in 
which  case  a  tensile  hoop  or  transverse  stress  ccnnes  to  exist 
throughout  the  wall  of  the  pipe  and  this  stress  must  then  be 
applied  with  proper  sign  to  Pot  (that  is  removed  from  pot)  in 
order  to  effect  a  comparison  with  pt.  It  does  not  affect  the  longi¬ 
tudinal  stress  poi,  but  in  high-pressure  pipe  lines  it  may  appire- 
ciably  augment  the  transverse  stress. 

According  to  the  most  recent  theory  of  strength,  the  pxnnt  at 
which  plastic  flow  begins  in  an  isotropic  ductile  material  in  a 
combined  state  of  stress  is  given  by: 

;  pi*+pi'+pt'-pxpi-pipt-pipt~po*  (2:1) 
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which  for  plane  stress  becomes: 

^1*— Pipi+pi*“po*  (24) 

where  Po  is  the  stress  at  the  yield  point. 

We  shall  put  the  expression  on  the  left  side  of  this  equation 
equal  to  p/  and  call  p,  the  “equivalent  stress."  Actually  p, 
does  not  exist  as  a  stress,  being  simply  a  function  of  pi  and  Pt; 
but  so  long  as  is  smaller  than  po  the  material  is  still  in  the 
elastic  state,  when  it  exceeds  po  it  is  in  the  plastic  state.  In  a 
later  chapter  the  theory  of  strength  will  be  discussed  and  the 
derivation  of  these  equations  explained. 

C.  Tests  Made  at  die  Massachusetts  Institute  of  Technology 
in  1928 

These  experiments  were  made  in  the  Testing  Materials  Lab¬ 
oratory  of  the  Institute  and  fall  in  two  groups. 

Tests  made  in  the  early  part  of  1928.  Two  bends  of  seamless 
drawn  steel  pipe  were  tested,  one  of  9^-in.  and  one  of  14-in. 
nominal  diameter.  Both  were  placed  at  the  disposal  of  the  Insti¬ 
tute  for  this  purpose  by  the  manager  of  the  Boston  Navy  Yard, 
Capt.  C.  M.  Simmers  (CC),  U.  S.  N. 

The  large  size  of  the  pipes  as  compared  with  the  6-in.  pip>e 
bend  tested  in  1926  allowed  greater  accuracy  to  be  attained  in 
measuring  the  strains,  and  by  applying  a  new  method  for  obtain¬ 
ing  the  transverse  stresses  as  also  by  carrying  the  tests  to  destruc¬ 
tion  some  novel  and  interesting  results  were  obtained. 

The  form  of  the  pipe  axis  and  the  radius  of  curvature  in  the 
unstrained  state  were  accurately  determined  by  measurements 
made  with  steel  tape  of  the  distances  between  a  number  of  punch 
marks  on  the  pipes.  ' 

The  bends  were  set  up  in  the  300,000  lbs.  Emery  hydraulic 
testing  machine  in  the  Materials  Testing  Laboratory  of  the  Insti¬ 
tute,  the  pipes  being  suspended  from  overhead  cranes  so  that 
the  plane  of  the  bends  was  vertical.  The  pressures  were  trans¬ 
mitted  through  knife  edges  permitting  rotation  of  the  ends  of 
the  pipes  in  the  plane  of  the  bend,  and  in  order  to  facilitate  the 
fitting  and  adjustment  of  the  knife  edges,  the  ends  of  the  piF>es 


were  provided  with  flanges  formed  of  rectangular  steel  plates 
welded  to  the  pipes  in  a  plane  normal  to  the  axis  of  symmetry  of 
the  bend.  Vertical  face  plates  were  attached  to  the  heads  of  the 
pistons  of  the  testing  machine,  and  between  these  face  plates  and 
the  edges  of  the  rectangular  flanges  the  knife  edges  were  inserted. 
The  flat  side  of  the  knife  edges  rested  against  the  machined  edge 
of  the  flanges,  while  the  sharp  edge  fitted  into  a  horizontal  V-shaped 
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FIG.  S 

14-in.  pipe  set  up  in  the  machine 

groove,  H-in.  deep,  cut  into  the  face  plate.  The  rectangular  flanges 
were  in  the  same  plane  so  that  the  forces  P  exerted  at  each  end 
by  the  pistons  were  acting  along  the  line  of  intersection  between 
that  plane  and  the 'plane  of  the  bend.  The  arrangement  is  shown 
in  Fig.  3. 

Since  the  flanges  were  free  to  rotate  about  the  knife  edges, 
practically  no  terminal  couples  existed  and  the  bends  could  be 
regarded  as  “hinged”  at  both  ends.  The  bending  moment  at  any 
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point  of  the  pipe  axis  was  simply  Py  where  y  is  the  ordinate  of 
the  point  above  the  line  of  action  of  the  P-forces,  which  was 
taken  as  the  X-axLs. 


Tests  made  in  October  1928.  These  tests  were  made  with  the 
6-in.  Walworth  pipe  bend  previously  experimented  with  as  de¬ 
scribed  in  the  1926  paper.  At  that  time  the  bend  was  first  sub¬ 
jected  to  loads  up  to  2,000  lbs.,  but  as  this  load  produced  a  perma¬ 
nent  set  of  1.12  in.,  the  load  was  not  increased  beyond  1,500  lbs. 
in  the  following  tests  which  were  those  used  in  the  analysis  of 
1926.  The  object  of  testing  this  pipe  again  was  to  determine  more 
exactly  the  point  at  which  a  permanent  set  of  the  bend  occurred 
and  also  the  load  at  which  LOders’  lines  began  to  appear. 

/kS  4 

9iiHP/Pe  5cfiD. 

Outside  PiAneirk  9^6" 


I 


Description  of  the  Tests 

The  9j^in.  Pipe  Bend.  Fig.  4  shows  the  general  shape  of  the 
pipe.  The  length  measured  along  the  axis  was  110  in.,  the  diam¬ 
eter  to  the  middle  surface  was  9.305  in.  and  the  average  thickness 
calculated  on  the  basis  of  weight  was:  2k >-.255  in.  The  radius 
of  curvature  at  the  top  of  the  pipe  was  R  —  43.2  in.  so  that  the  ratio 


i 
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between  the  radius  of  the  bend  and  the  diameter  of  the  pipe  was 
about  4.6. 

Two  adjacent  sections,  A  A  and  BB,  near  the  top  of  the  bend, 
were  chosen  for  strain  measurements.  Section  A  A  was  divided 
into  sixteen  equal  parts  by  punch  marks. on  the  outside  of  the 
pipe.  At  each  mark  the  scale  was  knocked  off,  after  which  the 
surface  was  filed  smooth,  and  with  a  micrometer  caliper  the 
measurements  of  the  outside  diameter  were  obtained  between 
diametrically  opposite  points.  From  these  meastuements  the 
transverse  strains  were  derived  as  explained  below. 

On  section  BB,  about  2  in.  from  A  A  were  marked  off  32  equi¬ 
distant  points  at  each  of  which  two  holes  were  drilled,  spaced 
2  in.  apart  in  a  longitudinal  line.  These  holes  served  for  taking 
measurements  of  the  longitudinal  strains  with  Berry  strain  gages. 

A  third  section  CC  was  prepared  on  about  quarter  length  of 
the  pipe  from  one  end  and  on  this  were  measured  major  and  minor 
diameters  as  well  as  longitudinal  strains  at  the  ends  of  these 
diameters. 

An  initial  load  of  3,000  lbs.  was  applied  on  the  pipe  in  order 
to  eliminate  small  irregular  adjustments  at  the  face  plates  and 
knife  edges  and  this  condition  was  used  as  reference  point  for  all 
subsequent  measurements  and  for  the  calculation  of  strains  and 
deflections. 

The  load  was  progressively  increased  in  steps  of  1,000  lbs., 
returning  at  intervals  to  the  initial  condition.  Above  7,000  lbs. 
the  load  was  increased  very  slowly  and  cautiously  so  as  to  obtain 
a  fairly  accurate  determination  of  the  limit  of  proportionality. 
The  changes  in  the  length  of  the  base  A J  (Fig.  4),  which  were 
measured  with  a  steel  tape,  remained  proportional  to  the  incre¬ 
ment  of  the  applied  loads  up  to  a  load  of  10,500  lbs.  Above  that 
the  linear  relation  ceased  to  hold  and  scale  was  observed  to  begin 
to  crack  off  at  about  11,000  lbs. 

At  11,500  lbs.  well  defined  Luders’  lines  began  to  appear  on 
the  underside  of  the  pipe,  inclined  at  45  degrees  to  the  axis.  At 
11,800  lbs.  they  began  to  form  on  the  upper  side.  Pictures  of 
some  of  the  Luders’  lines  are  shown  on  Figs.  21  and  22. 

The  testing  machine  always  tended  to  maintain  a  certain  load 
or  pressure  to  which  it  was  set,  and  up  to  12, (XX)  lbs.  the  pipe  was 
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able  to  hold  the  load,  that  is,  the  length  A  J  remained  unaltered 
for  a  constant  load,  but  at  12,000  lbs.  a  definite  creeping  was 
observed  and  thereafter  the  pipe  began  to  yield  steadily  while 
the  load  fell  off.  The  length  A  J  decreased,  the  machine  always 
following  up,  attempting  to  exert  the  pressure  to  which  it  was 
set.  It  was  clear  that  the  pipe  had  commenced  to  collapse.  The 


i. 


no.  6 

pipe  in  the  machine  after  the  teat,  knife-edgea  removed 

t^t  was  stopped  wlien  the  load  had  dropped  to  8,000  lbs.  A  well- 
defined  fold  had  then  appeared  about  at  section  A  A  on  the  con¬ 
cave  side.  Fig,  5  shows  the  bend  in  the  machine  after  the  test 
when  the  knife  edges  had  been  removed. 

Later,  the  ends  of  the  pipe  were  forced  together  in  a  vertical 
testing  machine  as  far  as  was  practicable  in  order  to  ascertain 
where  actvial  fracture  would  occur,  but  although  the  pipe  was 
bent  back  upon  itself  until  the  angle  between  the  two  parts  was 
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about  30  degrees,  as  may  be  seen  from  Pig.  6,  there  was  no  sign 
of  fracture  anywhere. 


FIG.  6 

9^-iii.  pipe  bent  beck  upon  itself  after  the  test 


The  14-tn.  Pipe  Bend.  Fig.  7  shows  the  general  shape  of  the 
pipe.  At  the  top  of  the  bend  a  section  XX  was  marked  off,  32 
sets  of  holes  were  drilled  in  pairs  2  in.  apart  for  measurement  of 
longitudinal  strains  as  on  the  9H-in.  pipe,  and  12  equidistant 
spots  were  prepared  for  meastuing  the  outside  diameters  with 
micrometer  caliper.  Two  inches  from  section  XX,  holes  were 
drilled  to  enable  12  transverse  strain  measurements  to  be  taken 
with  Berry  strain  gages  around  the  pipe.  A  general  view  of  the 
pipe  in  the  machine  is  shown  in  a  photograph  on  Pig.  8  taken 
after  the  test  when  the  pressure  was  removed. 

The  radius  of  curvature  at  section  XX  was  /?»79.3  in.  tmd 
the  diameter  of  the  pipe  reckoned  to  the  middle  surface  was 
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13.47  in.,  so  that  the  ratio  between  the  radius  of  the  bend  and 
the  diameter  of  the  pipe  was  about  5.9.  The  average  thickness 
of  the  pipe  wall  was  2k  >  .379  in. 

An  initial  load  of  5,000  lbs.  was  used  as  a  basis  or  reference 
point  for  all  subsequent  measurements  and  calculations  of  strains 
and  deflections. 

The  load  was  at  once  increased  to  20,000  lbs.  gross  and  readings 
Fio.  7 

h4in  Pipe  Be/iD 

AveHAGc  OutsiDe  DiAMercn  i3.6S' 

Nort:  fUrcHCD  ppca  iNOOfrts  Piece  our  our  pop  rrcp/AO  and 
exAntfiATtoN  op  ludopj  uncs 


14 


I 

£•  19.S' 

\ 


taken.  Prom  this  point  on  the  load  was  increased  in  steps  of 
10,000  lbs. 

The  changes  in  the  base  length  AL  remained  approximately 
proportional  to  the  increments  of  load  up  to  and  including  50,000 
lbs.  gross.  Above  that  load  proportionality  ceased.  Scale  began 
to  crack  off  just  before  the  load  of  50,000  lbs.  was  reached.  At 
this  load  a  few  definite  Luders’  lines  were  observed  on  the  under 
side  of  the  pipe  running  at  45  degrees  to  the  principal  stresses. 


FURTHER  RESEARCH  ON  PIPE  BENDS  257 

The  load  was  then  increased  to  60,000  lbs.,  at  which  the  Luders’ 
lines  became  very  pronounced,  both  on  the  under  and  on  the 
upper  side  of  the  pipe.  These  lines  are  seen  very  clearly  on  Fig.  23, 
to  the  left  of  section  XX.  At  60,000  lbs.  scale  cracked  off  con¬ 
tinuously,  the  pipe  could  not  hold  the  load  and  the  length  AL 
decreased  steadily.  Creeping  of  the  end  continued,  a  fold  appeared 


no.  8 

14-m.  pipe  in  the  machine  after  the  teat,  knife  edges  removed 

at  the  middle  of  the  pipe  on  the  under  side,  the  pipe  clearly  began 
to  collapse  and  the  pressure  was  taken  off. 


The  6-m.  Walworth  Pipe  Bend.  As  stated  above,  this  bend 
had  been  tested  in  1926,  and  was  then  subjected  to  a  load  of 
2,000  lbs.,  at  which  it  showed  a  permanent  set.  The  subsequent 
tests  at  that  time  were  carried  out  under  loads  not  exceeding 
1,500  lbs.  It  was  now,  in  1928,  desired  to  study  more  closely  the 
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conditions  in  the  neighborhood  of  the  yield  point,  but  it  was 
found  that  the  load  could  be  increased  to  about  2,250  lbs.  before 
a  permanent  set  began  to  appear. 

The  general  form  and  dimensions  of  the  bend  are  given  in  Fig.  9 
and  are  described  in  more  detail  in  the  1926  paper.  It  shall  here 
merely  be  stated  that  it  was  lyre-shaped,  and  provided  with  caps 
at  the  ends.  In  each  cap  was  a  groove  placed  normal  to  the  plane 


Flo.  9 

The  /v^izucKTT/  FIhe  Bend 
Average  Outs/ee  Diameter  6.656  im. 


of  the  bend,  serving  to  hold  the  knife-edges  against  which  pressed 
the  pistons  of  the  testing  machine.  Observations  of  longitudinal 
strains  and  of  the  diameters  were  made  at  a  section  MM  neat 
the  top  of  the  bend,  where  32  pairs  of  holes  were  drilled  2  in. 
apart  and  4  spots  were  filed  smooth  in  order  to  serve  for  caliper 
measurements  of  the  diameters  in  the  plane  of  the  bend  and  normal 
to  the  bend. 

The  radius  of  curvature  at  section  MM  was  30.31  in.,  and 
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the  average  diameter  reckoned  to  the  middle  surface  was  6.39  in. 
so  that  the  ratio  between  the  radius  of  the  bend  and  the  diameter 
of  the  pipe  was  about  4.74.  The  average  thickness  of  the  pipe 
wall  was  .265  in. 

An  initial  load  of  300  lbs.  was  used  as  in  the  1926  experiments. 
The  load  was  at  once  increased  to  1,500  lbs.,  which  was  known  to 
be  within  the  elastic  limit,  and  readings  were  taken  of  the  longi¬ 
tudinal  strains,  the  two  principal  diameters  at  section  MM,  and 
of  AO,  the  distance  between  the  ends  of  the  pipe.  Measurements 
were  also  made  of  the  distances  from  A  and  0  to  the  top  point  of 
the  bend  H.  The  load  was  ^ain  reduced  to  300  lbs.  and  read¬ 
ings  taken.  Next  the  load  was  increased  to  1,500  lbs.  and  then 
successively  augmented  by  increments  of  100  lbs.  at  each  of 
which  points  AO  was  measured.  At  a  load  of  1,800  lbs.  a  complete 
set  of  measurements  was  again  taken.  The  reduction  in  AO  was 
from  3/16  in.  to  5/16  in.  per  100  lbs.  and  remained  constant  until 
the  load  reached  2,200  lbs.  Here  the  load  was  again  reduced  to 
300  lbs. ,  but  it  was  found  that  there  was  still  no  permanent  set.  Now 
it  wa«  attempted  to  raise  the  load  to  2,300  lbs.,  but  soon  a  marked 
shortening  AO  took  place  and  the  pressure  began  to  fall  off, 
the  pipe  being  unable  to  hold  the  load.  It  is  estimated  that  the 
bend  reached  its  ma^’Tium  power  of  resistance  and  failed  at  a 
load  of  about  2,250  lbs. 

When  AO  had  been  reduced  by  about  one  foot  and  the  pres¬ 
sure  in  the  machine  had  fallen  to  2,000  lbs.,  Luders’  lines  were 
observed  between  section  MM  and  I  from  the  angle  tf=0"  to 
*  +  70®.  At  the  same  time  the  pipe  began  to  flatten  visibly  near 
the  I  section,  evidently  due  to  a  local  weakness.  Otherwise  the 
pipe  preserved  its  form  and  no  sign  of  Luders’  lines  was  to  be 
detected  elsewhere.  At  this  point  the  pressure  was  taken  off. 


Measurement  of  the  Strains 

The  longitudinal  strain  measurements  were  made  with  Berry 
strain  gages  over  2-in.  span  as  explained  above,  and  were  reduced 
to  unit  strains  by  simply  dividing  the  ^elongation  or  contraction 
in  inches  by  two.  The  observed  strains  «oi  so  obtained  include 
the  compressive  strains  due  to  end  load. 
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The  transverse  strains  <oi  were  not  obtained  by  direct  measure¬ 
ment  as  in  case  of  the  longitudinal  strains.  Direct  measurements 
were  indeed  taken  on  the  14-in.  pipe  around  a  section  about 
2  in.  from  X  X,  but  due  to  the  strong  curvature  of  the  sections 
the  calculation  of  the  strains  from  the  gage  measurements 

Fio  to 

9i  m  FiPt  £eAiD 

OtsetreD  LonoinnnAL  and  TkAN3ve.ioc  e^,  and  ^ 

FnD  lOAD  SOOO  iD 


Oauem  ionarvm/AL  JhufN  OuiJ  Ocau  -  F  -o.  OOQj 
Ouum>  TkAHOveeae  Sixain  (torreo)  JcAit'-  /*  •  00004 


Non-  Ttm  .sfraiNj  arm  obfoined  fhifrt  fh»  dtfkmncD  behNmn  ii)m 
fDodnya  cf  ftm  sboinmdbrj  at  hods  cF  SOOO  M>  and  JOOO  tb.  7hm 
lon^iiudihol  afraiha  hdudm  tha  •ffiacf’  of  dm  coir^pnnaion 
1b  dm  and  hod  of  9000  /b. 

was  very  uncertain  and  laborious  as  explained  in  the  analysis 
of  the  1926  tests,  whence  the  results  were  used  as  a  check  only. 
It  was  found  simpler  and  more  accurate  to  calculate  the  trans¬ 
verse  strains  from  measurements  of  the  diameters  taken  with  a 
micrometer  caliper  on  the  sections  prepared  for  this  purpose.  In 
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this  way  a  complete  picture  of  the  form  of  those  sections  was 
obtained  before  and  after  the  load  was  applied.  The  method  gave 
very  consistent  results  and  since  it  has  not,  to  the  author’s  knowl¬ 
edge,  been  used  before  for  this  particular  purpose  we  shall  here 
describe  it  in  some  detail: 

r,o  // 

A# //If.  PtPK  ^/vi> 

OBaancD  tOftoiWDityki  Ana  Tiwteax  JrjeA/nj,  tot^na€ai 
£hd  Load  SQOOO  id. 
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OMXBtva  TkAnsvatx  6mktrt  (oanta)  3cAt£!~  /'•oooo4 

More:-  Tht  stroina  an  ottomaJ  fivm  /Mr  tAMmae*  bet*ntn  ft» 
nodrioa  of  ofromnmMrs  at  k)Of3  of  SQOOOJD.  and-SaooJb.  Tht 
hn^thtOmoL  jfroim  ryck/dm  fhm  efikef  of  fho  oonfonaaion  dkn  Ao  ftim 
end  toad  of  SCLOCXJ  Lb 

The  section  at  the  top  of  the  pipe  in  the  unstrained  condition 
was  slightly  oval  in  both  bends  with  major  axis  horizontal  (normal 
to  the  plane  of  bending).  It  could  without  sensible  error  be 
assumed  to  be  elliptic  and  on  this  assumption  the  radius  of  curva¬ 
ture  was  calctilated  from  the  formula: 

_  _,«.,rcos*tf  ,  sin*«“lJ 
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where  p  and  9  are  polar  coordinates  with  the  center  of  the  ellipse 
as  origin;  a  and  h  are  the  major  and  minor  axes  respectively. 
The  axes  as  well  as  the  radius  vector  p  were  obtained  from  the 
caliper  measurements.  The  axis  of  reference  was  so  placed  that 

rjo.  It 

<-/«  Pim  BeMD 

QgMJttrp  toNotnjetfiAL  Atto  TkANstooe  SmAma.  €0,  aw  tag 
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NofTf-  The  •strains  ant  Obtorted  than?  tte  ctf^nanoe  Bttuaan  the 
readings  of  the  siro/hmehea  of  hods  of  lOOO  lb  and  JCX>  lb.  The 
kmgttudfnoi  •Strains  rnc/ude  the  eflbct  of  the  compnssston  ddm  to 
the  end  load  of  1800  lb. 


when  ®=0,  p« 


'O  and  when  0*—,  p- 
2 


'6.  Referring  to  Fig.  2,  A  is 


the  end  of  the  major  axis  and  B  of  the  minor  axis. 

■^Tien  the  pipe  bend  was  compressed  as  in  the  tests,  the  ellipse 
flattened  somewhat  more,  the  axes  as  well  as  the  radii  vectores 
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changed  and  were  measured  with  the  caliper.  Applying  again 
formula  (25)  the  new  radius  of  curvature  r'  could  be  calculated 
for  every  points 

The  observed  transverse  strain  could  now  be  found  from  (9)’ 


no.  IS 
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The  limits  of  accuracy  of  the  caliper  measurements  were  esti¬ 
mated  at  ±.001  in.,  which  on  a  diameter  of  9)^  in.  or  14  in.  gives 
a  much  higher  accuracy  than  obtainable  with  direct  strain  meas¬ 
urements. 

In  order  to  obtain  a  complete  picture  of  the  strain  distribution, 
the  observed  longitudinal  and  transverse  strains  were  plotted  in 
curves.  Fig.  10  shows  the  curves  for  the  9^in.  pipe.  The  hori- 
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zontal  ordinates  give  the  strains  at  the  proper  height  above  the 
neutral  axis,  they  represent  the  differences  between  the  readings 
at  a  load  of  9,000  lbs.  and  those  at  the  initial  load  of  3,000  lbs., 
but  the  longitudinal  strains  include  the  compressive  strain  due  to 
the  end  locul  of  9,000  lbs.  Ordinates  to  the  right  indicate  tensile 


Fia.  14 

9^-ih.  3trto 

Calculatcd  VuMJtvfx  Snttsxs  Jtr  Ouru  ■X0tmcc.  (oarreiit 
Qtxjna  Jntasa  at  Oumt  JUmtcs.  ja^  frtMdj 

£nB  Load  MX?  la 


strains  for  the  right  side  of  the  section  and  compressive  strains 
for  the  left  side  and  vice  versa.  The  observed  spots  are  marked 
and  fair  curves  are  drawn  between  them,  disregarding  points 
which  are  obviously  in  error. 

Similar  curves  are  shown  in  Fig.  11  for  the  14-in.  pipe  under 
a  load  of  50,000  lbs.,  but  as  the  initial  load  was  here  5,000  lbs.. 
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the  strains  actually  correspond  to  a  load  of  45,000  lbs.  including, 
however,  the  compressive  stress  due  to  an  end  load  of  50,000  lbs. 

The  strains  in  the  6-in.  pipe  are  shown  in  Pig.  12.  The  load 
was  here  1,800  lbs.  and  the  initial  load  300  lbs.,  so  that  the  strains 
correspond  to  a  load  of  1,500  lbs.  The  compressive  stress  due  to 
the  end  load  is  insignificant  in  this  case. 

r,o  IS 

Caicol^o  io/»(yrvcn*u  CkAor 

CtictM  ATtB  at  Ck/nr  <Xit»ce.  pt 

£r»  HOOO  iM. 
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D.  Analysis  of  die  Tests 

JAf  Stresses 

The  anal}rsis  here  given  is  restricted  to  sections  at  or  near 
the  top  of  the  bends,  where  the  bending  moments  were  greatest 
and  where  an  overstrain  was  likely  to  occur  first.  In  the 
pipe  the  sections  specially  considered  were  A  A  and  BB,  Pig.  4; 
in  the  14-in.  pipe  XX,  Pig.  7;  and  in  the  6-in.  pipe  MM,  Pig.  9. 
The  measurements  taken  at  section  CC  on  the  9J^in.  pipe  were 
used  merely  as  a  check  on  those  at  the  top,  with  which  measure¬ 
ments  they  were  found  to  be  quite  consistent. 
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The  stresses  were  calculated  by  two  methods,  first  from  the 
purely  theoretical  formulas  (20)  and  (21)  and  second  from  the 
observed  strains,  applying  formulas  (22).  By  plotting  the  “cal¬ 
culated"  and  “observed"  stresses  so  obtained  in  the  same  dia- 

/ia. 

I4'in  bcrto 
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gram  for  each  case,  it  was  easy  by  a  comparison  to  study  the 
accuracy  of  the  theoretical  formulas. 

Figs.  13,  14  and  15  show  such  diagrams  for  the  9J^in.  pipe. 
Fig.  16,  17  and  18  for  the  14-in.  pipe  and  Fig.  19  and  20  for  the 
6-in.  pipe. 

Poisson’s  ratio  tn  was  reckoned  equal  to  10/3.  The  modulus 
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of  elasticity  E  was  detennined  by  coupon  tests  on  pieces  cut  from 
scraps  left  from  the  14-in.  pipe  after  it  was  cut  off  for  fitting  the 
rectangular  flange  plates.  It  was  found  that  £-32,000,000  lbs. 
per  sq.  in.  The  proportional  limit  of  the  material  in  simple  tension 
was  found  at  26,300  lbs.  per  sq.  in. 
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The  calculated  stresses  pi  and  Pt  were  determined  corresponding 
to  actual  or  gross  load  P.  In  case  of  the  longitudinal  stresses  it 
was  necessary  to  correct  for  the  compressive  stress  Pc  due  to  end 
load,  which  is  not  included  in  formula  (20),  but  which  enters  into 
the  observed  stresses  with  which  the  calculated  stresses  are  to  be 
compared.  Consider,  for  instance,  the  9)^in.  pipe  under  a  load  of 
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9,000  lbs.  Here  the  bending  moment  is  Af— 9,000X30.2— 271,800 
in.  lbs.,  which  is  used  in  (20),  but  to  the  value  of  Pi  so  obtained 
must  be  applied  the  direct  compressive  stress  Pc  —  — 1,200  lbs.  per 
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sq.  in.  produced  by  the  end  load  P—9,000  lbs.  The  resulting  stress 
is  plotted  on  Fig.  13  in  the  curves  denoted:  “pi  outer.” 

There  is  also  plotted  a  ctirve  for  the  calculated  longitudinal 
stress  at  the  middle  surface,  obtained  from  (20)  by  omitting  the 
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last  term  inside  brackets  and  then  applying  Pt.  This  curve  is 
denoted  “pi  middle.” 

The  calculated  transverse  stresses  at  the  outer  surface  for  the 
9J^in.  pipe  are  obtained  from  (21)  with  P— 9,000  lbs.  and  are 
plotted  in  Fig.  14,  but  no  correction  is  necessary  in  this  case,  as 
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the  transverse  stresses  are  independent  of  pt.  They  are  denoted 
by  p,. 

Fig.  15  shows  the  calculated  longitudinal  and  transverse  stresses 
for  the  9V^in.  pipe  under  an  end  load  of  ll,0p0  lbs.,  at  which  the 
elastic  limit  had  been  passed  and  a  small  permanent  set  of  the 
bend  was  observed. 
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For  the  14-in.  pipe  the  calculated  longitudinal  and  transverse 
stresses  were  obtained  in  the  same  way  and  are  shown  in  Pigs.  16 
and  17  respectively  for  a  load  of  50,000  lbs.  In  Pig.  18  are  shown 
the  calculated  transverse  stresses  for  the  same  pipe  at  a  load  of 
30,000  lbs. 


FURTHBR  RBSBARCH  ON  PIPB  BBNDS 


271 


The  observed  stresses,  Poi  and  Pn,  as  obtained  by  means  of  for¬ 
mulas  (^)  from  the  observed  strains,  were  not  acttial  or  total 
stresses,  since  the  strains  were  only  relative  to  a  certain  initial 
condition.  Now,  it  was  desired  in  particular  to  study  the  state  (rf 
stress  and  the  behavior  of  the  bends  in  the  condition  where  flow 
of  the  material  began  to  take  place,  and  it  was  therefore  neces¬ 
sary  to  determine  the  stresses  which  actually  existed  and  to  com¬ 
pare  them  with  the  calculated  stresses  and  the  deflections  of  the 
pipe.  Hence,  the  observed  stresses  as  obtained  from  formula  (22) 
were  augmented  to  correspond  to  the  actual  or  gross  load,  but  in 
so  doing  it  was  necessary  in  case  of  the  longitudinal  stresses  to 
make  allowance  for  the  fact  that  the  compressive  stress  pe  due 
to  end  load  was  not  to  be  augmented,  being  already  included  to 
its  full  amount  in  the  observed  strains.  In  case  of  the  transverse 
stresses  no  correction  for  pt  was  necessary. 

In  illustration  of  this  method  consider  again  the  9V^in.  pipe 
under  a  load  of  9,000  lbs.  The  observed  longitudinal  stresses  were 
first  obtained  by  means  of  (22)  from  the  strain  ciurves  on  Pig.  10, 
which  correspond  to  a  load  of  9,000—  3,000—  6,000  lbs.  Then  the 
compressive  stress  due  to  end  load,  that  is,  — 1,200  lbs.  per 
sq.  in.  was  removed,  whereupon  the  remainder  was  augmented 
by  50  per  cent  to  obtain  the  stress  at  9,000  lbs.  due  to  pure  bending. 
Finally  Pt  was  again  applied  in  order  to  get  the  actual  “observed” 
stress.  The  figures  so  obtained  are  plotted  in  Pig.  13  in  the  cxuves 
denoted  "pn"  The  observed  transverse  stresses  were  simply  aug¬ 
mented  for  the  increase  in  load  from  6,000  lbs.  to  9,000  lbs.  and  the 
resulting  curves  were  plotted  in  Fig.  14,  being  denoted  by  Pn- 

The  curves  for  the  observed  stresses  for  the  9V^in.  pipe  at  a 
load  of  11,000  lbs.  were  not  plotted  because  the  strains  were  here 
far  in  excess  of  the  elastic  limit. 

The  curves  for  Ihe  observed  stresses  in  case  of  the  14-in.  and 
6-in.  pipes  were  calculated  as  for  the  9H-in.  pipe  and  plotted  in 
Figs.  16  to  20. 

Discussion  of  the  Stress  Curves.  The  curves  for  the  observed 
longitudinal  stresses  show  in  all  pases  the  same  characteristics  as 
those  for  the  calculated  stresses,  conforming  to  the  theory  that 
takes  into  account  the  flattening  of  the  transverse  sections.  Only 
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a  very  small  tensile  stress  or  even  a  compressive  stress  is  found  at 
the  top  of  the  section,  where,  according  to  the  dd  theory  of  bend¬ 
ing,  the  tensile  stress  should  be  a  maximum.  Actually  the  observed 
maximum  tensile  stresses  on  the  outer  surface  are  found  at  25 
to  30  degrees  from  the  neutral  axis,  at  the  point  where  they  should 
be  according  to  the  new  theory  when  the  influence  of  the  trans¬ 
verse  strains  and  the  compression  due  to  end  load  are  taken  into 
account.  The  compressive  stresses  at  the  bottom  of  the  section, 
observed  as  well  as  calculated,  are  greater  than  the  tensile  stresses 
at  the  top,  yet,  generally,  they  have  their  maximum  at  some 
—45  to  —60  degrees  from  the  neutral  axis. 

The  curves  for  the  observed  transverse  stresses  show  the  same 
agreement  with  the  characteristics  of  those  for  the  calculated 
transverse  stresses  as  in  case  of  the  longitudinal  stresses. 

The  only  marked  discrepancy  between  the  curves  for  observed 
and  theoretical  stresses  is  found  at  loads  near  the  limit  of  pro¬ 
portionality  of  the  pipes,  where  the  observed  maximum  stresses, 
longitudinal  as  well  as  transverse,  are  considerably  greater  than  the 
calculated  stresses.  This  discrepancy,  which  did  not  occur  at 
more  moderate  loads  (see  Fig.  18),  cannot  be  accounted  for  by 
errors  in  the  observations,  for  on  the  whole  the  observed  results 
were  quite  consistent,  but  before  this  matter  is  further  discussed, 
attention  is  invited  to  Tables  1  and  2,  in  which  a  summary  is 
given  of  the  maximum  stresses  as  obtained  from  ^e  curves. 

An  inspection  of  Table  1  shows  that  in  the  9V^in.  pipe  at  a 
load  of  9,000  lbs.  and  the  6-in.  pipe  at  1,800  lbs.,  where  we  know 
that  the  deflection  of  both  pipes  was  well  within  the  limit  of  pro¬ 
portionality,  the  calculated  maximum  longitudinal  stresses  were 
also  much  below  26,300  lbs.  per  sq.  in.,  the  elastic  limit  of  the 
material.  Yet  the  observed  maximum  longitudinal  stresses  were 
far  in  excess  of  tliat  limit.  In  the  14-in.  pipe  ut  a  load  of  50,000 
lbs.  the  elastic  limit  was  closely  approached  by  the  calculated 
longitudinal  stress  on  the  side  of  compression  and  here  the  observed 
stress  in  compression  was  43,000  lbs.  per  sq.  in. 

For  the  9^m.  pipe  at  a  load  of  11,000  lbs.  the  calculated 
longitudinal  stress  exceeded  the  elastic  limit,  although  not  by 
more  than  about  2,000  lbs.  per  sq.  in.,  but  the  observed  stress, 
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determined  on  the  bapis  of  the  observed  strains,  was  of  the  order 
of  85,000  lbs.  per  sq.  in.,  both  in  tension  and  in  compression. 

From  Table  2  it  is  seen  that  the  calculated  transverse  stresses 
reach  very  high  values  long  before  the  pipe  as  a  whole  shows  a 
permanent  set.  In  fact,  in  the  O^^in.  pipe  the  calculated  trans¬ 
verse  stress  reaches  the  elastic  limit  at  a  load  of  about  7,000  lbs. ; 
in  the  14-in.  pipe  at  a  load  of  about  32,000  lbs. ;  and  in  the  6-in. 
pipe  at  a  load  of  1,300  lbs.  The  observed  stresses  at  loads  where 
the  pipe  is  near  the  elastic  limit  are  of  the  order  of  50,000  lbs. 
per  sq.  in. 

That  such  high  stresses  did  not  actually  exist  is  evident  from 
the  fact  that  the  stress  couple  calculated  from  them  is  far  in  excess 
of  the  actual  bending  moment.  The  excessive  stresses  simply 
indicate  that  the  limit  of  plasticity  had  been  passed.  In  the 
plastic  state  a  ductile  metal  like  iron  or  steel  behaves  essentially 
as  a  viscous  almost  incompressible  fluid,  and  at  first  remains 
nearly  at  the  elastic  limit.  When  it  is  drawn  out  it  hardens  and 
the  elastic  limit  is  raised,  but  in  the  present  case,  where  plasticity 
at  first  existed  in  limited  2sones,  surrounded  by  elastic  metal,  it 
appears  that  there  could  not  be  much  drawing  out  of  the  metal, 
although  the  strain  was  sufficient  to  indicate  much  higher  stresses 
than  actually  existed. 

As  stated  in  Chapter  B,  the  limit  of  plasticity  is  reached  when 
a  certain  function  of  the  principal  stresses  p„  here  called  the 
equivalent  stress,  attains  the  value  of  po,  the  elastic  limit  or  the 
yield  point  of  the  material  in  simple  tension.*  In  Figs.  13,  16  and 
19  are  shown  curves  representing  the  equivalent  stress  at  the 
outer  surface,  calculated  from  formula  (24).  When  these  curves 
fall  beyond  the  straight  vertical  lines,  which  on  the  diagrams 
represent  the  elastic  limit,  po“  26,300  lbs.  per  sq.  in.,  the  material 
should  be  in  the  plastic  state  and  in  that  case  the  stress  would 
probably  not  much  exceed  that  limit.  It  is  seen  that  in  all  three 
pipes  the  equivalent  stress  exceeds  the  elastic  limit  near  the 
neutral  axis  as  well  as  at  the  top  and  bottom  of  the  section  under 
conditions  where  the  calculated  longitudinal  stress  is  still  moder¬ 
ate  and  the  pipe  as  a  whole  does  not  yet  show  a  permanent  set. 

*  It  is  not  here  attempted  to  distinguish  between  the  elastic  limit  and  the 
yield  point. 
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The  maxima  of  the  equivalent  stress  are  found  in  the  same  regions 
as  the  maxima  of  the  transverse  stress.  The  curves  for  the  equiva¬ 
lent  stress  at  the  inner  surface  are  similar  to  those  for  the  outer 
surface,  but  the  maxima  on  the  sides  occur  at  about  9*4-15* 
and  are  more  pronounced. 

The  discrepancy  between  the  calculated  and  observed  stresses 
may  be  thus  explained,  at  least  partly.  The  plastic  state  was 
evidently  reached  first  on  the  inner  and  outer  surfaces  over  limited 
areas.  Gradually  as  the  load  increased,  these  areas  became  larger 
and  a  redistribution  of  the  stresses  took  place  whereby  greater 
strains  would  occur  in  adjacent  parts.  While  the  plastic  zones 
spread  over  greater  areas  of  the  surface,  they  would  probably 
also  penetrate  deeper  into  the  metal  towards  the  middle  surface 
until  finally  this  process  would  have  a  measurable  permanent 
effect  on  the  deflection  of  the  bend.  In  the  meantime  the  meastmed 
strains  would  indicate  much  higher  stresses  than  actually  existed 
at  certain  points,  while  the  calculated  longitudinal  stresses  were 
still  within  the  elastic  limit. 

Another  cause  of  the  discrepancy  may  be  found  in  irregularities 
in  the  pipe.  In  the  bending  process  the  material  is  exposed  to 
mechanical  and  heat  treatment,  which  in  spite  of  all  care  may  well 
produce  variations  in  the  wall  thickness,  especially  near  the  top 
of  the  bend. 

Deflection  and  Deformation  of  the  Pipes 

Horizontal  Deflection  of  the  Ends.  The  approach  of  the  two 
ends  of  the  pipe  to  each  other,  as  determined  by  direct  measure¬ 
ment  with  steel  tape  between  the  end  punch  marks,  was  com¬ 
pared  with  the  theoretical  value  calculated  from  formula  (15) 
of  the  first  1928  paper  for  a  pipe  bend  hinged  at  both  ends: 

(26) 

where  P  is  the  net  load,  i.e.,  the  actual  load  minus  the  initial  load. 

The  integration  extends  along  the  axis  from  A  to  /  in  the  9^^ 
in.  pipe,  from  A  to  L  in  the  14-in.  pipe,  and  from  A  to  0  in  the 
0-in.  pipe. 
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For  the  6-in.  pipe  are  entered  the  deflections  for  P—1,500  lbs. 
from  the  1926  tests  in  addition  to  those  from  1928.  So  long  as 
the  load  is  within  the  point  where  the  bend  b^;ins  to  show  a 
permanent  set,  the  measured  value  of  is  the  same  or  only 
slightly  greater  than  the  calculated  value,  but  as  soon  as  that 
limit  is  passed,  as  in  the  9H-in.  pipe  at  11,000  lbs.,  there  is  a  very 
marked  increase  in  the  deformation  of  the  section.  This,  as 
explained  below,  is  due  directly  to  plastic  flow  at  the  ends  of  the 
principal  axes  of  the  deformed  section. 


Tables  3  gives  measured  and  calculated  values  of  Ax  for  the 
three  pipes  corresponding  to  the  net  load. 

Especially  for  the  9^in.  and  6-in.  pipes  the  actual  deflections 
were  greater  than  the  calculated  already  before  the  pipe  as  a 
whole  showed  a  permanent  set,  a  fact  which  is  probably  connected 
with  the  discrepancy  in  observed  and  calculated  stresses  dis¬ 
cussed  above. 


Deformation  of  tiie  Transverse  Section.  The  flattening  of  the 
transverse  section  near  the  top  of  the  bend  was  determined  directly 
by  caliper  measurements  of  the  diameters,  and  one-half  of  the 
observed  reduction  in  vertical  diameter  was  compared  with  the 
theoretical  vertical  deflection  Aya  of  the  top  point  of  the  section 
(see  Fig.  2).  The  formula  used  in  the  calculation  of  Aya  is  devel¬ 
oped  in  the  1926  paper  and  is  given  as  (170  82  of  that  paper. 

^  KMR  120r‘ 

Avb— - - - (27) 

El  (480fe*f?*-|-101f«) 


The  results  are  given  in  the  following  table: 


TABLE  4 


Vertical  Deflection  of  the  Top  Point  B  of  die  Section,  Ayg 


Dia.  of  Pipe 

.  6-iH^ 

9yi-in. 

H~in. 

P,  Load  Lbe . 

1,500 

(1926) 

1,500 

1,800 

9,000 

11,000 

50,000 

Ayg ,  Calc.,  inches . 
Ayg,  Meas.,  inches. 

.024 

.025 

.030 

.061 

.075 

.095 

.024 

.025 

.031 

.074 

.120 

1 

.110 
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Liideii’  Linrs 

The  formation  of  Luders’  lines,  also  called  strain  lines,  on  the 
surface  of  the  pipes  has  been  already  referred  to  and  photographic 
pictures  of  them  are^ven  in  Figs.  21,  22,  23,  24  and  27. 

Fig.  21  shows  a  pattern  of  lines  near  sections  A  A  and  BB  at 
the  top  of  the  9V^in.  pipe  bend.  They  extend  in  the  upper  part 
of  the  pipe  circumferentially  from  about  ®—4-29®  to  ff«>+62“. 
Fig.  22  shows  lines  in  the  lower  part  of  the  9V^in.  pipe  in  the  same 
region,  extending  from  —22®  to  —4.5".  These  lines  became 
visible  by  the  cracking  of  the  mill  scale  which  covered  the  under¬ 
side  of  the  pipe.  The  letter  F  (Fig.  4),  which  is  seen  in  both 
photographs,  is  marking  a  spot  at  0"  on  what  is  here  referred 
to  as  the  front  side  of  the  pipe. 

Fig.  23  shows  the  lines  near  section  XX  at  the  top  of  the  14-in. 
pipe  bend  in  the  upper  part  of  the  pipe.  The  lines  extend  from 
6^  -|-45"  to  6’=  +67®.  Fig.  24  shows  the  lines  in  the  lower  part 
of  the  14-in.  pipe  in  the  same  region  extending  from  —  5®  to 

—45®,  made  visible  as  in  the  9V$-in.  pipe  by  cracking  of  the 
mill  scale.  Point  F,  which  is  at  fl«0®  on  the  level  of  the  axis,  is 
visible  in  both  pictures  and  the  marks  on  section  XX  are  seen 
in  Fig.  23  to  the  right. 

The  lines  here  referred  to  all  run  at  about  45®  to  the  axis  of 
the  pipe,  but  in  the  lower  part  of  the  pipe  on  Figs.  22  and  24, 
below  the  level  of  —45®  is  seen  a  confused  network  of  lines, 
which  extends  under  the  bottom  of  the  pipe,  in  some  places 
running  trans\’ersely,  in  others  longitudinally.  This  phenomenon, 
however,  is  local  and  exists  only  in  places  where  the  pipe  wall 
takes  a  bulge  upwards  towards  the  neutral  plane. 

The  patterns  of  lines  here  exhibited  near  the  top  of  the  bend 
on  the  front  side  of  l^th  pipes  is  found  in  the  same  sectors  on  the 
rear  side  and  is  repeated  at  intervals  elsewhere  except  near  the 
ends. 

Since  the  lines  run  at  45*  to  the  axis  and  therefore  at  45®  to 
the  principal  stresses,  they  are  in  the  plane  of  the  principal  shear 
stresses  which  at  any  point  act  in  two  planes  at  right  angles  to 
each  other  passing  through  the  radius  of  the  section.  According 
to  the  maximum  shear  theory,  failtue  should  occur  in  these  planes 
if  the  principal  stresses  pi  and  pt  are  of  opposite  sign  as  they  are 
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in  certain  sectors,  and  the  maximum  shear  stress  on  the  surface 
which  we  denote  by  qt  would  then  be  given  by; 

(28) 

where  p\  and  pt  are  the  principal  stresses  on  the  outer  surface 
as  given  by  (20)  and  (21).  In  that  case  we  might  expect  that 
the  strain  lines  would  appear  where  is  a  maximum. 

But  if  pi  and  pt  are  of  the  same  sign,  failure  should  occur  in 
planes  passing  through  the  direction  of  the  smaller  of  the  two 
stresses,  for  according  to  the  maximum  shear  theory  the  planes 
of  failure  must  always  pass  through  the  axis  of  the  middle  stress, 
of  which  failure  is  assumed  to  be  independent.  In  the  present 
case  the  radial  stress  pt  is  equal  to  zero  and  thus  the  smaller  of 
the  stresses  pi  and  pi,  if  they  are  of  the  same  sign,  becomes  the 
middle  stress.  If,  for  instance  pt>Pi,  as  occurs  at  the  bottom  of 
the  section  where  there  is  a  strong  compressive  transverse  stress 
and  a  relatively  small  compressive  longitudinal  stress,  the  latter 
is  the  middle  stress.  Hence  the  planes  of  failure  should  pass 
through  the  longitudinal  tangent  to  the  surface  and  be  inclined 
at  45®  to  the  tangent  plane,  and  the  maximtun  shear  stress  would 
be: 


Thus  the  strain  lines  might  be  expected  to  run  longitudinally  in 
that  case  as  they  actually  did  in  certain  places.  Perhaps  failure 
of  this  kind  may  explain  the  confused  network  of  lines  which 
appeared  on  the  underside  of  the  pipe  where  buckling  took  place 
and,  where  the  principal  stresses  may  have  acted  in  various  direc¬ 
tions  although  of  the  same  sign. 

As  explained  above,  the  most  regular  patterns  of  lines  ran  at 
45®  to  the  axis,  indicating  maximum  shear  stresses  qt  of  magni¬ 
tude  as  determined  by  (28)  and  causing  distortion  in  the  tangential 
plane.  It  is  of  .  interest  to  examine  whether  these  stresses  corre¬ 
late  with  the  strain  lines  and  for  this  purpose  qt  was  calculated 
for  the  and  for  the  14-in.  pipe,  the  values  of  pi  and  pt 

being  taken  from  Figs.  13,  14,  16  and  17.  The  shear  stresses  so 
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pipe,  Fig.  26,  only  at  —15“  where  qt  has  a  maximum,  18,600 
lbs.  per  sq.  in.,  while  the  lines  extend  from  —5“  to  —45*. 
The  shear  stress  has  an  extreme  at  the  top  of  the  section  but 
here  the  lines  are  quite  absent.  On  the  whole,  then,  there  seems 
to  be  no  satisfactory  correlation  between  the  shear  stresses  and 
the  Luders’  lines. 

The  two  other  principal  shear  stresses  q\  and  q\  are  equal  to 
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obtained  are  plotted  in  Pigs.  25  and  26,  where  also  the  location 
of  the  strain  lines  are  indicated  (by  hatching). 

It  is  seen  from  Fig.  25  that  no  correlation  whatever  exists 
between  the  lines  and  qt  for  the  9J^in.  pipe,  and  for  the  14J^in. 
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Pt/2  and  ^i/2  respectively.  The  former  reaches  calcttlated  values 
of  nearly  20,000  lbs.  per  sq.  in.  tending  to  produce  longitudinal 
strain  lines,  the  latter  tends  to  produce  transverse  strain  lines  but 
reaches  only  moderate  values.  None  of  these  stresses  need  to  be 
considered  in  connection  with  the  diagonally  placed  strain  lines 
and,  therefore,  are  not  plotted  on  Pigs.  25  and  26. 

An  attempt  to  correlate  the  strain  lines  with  the  equivalent 
stresses  did  not  meet  with  better  success,  for  as  seen  from  Pigs. 
13  and  16  the  equivalent  stresses  have  a  maximiun  a  little  below 
the  neutral  axis  and  extremes  at  top  and  bottom,  and  hence  show 
no  correspondence  whatever  with  the  strain  lines. 

So  far  we  have  dealt  with  stresses  on  the  surface  and  have  found 
no  correlation  between  them  and  the  strain  lines.  Consider  now 
the  middle  surface  where  only  a  longitudinal  stress  exists  since 
the  transverse  stress  is  zero,  and  where  the  maximum  shear  stress 
qi  is  equal  to  pi/2.  Since  the  curve  for  the  shear  stress  is  the  same 
as  that  for  the  longitudinal  stress  in  this  case,  although  to  a  dif¬ 
ferent  scale,  we  need  only  consider  the  longitudinal  stress,  and  if 
the  strain  lines  are  determined  by  the  shear  stress  in  the*  middle 
surface,  we  should  find  a  correlation  between  the  lines  and  the 
curves  for  longitudinal  stress  in  that  surface.  In  order  to  examine 
this  point  the  curve  for  the  calculated  longitudinal  stress  at  the 
middle  surface  is  reproduced  in  Pigs.  25  and  26,  and  for  compari¬ 
son  also  the  ctu^e  for  longitudinal  stress  at  the  outer  surface  is 
given. 

It  is  seen  from  Pig.  25  that  for  the  QJ^in.  pipe  the  correspond¬ 
ence  between  the  strain  lines  and  the  maxima  of  the  longitudinal 
stress  at  the  middle  surface  is  almost  perfect,  although  the  lines 
are  situated  a  little  higher  than  the  calculated  maximum  values 
of  the  stresses.  In  case  of  the  14V^in.  pipe  this  discrepancy  is 
a  little  more  emphasized,  the  lines  being  somewhat  higher  rela¬ 
tive  to  the  points  of  maximum  stress.  It  is  to  be  noted,  how¬ 
ever,  that  the  lines  did  not  develop  until  after  the  pipe  had  com¬ 
menced  to  yield,  and  that  the  photographic  pictures  of  the  lines 
were  taken  after  complete  breakdown  had  taken  place.  At  that 
time  notably  the  14-in.  pipe  was  excessively  flattened  along  the 
middle  portion  of  the  bend,  as  seen  in  Pig.  8,  and  the  stress  dis¬ 
tribution  was  not  at  all  as  assumed  in  the  calculation  for  the 
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stress  curves.  In  fact,  we  may  conclude  that,  due  to  the  strong 
bulge  inwards  (upwards)  of  the  underside  of  the  pipe,  allowing 
this  part  to  shirk  its  duty  in  resisting  the  bending  moment,  the 
neutral  axis  must  have  moved  upwards  and  acttially  the  longi* 
tudinal  stresses  may  well  have  had  their  maximtun  values  in 
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agreement  with  the  Luders’  lines.  If  the  Luders’  lines  depended 
essentially  on  the  longitudinal  stresses  in  the  middle  surface,  and 
not  merely  on  sxuiace  stresses,  we  should  expect  to  find  that  the 
lines  existed  not  only  at  the  surface  but  throughout  the  whole 
thickness,  including  the  middle  surface.  It  was  decided  to  investi¬ 
gate  this  point. ' 
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For  this  purpose  a  piece  of  approximately  24  in.  by  6  in.  was 
cut  with  an  oxy-acetylene  torch  from  the  14-in.  pipe  wall  in  the 
region  of  the  Luders’  lines  shown  in  Pig.  23  and  as  indicated  in 
Fig.  7.  The  specimen  so  obtained  was  planed  down  over  an  area 
of  about  12  in.  by  3^  in.  until  at  the  thinnest  point  the  thickness 
of  the  metal  was  approximately  40  per  cent  of  the  original  thick¬ 
ness.  In  order  to  facilitate  etching,  two  specimens  were  cut  frcwn 
the  original  piece,  each  of  them  approximately  6  in.  by  3  in.  To 
remove  the  burnished  surface  resulting  from  planing,  the  speci¬ 
mens  were  immersed  in  diluted  nitric  acid  for  about  three  minutes* 
and  thereupon  annealed  in  an  electric  oven  for  one  hour  at  240“  C. 
At  the  end  of  this  time  the  current  was  turned  off  and  the  speci¬ 
mens  remained  in  the  oven  over  night. 

The  specimens  were  then  ready  for  etching  in  order  to  detect 
the  strain  lines.'  The  process  used  was  that  originated  by  Dr.  A. 
Fry  of  Essen,  Germany.**  As  macrographic  examination  was  de¬ 
sired,  solution  No.  1  was  used.  The  bath  was  made  up  as  follows: 
240  c.c.  HCL  (concentrated) 

200  c.c.  water 

90  grams  crystallized  copper  chloride 
The  specimens  were  immersed  in  the  bath,  which  was  frequently 
stirred,  and  were  taken  out  at  regular  intervals  for  examination. 
Upon  removal  from  the ’bath  the  specimens  were  dried,  then 
washed  with  alcohol  and  again  dried.  After  about  two  hours  the 
strain  lines  began  to  appiear  faintly.  At  the  end  of  two  and  one- 
half  hours  the  bath  was  changed  and  the  specimens  were  then  left 
immersed  in  the  bath  overnight,  a  period  of  about  eighteen  hours. 
During  this  time  the  bath  was  neither  stirred  nor  changed,  and 
since  the  bath  contained  a  weaker  solution,  the  rate  of  etching 
after  the  first  two  or  three  hours  was  probably  very  slow.  The 
same  result  might  perhaps  have  been  attained  more  quickly  had 
the  bath  been  stirred  and  changed  at  frequent  intervals  during 
the  night.  In  the  morning  the  specimens  were  examined  and  the 
bath  changed,  after  which  the  specimens  were  allowed  to  remain 
in  the  bath  about  one  hour  longer  in  order  to  remove  a  few  spots 
of  copper  which  had  deposited  on  the  surface  overnight. 

*  Essentially  as  recommended  by  J.  Dudley  Jevons,  Joum.  of  Iron  &  Steel 
Inst..  Vol.  CXI,  pp.  191  et  sea. 

I®  Stahl  und  Eisen,  Vol.  XLI,  pp.  1093. 
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The  strain  lines  now  appeared  very  distinctly,  as  shown  on  Fig. 
27,  where  the  two  specimens  are  photographed  together.  The 
lines  show  as  dark  bands  which  appear  continuous  from  the  out¬ 
side  surface  on  down  across  the  middle  surface,  where  they  are 
somewhat  thinner. 


no.  S7 

Lfidm*  Lines  in  two  q>ecimen«  of  pipe-well  cut  from  the  14-in.  pipe  pinned 
down  to  40  per  cent  of  the  orifinel  thickness  and  etched 

It  is  clear  that  the  lines  are  not  merely  a  surface  phenomenon. 
It  seems  probable  that  they  are  primarily  associated  with  the 
longitudinal  stresses,  which  alone  persist  throughout  the  wall 
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by  the  algebraically  greatest  and  smallest  stresses,  say  P\  and  p^. 
The  criterion  of  strength  is  simply  the  value  of  the  maximtim  shear 
stress  given  above: 

(/>!-/»*)  (28) 

and  when  this  reaches  a  certain  constant  value,  whatever  may  be 
the  state  of  stress,  flow  will  occur.  This  value  can  be  readily  deter¬ 
mined  for  simple  one-axial  tension,  such  as  occurs  in  ordinary 
tensional  tests  where  pt  is  zero  and  —  P\/2. 

Denoting  by  po  the  value  of  pi  at  the  yield  point  in  simple 
tension,  we  have 


po 

2’ 


(29) 


Hence,  in  general,  substituting  in  (28)  we  find  the  condition  of 
failure  according  to  this  theory: 

pi—pt’^po.  (30) 

As  mentioned  in  Chapter  A,  A.  M.  Wahl  and  J.  R.  Finniecome 
propose  to  use  the  maximum  shear  theory  in  the  design  of  pipe 
bends,  and  also  the  author  of  this  paper  has  made  attempts  in  the 
same  direction;  but  recent  researches  have  shown  that  the  middle 
principal  stress  is  not  without  influence  on  strength.  In  fact,  in 
certain  states  of  stress  the  maximum  shear  theory  may  be  in  error 
by  as  much  as  15  per  cent.  Another  and  more  comprehensive 
theory  is  needed  to  account  for  all  the  facts. 

Such  a  theory  has  been  framed  by  Dr,  M.  T.  Huber  and  Dr. 

H.  Hencky,  leading  to  an  equation  for  the  condition  of  plasticity. 
Professor  Dr.  R.  v.  Mises  has  arrived  at  the  same  result  although 
along  a  different  line  of  reasoning.*^  As  advanced  by  Huber- 
Hencky  the  thec^  is  based  on  the  hypothesis  that  the  limit  at 
which  plastic  flow  begins,  depends  on  the  elastic  work  of  deforma¬ 
tion.  When  this  work  attains  a  certain  constant  value  at  a  given 
point,  regardless  of  the  distribution  of  stres.«es  by  which  it  is  pro¬ 
duced,  the  limit  of  plasticity  will  be  reached  at  that  point.  By 

**M.  T.  Huber, “Die  spezifische  Formanderungsarbeit  als  Mass  der  Anstreng- 
ung  eines  Materials."  t.«tnberg  1904.  See  also  PdppI,  “Drang  und  Zwang,” 

I,  page  50,  1920. 

R.  von  Mises.  “Gdttinger  Nachrichten,”  1913,  pages  582-592. 

H.  Hencky:  ^tschr.  f.  angew.  Math,  und  Mecn.,  Bd.  4,  Heft  4,  1924. 
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work  of  deformation  is  here  meant  the  potential  energy  stored  in 
the  material  by  pure  change  of  form,  exclusive  of  that  due  to 
change  of  vol  me.  This  theory  seems  very  plausible,  because  in 
it  both  stresses  and  strains  are  taken  into  account;  it  has  recently 
received  excellent  confirmation  by  tests  made  by  Professor  M. 
Ro5  and  A.  Ekhinger  in  Zurich  and  by  Dr.  W.  Lode  in  Gottingen.** 
The  work  of  pure  elastic  deformation  is  given  by  the  expression: 

/>«*+#>!*— piP*— pip*— piPi).  (31) 


If  this  is  to  be  constant,  the  term  inside  brackets  must  have  a  con¬ 
stant  value  which  can  be  found  by  equating  it  to  the  work  in 
simple  one-axial  tension: 


Denoting  again  by  po  the  known  value  of  p\  in  simple  tension  at 
the  yield  point,  and  equating  the  expressions  on  the  right  side  of 
the  equations  (31)  and  (32),  we  obtain  (23). 

In  bi-axial  stress  />i»0  and  (23)  becomes  as  given  above: 

(24) 

s 

This  does  ncdt  invalidate  the  theory  that  failure  takes  place  by 
sliding  or  shdbting;  we  have  evidence  of  this  in  the  Luders’  lines, 
but  according  to  the  new  theory  the  shear  stress  at  the  limit  of 
plasticity  may^  greater  than  Po/2  in  certain  states  of  stress.  In 
fact,  recent  experiments**  seem  to  show  that  in  pure  shear,  such 
as  may  occur  in  torsion  of  a  tube,  the  limiting  shear  stress  is 
equal  to  about  .60  of  the  stress  at  the  yield  point  in  simple  tension 
or  compression  of  ductile  steel.  Theoretically  the  limiting  value 
should  be  .577  po- 

The  theory  of  Huber-Henckey  is  used  in  the  present  analysis 
where,  as  stated  above,  the  square  root  of  the  expression  on  the 

“  M.  Ros  and  A.  Eichinger,  "Versuche  zur  Kl&rung  der  Bruchgefahr." 
Second  Intern.  Congress  f.  Tech.  Mech.,  Zurich,  1926. 

W.  Lode,  Forschungsarbeiten  a.  d.  Gebiete  des  Ingenieurwesens,  Hft.  303, 
1928. 

u  p.  B.  Seeley  and  W.  J.  Putnam,  Uni.  of  III.,  Eng.  Experiment  Station, 
Bull.  115,  1919. 
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left  side  of  (24)  is  denoted  by  p,  and  is  called  the  "equivalent 
stress.” 

It  will  be  noticed  that  where  the  principal  stresses  are  of  dif¬ 
ferent  sign,  Pt  will  always  be  greater  than  Pi,  the  greatest  of  the 
stresses.  This  occurs  in  pipe  bends,  where  the  transverse  stress 
Pt  on  any  polar  codrdinate  of  a  section  occurs  with  both  positive 
and  negative  sign,  being  always  of  opposite  sign  on  the  inner  and 
outer  surface.  Thus  the  plastic  limit  may  be  reached  long  before 
either  pi  or  pt  has  reached  the  yield  point. 

It  has  been  pointed  out  in  the  analysis  in  Chapter  D  that  so 
long  as  the  bends  were  not  strained  beyond  the  limit  of  propor¬ 
tionality,  the  calculated  maximum  longitudinal  stresses  at  the 
outer  surface,  although  generally  well  above  20,000  lbs.  per  sq.  in., 
did  not  exceed  the  elastic  limit,  while  the  calculated  transverse 
stresses,  as  also  the  equivalent  stresses  were  far  beyond  that  limit 
in  certain  regions.  In  fact,  it  appears  that  failure  did  not  occur 
until  the  longitudinal  stress  reached  the  elastic  limit  at  some  part 
of  the  pipe.  This  indicates,  as  suggested  by  the  study  of  Luders’ 
lines,  that  the  strength  of  pipe  bends  depends  essentially  on  the 
longitudinal  stresses,  a  view  which  is  supported  also  by  a  study 
of  the  peculiar  state  of  stress  which  exists  in  the  wall  of  such  pipes. 

As  seen  from  the  curves  for  equivalent  stress  in  Figs.  13,  16  and 
10,  the  most  highly  stressed  parts,  where  flow  of  the  material  is 
likely  to  begin,  are  found  in  the  outer  surface  in  four  bands,  at 
first  of  small  width  and  probably  of  very  small  depth.  One  of 
these  bands  is  located  on  each  side  of  the  section  near  the  level 
of  the  axis,  one  at  the  top  of  the  section  and  one  at  the  bottom. 
We  have  similarly  four  bands  of  high  equivalent  stresses  on  the 
inner  pipe  wall.  In  the  middle  surface,  where  the  transverse  stress 
is  zero,  the  longitudinal  stress  (srevails  alone,  but  as  we  go  radially 
outwards  or  inwards,  the  transverse  stresses  increase  to  maxima 
at  the  outer  and  inner  surfaces,  while  the  longitudinal  stress  varies 
relatively  little  and  is  in  fact  the  same  throughout  the  whole 
thickness  in  the  four  points  where  $  «  45**.  The  zones  of  plasticity, 
although  at  first  strictly  local,  exist  at  the  points  where  the  trans¬ 
verse  and  hence  the  equivalent  stresses  are  greatest,  and  will 
enhance  transverse  bending  and  flattening  of  the  section.  They 
will  not,  on  the  other  hand,  have  any  direct  influence  on  the  bend- 
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ing  of  the  pipe  as  a  whole,  which  is  resisted  only  by  the  longitudinal 
stresses,  and  these  stresses  are  relatively  small  in  the  zones  of 
plasticity.  It  may  thus  be  explained  that  the  elastic  limit  is 
passed  in  certain  places  although  the  calculated  longitudinal 
stresses  are  still  moderate  and  the  pipe  as  a  whole  does  not  show 
an  appreciable  permanent  deflection.  Gradually  as  the  bending 
moment  is  increased,  plasticity  will  ^read,  and  greater  stresses 
will  be  thrown  on  adjacent  material  until  an  elastic-plastic  equilib¬ 
rium  is  established.  When  now  the  load  is  taken  off,  the  potential 
energy  in  the  elastic  parts  of  the  pipe  will  be  released  and  tend  to 
bring  the  bend  back  to  its  original  shape,  but  the  metal  which 
has  suffered  plastic  flow  will  not  return  quite  to  its  original  state, 
the  restitution  will  not  be  complete  and  a  permanent  set  of  the 
bend  will  result.  When  the  load  is  re-applied  and  the  bending 
moment  still  further  increased,  plasticity  will  begin  to  spread 
again,  and  flattening  of  the  section  will  progress,  making  the  stress 
distribution  more  and  more  imfavorable,  until  finally  a  point  is 
reached  where  the  stress  couple  cannot  further  increase.  If  now 
the  load  persists,  as  it  does  in  the  testing  machine,  the  material 
will  continue  to  flow,  the  stress  couple  and  hence  the  load  falls 
off,  and  the  pipe  bend  breaks  down.  During  this  process  the  lower 
part  of  the  section,  becoming  more  and  more  flat  and  being  sub¬ 
ject  to  compression,  will  ultimately  yield  by  an  upward  buckling 
or  caving  in.  This  actually  happened,  especially  in  the  14-in. 
pipe,  and,  as  stated  above,  must  have  caused  the  neutral  axis  to 
move  upwards. 

It  appears  then  that  in  the  three  pipe  bends  here  under  con¬ 
sideration  the  strength  was  determined  chiefly  by  the  magnitude  and 
distribution  of  the  longitudinal  stresses,  in  particular  those  in  the 
middle  surface,  but  it  would  not  be  safe  to  conclude  without 
further  tests  that  such  will  always  be  the  case.  In  this  connection 
it  is  of  interest  to  place  the  tests  here  recorded  in  their  true  per¬ 
spective  by  tabulating  and  comparing  the  values  of  Karman’s 
coefficient  X  and  the  codficient  K  where 

—  and  K-  -  12X»-H0 

r»  “  4Sk‘R‘-\-r*  "  12X*-1-1 
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TABLE  6 


Diameter  of  Pipe  Bend 

X 

K 

6  in . 

.....  .785 

2.07 

9J4  in . 

. 509 

3.19 

14  in . 

. 662 

2.44 

It  is  seen  from  this  table  that  the  tests  deal  with  a  rather  limited 
range  of  dimensions,  although  they  fall  in  a  r^on  of  pipe  bends 
not  uncommonly  used  in  practice  wh^  steam  pressures  are  mod¬ 
erate.  Where  high  pressures  are  used,  the  wall  thickness  2h  is 
greater,  X  is  greater,  and  then  K  approaches  unity.  Tests  on 
such  pipes  would  be  of  great  interest. 

F.  Summary  and  Conclusions 

The  tests  here  recorded  and  analyzed  confirm  the  correctness 
of  the  formulas  for  deflections  and  stresses  in  pipe  bends  developed 
in  the  1926  paper,  in  which  account  is  taken  of  the  deformation 
by  flattening  of  the  section  of  a  curved  pipe  subject  to  bending. 

In  the  present  paper  more  complete  and  accurate  formulas  are 
given  for  calculation  of  the  stresses  than  those  proposed  in  the  1926 
paper,  where  the  longitudinal  and  transverse  stresses  were  con¬ 
sidered  to  be  independent  of  each  other.  Actually  longitudinal 
stresses  exist  in  the  pure  form  only  at  the  middle  surface  of  the 
pipe  wall.  At  the  outer  and  inner  surfaces  transverse  stresses 
exist  at  the  same  time  and  for  a  complete  solution  it  is  necessary 
to  take  into  account  the  interaction  of  both,  calculating  each  of 
them  from  the  longitudinal  and  transverse  strains  with  due  regard 
to  Poisson’s  ratio.  This  is  done  by  the  formulas  (7). 

The  main  purpose  of  the  tests  here  described  is  to  find  a  simple 
criterion  for  the  strength  of  pipe  bends,  or  rather  to  present 
experimental  material  and  analysis  which  will  be  of  assistance  in 
solving  this  problem. 

The  analysis  showed  that  long  before  a  permanent  set  occurred 
in  the  pipe  bends,  the  calculated  transverse  stresses  as  also  the 
equivalent  stresses,  calculated  by  the  Huber-Hencky  method, 
exceeded  the  yield  point  in  the  section  at  the  top  of  the  bends, 
both  on  the  sides  of  the  section  near  the  level  of  the  axis  and  at 
its  top  and  bottom.  Plastic  flow  must  have  taken  place  locally 
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in  these  places.  Also  the  calculated  principal  shear  stress  at  the 
outer  surface  exceeded  the  limit  at  which  sliding  should  take  place 
according  to  the  maximum  shear  theory,  before  the  pipe  took  a 
permanent  set.  It  is  clear  then  that  none  of  those  stresses  can  be 
used  as  a  criterion  of  strength  in  new  design. 

The  calculated  longitudinal  stresses  in  the  outer  surface,  on  the 
other  hand,  seemed  to  reach  the  elastic  limit  at  about  the  same 
time  that  a  measurable  permanent  set  began  to  appear,  while  the 
stresses  at  the  middle  surface  were  well  below  that  limit.  Now, 
the  longitudinal  stresses  exist  throughout  the  wall  thickness  of  the 
pipe  with  only  moderate  variation,  reaching  extremes  at  the  outer 
and  inner  surface.  They  constitute  the  stress  couple  which  directly 
resists  the  bending  moment  and  since  they  did  not  reach  the  yield 
point  before  the  pipe  as  a  whole  took  a  permanent  set,  it  seems 
logical  to  use  them  as  the  criterion  of  strength. 

The  observed  longitudinal  stresses,  as  derived  from  direct 
measurements  of  the  strains  were  indeed  much  greater  than  the 
calculated  stresses  as  soon  as  the  latter  approached  the  elastic 
limit,  but  the  picture  of  the  stress  distribution  so  obtained  cannot 
be  correct,  since  the  stress  couples  computed  from  the  “observed” 
curves  is  far  in  excess'  of  the  bending  moment.  At  the  places 
where  the  equivalent  stress  exceeds  the  yield  point  there  is  plas¬ 
ticity,  and  the  stresses  do  not  reach  the  values  corresponding  to 
the  strains.  The  flattening  of  the  section  increases  and  a  gradual 
redistribution  of  the  stresses  takes  place.  The  discrepancy  between 
observed  and  calculated  stresses  simply  indicates  a  local  flow  of 
the  material,  which  does  not  at  once  influence  the  behavior  of 
the  pipe. 

A  further  explanation  of  this  discrepancy  may  be  sought  in 
irregularities  in  the  thickness  of  the  pipe  wall  consequent  upon 
manufacture. 

A  study  was  made  of  the  lines  which  appeared  on  the  surface 
of  the  pipes  soon  after  a  permanent  set  had  occurred,  the  so-called 
strain  lines  or  Luders’  lines,  and  it  was  attempted  to  correlate 
them  with  the  various  stresses  as  shown  in  Pigs.  25  and  26.  No 
correlation  seemed  to  exist  either  in  case  of  the  transverse  stresses 
(maximum  stress  theory),  the  shear  stresses  (maximum  shear 
theory),  or  the  equivalent  stresses  (Huber-Hencky  theory).  Only 
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in  case  of  the  longitudinal  stresses  was  it  possible  to  establish  a 
correlation.  In  fact,  a  fair  correspondence  in  the  location  of  the 
L&ders’  lines  and  the  maxima  of  the  curves  for  longitudinal  stresses 
existed,  especially  for  those  at  the  middle  surface.  Xhe  maximum 
points  of  the  curves  fell  indeed  somewhat  lower  than  the  lines,  but 
this  discrepancy  may  perhaps  be  explained  by  the  fact  that  the 
lines  did  not  develop  fully  imtil  after  a  permanent  set  had  occurred, 
when  the  pipe  had  commenced  to  flatten  and  cave  in  on  the  under 
side.  When  this  happened,  the  neutral  axis  moved  upwards, 
whereby  the  regions  of  maximum  longitudinal  stresses  would  like¬ 
wise  move  upward  and  might  well  occur  in  the  same  locations  as 
the  strain  lines. 

Accepting  as  a  tentative  hypothesis  the  theory  that  the  longi¬ 
tudinal  stresses  and  in  particular  those  in  the  middle  surface, 
determine  the  point  of  breakdown  of  pipe  bends,  it  becomes  of 
interest  in  design  work  to  calculate  the  maximum  longitudinal 
stress  in  a  given  bend  subject  to  certain  assumed  deflections  or 
end  forces.  The  longitudinal  stress  at  the  outer  surface  can  be 
calculated  from  formula  (20)  for  any  assumed  principal  dimensions 
and  bending  moment,  and  its  maximum  values  can  be  found  by 
means  of  (20a).  The  stress  at  the  middle  surface  can  be  calculated 
from  (20)  simply  omitting  the  last  term  inside  brackets,  whereby 
we  obtain  the  same  expression  as  given  in  the  1926  paper: 


Pi- 


- 6r*5m^\ 

I  \  2WR^-\-br*  / 


(200 


Its  maximum  value  is  found  from  the  simple  formula: 

A,  -  .  ^  \2Ah'F*-\-br* 

‘  3  f/  M  18 


(21) 


already  given  in  Chapter  B. 

It  would  appear  from  the  tests  here  analyzed  that  so  long  as 
the  stress  determined  by  (21)  does  not  exceed  about  20,000  lbs. 
per  sq.  in.  there  will  be  no  permanent  set  in  the  pipe  bend.  Should 
a  rule  of  this  form  prove  applicable  also  to  bends  of  other  types 
and  dimensions,  it  would  afford  a  fairly  simple  criterion  for  the 
strength  of  pipe  bends.  The  calculation  could  be  facilitated  by 
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tables  and  diagrams.  But  before  such  generalization  can  be  safely 
made,  it  mtist  be  verified  by  further  experiments  and  by  an  exten¬ 
sive  study  of  the  behavior  of  pipe  lines  in  actual  service.  Tests 
on  high-pressure  steam  pipes,  when  X  is  greater  and  K  is  smaller 
than  in  the  tests  here  described,  would  be  of  particular  interest. 

Acknowledgment  is  due  to  Prof.  E.  F.  Miller,  head  of  the 
Department  of  Mechanical  Engineering,  for  permission  to  use  the 
Testing  Materials  Laboratory  of  the  Institute  and  to  Prof.  H.  W. 
Hayward  and  Prof.  I.  H.  Cowdry  of  the  same  department  for 
advice  and  assistance  in  carrying  out  the  tests. 

The  tests  of  the  early  part  of  1928  were  made  by  Lieuts.  H.  A. 
Schade,  E.  E.  Spnmg,  G.  A.  Holdemess  and  J.  J.  Herlihy  in 
preparation  for  their  thesis,  presented  June,  1928.  The  tests  of 
October,  1928,  were  made  by  Lieuts.  A.  M.  Morgan  and  R.  S. 
Hatcher  in  preparation  for  a  thesis  -which  is  intended  to  comprise 
further  tests  and  is  to  be  presented  in  Jime,  1929.  The  photo¬ 
graphs  here  reproduced  were  taken  in  connection  with  the  above 
mentioned  1928  thesis,  from  which  is  abstracted  also  the  descrip¬ 
tion  of  tests  with  the  9J^in.  and  14-in.  pipe  bends  as  well  as  the 
investigation  of  Luders’  lines  by  etching.  Finally  the  strain  dia¬ 
grams,  Figs.  10  and  11,  are  taken  from  that  thesis. 


ON  THE  METHODS  OF 
CLASSICAL  AND  QUANTUM  MECHANICS 

By  N.  H.  Prank 
Introduction 

There  is  a  widespread  feeling  among  physicists  (except  per¬ 
haps  those  directly  engaged  in  the  problems  of  atomic  physics) 
that  there  is  an  ever-widening  gap  between  the  methods  of  class¬ 
ical  and  quantmn  mechanics.  Many  of  these  scientists  lament 
the  fact  that  the  newer  developments  have  lost  the  chief  charm 
of  the  classical  method,  viz.,  the  simple  and  direct  appeal  to  naive 
intuition  by  its  “reasonable"*  concepts,  and  that  a  formalism  is 
creeping  into  the  foundations  of  the  newer  methods  which  was 
quite  lacking  in  the  classical  viewpoint.  It  is  the  purpose  of  this 
paper  to  show  that  the  philosophical  basis  of  qiiantum  mechanics 
rests  on  no  less  secure  or  arbitrary  foundation  -than  Newtonian 
mechanics. 

1.  Classical  Mechanics. 

Before  we  discuss  the  direct  comparison,  let  us  first,  by  way  of 
preparation,  glance  back  at  some  of  the  general  principles  of  the 
scientific  nffethod.  It  is  characteristic  of  all  scientific  method  to 
form  conceptual  models  of  external  things  in  nature,  and  to  use 
these  models  to  help  correlate  and  predict  experience.  The  only 
restriction  on  these  models  is,  that  if  they  have  a  one-to-one 
correspondence  with  nature,  then  the  logical  consequents  of  these 
models  must  thetpselves  have  a  one-to-one  correspondence  with 
the  subsequent  state  of  natiu^.  It  is  not  possible,  a  priori,  to 
ascertain  that  such  models  can  be  found,  and,  indeed,  we  believe 
that  such  correspondence  exists  only  because  of  the  past  success 
of  this  scientific  mode  of  procedure. 

Often,  when  talking  about  the  same  things,  we  employ  quite 
different  models.  As  a  simple  example,  consider  a  steel  projectile: 
for  purposes  of  determining  its  trajectory,  we  think  of  it  as  a 
material  point;  when  we  study  its  behavior  in  the  gtm,  we  con- 
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cetve  it  as  a  rigid  body  rotating  about  its  axis;  when  studying 
some  of  its  tensile  properties,  the  model  becomes  an  elastic  con¬ 
tinuum  and  when  investigating  others,  we  consider  it  a  space 
lattice  structure  of  molecules.  Each  of  these  models  is  of  use 
in  its  particular  range  of  application,  and  each  is  equally  “true.” 
Concepts  such  as  these,  we  shall  call  models  of  the  perceptual 
world. 

There  is  another  type  of  concept  which  is  introduced  in  science 
and  which  is  of  quite  a  different  nature  than  the  model.  These 
are  the  concepts  which  are  employed  to  help  us  deduce  the  rela¬ 
tions  between  models  and  predict  how  the  models  will  behave. 
In  physics,  such  concepts  as  force,  energy  and  entropy  fall  into 
this  category.  No  objective  reality,  in  the  sense  of  correspondence 
to  part  of  the  perceptual  world,  can  be  given  these  concepts.  In 
the  following  we  shall  speak  of  the  models  as  “A”  concepts,  and 
of  the  latter  type  as  “B”  concepts. 

Let  us  now  turn  to  Newtonian  mechanics,  and  examine  some 
of  those  "A”  and  “B”  concepts  which  are  usually  considered 
“reasonable.”  It  will  suffice,  for  the  present  purpose,  to  examine 
one  of  the  simplest  “A”  concepts  {i.e.,  working  model)  in  this 
field,  the  material  point.  For  the  time  being,  we  shall  accept  the 
concept  of  Euclidian,  three  dimensional  space  and  independent  time 
as  purely  intuitive.  The  term  matter  shall  refer  to  the  classifica¬ 
tion  of  certain  of  our  sense-impressions.  How  or  why  this  classi¬ 
fication  is  made  need  not  concern  us  here.  In  studying  the  motion 
of  a  material  point  it  is  treated  as  a  geometrical  point,  but  it  is 
necessary  to  give  some  criterion  as  to  when  this  concept  is  applica¬ 
ble  to  experience.  For  this  purpose,  we  define  a  material,  or  mass 
point  as  any  body  whose  dimensions  are  vanishingly  small  com¬ 
pared  to  all  the  measurements  necessary  to  specify  its  motion. 
By  the  position  of  a  mass  point,  we  can  only  mean  the  specifica¬ 
tion  of  the  position  of  one  of  the  geometrical  points  which  lies 
within  the  space  extension  of  the  material  p>oint.  There  will  obvi¬ 
ously  be  an  infinite  number  of  these.  Even  in  such  a  simple  con¬ 
cept  as  this,  we  find  a  basic  uncertainty  in  the  definition  of  an 
obser\’able  physical  quantity.  The  “exact”  laws  of  mechanics  are 
exact  only  because  we  express  these  laws  in  terms  of  mathematical 
concepts  (in  our  case,  geometrical  point),  and  when  interpreted 
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physically  do  not  allow  exact  significance.  In  thus  determining 
the  position  of  a  mass  point,  which  of  the  geometrical  points  shall 
we  use?  If  we  say,  as  we  must,  any  one  falling  within  the  finite 
volume  defined  by  the  mass  point,  it  follows  that  an  exact  ntunber 
(the  codrdinate  of  a  geometrical  point),  when  interpreted  physi¬ 
cally,  means  any  number  within  a  certain  limited  set. 

The  same  limitation  is  imposed  on  the  concepts  of  velocity  and 
acceleration.  The  differential  coefficients  used  to  define  these 
quantities  must  also  be  interpreted  as  any  number  in  a  limited 
set.  All  numbers  within  such  sets  are  physically  indistinguishable. 
How  do  we  know  that  such  a  model  and  such  concepts  will  work  in 
correlating  and  describing  experience?  We  do  not  know  until  we 
have  submitted  them  to  the  test  of  experiment;  only  then  have 
they  a  utility,  i.e.,  are  they  "so.”.  In  the  range  of  macroscopic, 
or  large  scale  phenomena,  the  limitations  of  precision  of  measure¬ 
ments  are  such  that  it  is  never  necessary  to  reduce  our  mass 
points  to  atomic  dimensions  to  have  them  satisfy  our  definition. 
Thus,  as  long  as  we  confine  ourselves  to  measurements  of  such 
an  order  of  magnitude  that,  within  the  utmost  precision  obtain¬ 
able,  we  can  choose  our  mass  points  with  dimensions  very  much 
greater  than  those  of  molecules  (and  still  be  mass  points  in  our 
sense),  Newtonian  mechanics  forms  a  model  which  has  been  remark¬ 
ably  successful  in  describing  and  correlating  a  tremendous  amount 
of  observable  phenomena. 

2.  Quantiun  Theory. 

When  it  became  possible  to  carry  out  experimental  investiga¬ 
tions  involving  determinations  of  lengths  of  the  order  of  magni¬ 
tude  of  atomic  dimensions,  it  was  very  natural  and  rational  to 
attempt  to  use  the  classical  model  in  describing  these  new  experi¬ 
ences.  Is  it  possib4e,  a  priori,  to  predict  the  success  of  such  proce¬ 
dure?  Again,  just  as  in  the  case  of  macroscopic  phenomena,  we 
do  not  know  until  we  have  tried.  Just  because  the  ideas  have  been 
useful  in  one  range  of  experience  is  no  gtiarantee,  nor  even  sufficient 
reason  to  suppose,  that  they  would  be  applicable  in  any  other 
range. 

UpKm  trial  it  is  found  that  we  cannot  predict  experience,  as 
we  have  mentioned,  with  this  time-honored  model.  Even  though 
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we  have  become  very  much  impressed  by  the  success  of  the 
classical  method  in  its  region  of  applicability,  we  should  feel  no 
hesitation  in  denying  its  validity  in  this  range  of  exp>erience.  Not 
to  do  so  is  an  indication  of  the  fact  that  the  assumptions  and 
appeal  to  experience  (upon  which  any  physical  science  mxist  be 
based)  have  been  mistaken  for  mystical  truths,  or  that  they  have 
never  been  clearly  realized. 

Granted,  then,  that  the  old  ideas  must  be  modified,  how?  In 
formulating  a  definite  answer,  let  us  examine  a  simple  example, 
to  see  how  the  attempt  to  carry  over  classical  mechanics  has  pro¬ 
ceeded.  In  the  investigation  of  atomic  phenomena,  physics  has 
labeled  one  type  of  experience  the  electron.  Proceeding  according 
to  classical  methods,  it  forms  a  model  of  the  electron  as  a  mass 
point,  with  all  the  attendant  restrictions  demanded  by  its  defini¬ 
tion.  An  important  difference  is  at  once  noticed  in  the  fact  that 
now  we  cannot  directly  determine  the  coordinates  or  momenta, 
but  must  get  at  them  indirectly.  The  attempts  to  use  this  notion, 
as  we  have  already  stated,  lead  to  definite  contradictions  of 
experience. 

As  is  well  known,  Planck  was  the  first  to  successfully  depart 
from  classical  models,  although  the  mode  of  departure  was  only 
implicitly  contained  in  his  assumptions.  He  pointed  out  that  it 
was  apparently  not  p>ossible  to  consider  the  electron  (or  more 
generally  the  molecule)  as  a  mass  point,  because  an  inherent  uncer¬ 
tainty  in  the  determination  of  the  coordinates  and  momenta  of 
the  molecules  always  was  present,  and  that  it  was  much  larger 
than  the  corresponding  dimensions  of  the  mass  point  model  which 
was  employed.  To  bring  out  this  idea  more  clearly,  let  us  con¬ 
sider  a  mass  point  of  one  degree  of  freedom.  We  say  that  the 
mechanical  state  of  this  system  is  determined  when  the  coordinate 
q  and  the  momentum  p  are  determined.  The  experimental  deter¬ 
mination  of  q  involves  an  uncertainty  Aq  and  the  determination  of 
p  involves  an  uncertainty  Ap.  If  Aq  is  greater  (but  of  the  same 
order  of  magnitude)  than  the  linear  dimensions  of  the  mass  point 
and  Ap  is  corresp>ondingly  large,  classical  mechanics  is  a  satis¬ 
factory  means  of  describing  this  system.  It  is  often  convenient  to 
represent  this  system  by  a  geometrical  point  in  a  plane  (phase 
^>ace  for  one  degree  of  freedom)  which  is  located  by  two  Cartesian 
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coordinates  p  and  q.  We  can  imagine  the  plane  divided  into  a 
network  of  rectangular  cells.  If  we  use  cells  of  area  AipAi^, 
where  Aip<Ap  and  Aiq<^  then  these  cells  form  a  physical 
continuum,  as  neighboring  cells  are  mutually  indistinguishable 
(physically,  of  course),  and  integration  leads  to  physically  inter¬ 
pretable  results. 

In  this  picture,  the  essence  of  Planck’s  assumption  is  as  fol¬ 
lows:  it  is  not  possible  to  utilize  cells  in  phase  space  (in  the  case 
of  one  degree  of  freedom)  which  are  smaller  than  a  quantity  h 
(AipAi9  =  /»).  This  means,  that  if  molecules  (or  electrons)  are  to 
be  considered  as  mass  points,  there  is  a  lower  limit  to  the  size 
we  can  choose;  and  when  we  restrict  ourselves  in  this  way,  our 
mass  point  is  not  small  enough  to  satisfy  oiu*  original  definition. 
Although  all  we  have  stated  is  implicitly  contained  in  Planck’s 
original  work,  a  quarter  of  a  century  elapsed  before  Heisenberg 
presented  the  assumptions  as  a  philosophical,  rather  than  a  heuris¬ 
tic  principle  in  physics:  the  uncertainty  principle.  Considering 
the  electron,  for  example,  as  a  mass  point,  this  principle  states 
that  it  is  impossible  by  any  conceivable  physical  experiment  to 
reduce  the  uncertainty  in  the  determination  of  the  coordinate  and 
the  momentum  below  the  point  where  the  product  of  these  uncer¬ 
tainties  is  of  the  order  of  magnitude  of  h. 

As  physics  progressed,  it  became  clear  that  Bohr’s  application 
of  the  quantum  rule  to  atom-models,  which  involved  the  postu¬ 
late  of  classical  stationary  states  and  non-classical  transitions 
between  these  states,  was  quite  insufficient  to  describe  more  than 
a  limited  range  of  atomic  experience,  in  which  range,  however,  it 
did  work  with  remarkable  success.  The  developments  of  modem 
quantum  mechanics  consist  in  the  main  of  trying  to  find  the  best 
way  in  which  to  supplant  the  classical  model  by  a  new  one  and  to 
set  up  such  a  model.  These  attempts  may  be  divided  into  two 
groups;  first,  the  matrix  mechanics  due  to  Heisenberg,  Bom  and 
their  associates,  and  developed  in  a  slightly  different  manner  by 
Dirac,  and  secondly,  the  wave  mechanics  of  de  Broglie  and 
Schrodinger. 

Let  us  first  consider  the  common  characteristics  of  both  these 
attempts.  Their  common  basis  consists  of  adhering  to  the  form 
of  the  differential  equations  of  classical  mechanics.  Just  what  is 
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retained  in  so  doing?  It  seems  that  the  correct  answer  to  this 
question  is  the  following;  there  is  retained  that  part  of  the  founda¬ 
tions  of  classical  mechanics  which  states  that  it  is  simplest  to 
consider  the  state  of  a  body  determined  by  the  positions  and 
velocities  of  neighboring  bodies.  In  other  words,  differential  equa¬ 
tions  of  the  second  order  are  still  to  be  used  in  describing  atomic 
phenomena. 

In  the  matrix  development,  the  underlying  idea  has  been  to 
retain  further  the  concept  of  mass  point,  but  to  discard  the  possi¬ 
bility  of  specifying  its  position  or  velocity  in  terms, of  the  real 
numbers  which  are  usually  interpreted  as  physical  hieasures  of 
these  quantities.  Heisenberg  has  tried  to  solve  the  differential 
equations,  not  with  real  numbers,  but  with  matrices  in  order  to 
get  physically  interpretable  results.  Dirac’s  efforts  have  led  to 
the  introduction  of  a  new  kind  of  number,  the  so-called  ^-number, 
which  is  equivalent  to  matrices  as  far  as  the  needs  of  the  new 
formulations  demand,  but  need  not  be  identified  with  them.  So, 
to  summarize,  matrix  mechanics  attempts  to  redefine  the  opera¬ 
tions  which  must  be  performed  on  the  differential  equations  of 
classical  mechanics  to  get  relations  which  could  be  successfully 
used  in  obtaining  physical  results. 

In  wave  mechanics,  no  attempt  is  made  to  reject  the  use  of 
real  numbers  in  solving  the  differential  equations,  or  to  reinter- 
p>ret  the  physical  meanings  which  are  usually  given  to  these  sym¬ 
bols.  The  departme  is  made  in  denying  the  applicability  of  the 
mass  p>oint  concept.  If  this  is  done,  what  shall  be  used  to  replace 
it  ?  It  has  been  found  that  it  is  satisfactory  to  replace  the  mass 
point  model  by  a  model  which,  because  it  appears  as  a  solution 
of  certain  classical  equations  known  as  wave  equations,  is  called 
a  wave  model.  The  properties  of  this  model,  other  than  its  wave 
properties  which  result  from  the  defining  equations,  are  as  yet  un¬ 
determined.  The  fact  that  it  has  been  shown  that  both  this  and  the 
matrix  attempt  are  mathematically  equivalent  must  not  be  con¬ 
fused  with  the  difference  in  attitude  and  philosophic  basis  of  the 
two  theories.  It  is  indeed  not  surprising  that  two  theories  which 
arrive  at  the  same  symbolic  relations  should  have  a  mathematical, 
but  not  necessarily  physical  equivalence. 

Thus,  we  see  that  the  efforts  of  physics  today  fall  in  line  with. 
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rather  than  depart  from,  the  mode  of  attack  which  has  always 
been  man’s  tool  in  trying  to  build  a  world-picture  of  his  experience. 

Summary 

Let  us  now  briefly  tabulate  the  main  points  of  the  discussion: 

1.  Classical  mechanics  is  based  on  certain  assumptions  and 
concepts  which  are  justifiable  only  in  the  light  of  experience. 

2.  These  assumptions  and  concepts  are  inadequate  to  describe 
experience  in  the  realm  of  atomic  phenomena. 

3.  To  form  a  new  model  in  this  region,  physics  is  attempting 
to  retain  as  many  of  these  older  assumptions  and  concepts  as  is 
possible. 

4.  These  attempts  fall  into  two  classes,  matrix  and  wave 
mechanics;  characterized  as  follows: 

(а)  Matrix  mechanics  discards  only  the  concepts  associated 
with  the  determination  of  physical  quantities  by  real  number  solu¬ 
tions  of  the  classical  equations. 

(б)  Wave  mechanics  discards  only  the  possibility  of  the  mass 
point  concept  as  a  useful  aid  in  correlating  and  predicting  certain 
atomic  experience. 


A  NEW  MACHINE  FOR  INTEGRATING 
A  FUNCTIONAL  PRODUCT 

By  King  B.  Gocld 


Introduction.  This  paper  is  intended  to  describe  a  new  machine, 
conceived  by  Dr.  Wiener,  which  performs  certain  integrations 
which  are  important  in  engineering,  and  to  outline  some  of  the 
solutions  of  mathematical  problems  which  these  integrations  make 
possible.  The  two  types  of  integrals  which  this  machine  may  be 
made  to  evaluate  and  which  are  of  principal  importance  are 

J which  is  the  essential  part  of  what  is  com¬ 


monly  known  in  electrical  engineering  as  Carson’s  Extension 
Formula,  and  /  /(X)  (nX)dX,  which  is  to  be  plotted  as  a  func- 

J  A  COS 

tion  of  n,  where  A  and  B  are  any  fixed  limits.  Where  /  converges 
with  sufficient  rapidity,  the  evaluation  of  the  latter  integral  per¬ 


mits  of  the  approximate  evaluation 


sin 


/(X)“  (nX)dX.  The  first 

COS 


ntegral  is  important  because  it  connects  the  indicial  admittance, 
or  current  which  will  flow  when  a  constant  uni-directional  voltage 
is  suddenly  applied  to  a  linear  circuit,  with  the  resultant  current 
which  will  flow  when  a  voltage  of  any  known  character  or  wave 
form  is  suddenly  applied  to  the  same  drcuit.  The  last  integral 
constitutes  an  exceedingly  powerful  tool;  it  woidd  make  possible, 
for  instance,  the  solution  of  any  linear  differential  equation  or 
partial  differential  equation  with  coefficients  which  are  not  func¬ 
tions  of  the  independent  variable.  Practically  the  only  restric¬ 
tions  to  be  placed  upon  the  functions  A  and  E  in  the  first  integral, 
and  upon  /  in  the  second,  is  that  they  may  be  plotted  upon  rec¬ 
tangular  cross-section  paper,  which  means  that  they  must  not 
have  too  many  discontinuities  nor  become  too  large.  The  device 
for  performing  these  integrations,  although  not  intended  for  highly 
acctirate  work,  should  eventually  have  an  accuracy  high  enough 
for  most  engineering  purposes. 
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Basic  Idea.  The  basic  idea  of  this  machine  is  illustrated  in 
Pig.  1.  Let  R-R  be  imagined  as  a  plane,  rectangular  surface  of 
height  h  and  length  2m,  from  which  there  is  some  sort  of  radiation, 
say  infra-red  rays  due  to  raising  the  temperature  of  the  surface 
R-R  above  that  of  the  surrounding  air  by  perhaps  100“  C.  Sup¬ 
pose  that  the  radiation  per  unit  area  is  constant  over  the  surface 
R-R.  Let  5'  be  a  screen  which  sets  very  close  to  R-R,  and  of 
the  same  size  as  R-R,  the  material  from  which  S'  is  made  being 
completely  opaque  to  the  radiation  from  R-R.  At  a  distance  / 
from  R-R  and  S',  S"  is  placed  as  shown,  parallel  to  R-R  and 
S',  and  symmetrical  with  respect  to  the  axis  A- A,  S"  being  of  the 
same  material  as  S',  and  of  height  h  and  length  m.  Let  T  be 
imagined  as  a  very  narrow  strip  lying  in  the  plane  B-B  and 
perpendicular  to  A-A,  of  width  2  (A'T)  and  length  Sh. 

Suppose  that  an  aperture  is  cut  from  screen  S',  with  a  height 


rial 


at  each  point  alopg  the  axis  C-C  given  by  /(x),  where  *  is  meas¬ 
ured  from  O.  An  aperture  is  likewise  cut  out  of  screen  S",  with  a 
height  at  each  point  a  distance  x  from  p  given  by  <f>i2x),  where 
X  is  measured  in  the  same  units  along  C-C  and  D-D.  Let  us  call 
the  height  of  the  aperture  in  S'  at  A-A,  K\  and  the  height  of  the 
aperture  in  S'  at  A-A,  A'", 

Consider  the  narrow  wedge  formed  by  passing  two  vertical 
planes,  P'  and  P"  (not  shown  in  Fig.  1)  through  T,  and  inter¬ 
secting  C-C  at  distances  Lx  from  A-A,  one  plane  on  one  side  of 
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A-A  and  the  second  plane  on  the  other  side  of  A-A  between 
R-R  and  T.  Let  the  intersections  of  these  planes  with  B-B  be 
a  distance  from  A-A,  where  £i*x  is  small  compared  with  lx, 
which  in  turn  is  small  compared  with  /. 

The  radiation  from  R-R  which  lies  between  the  two  hypo¬ 
thetical  planes  P'  and  P"  will  be  proportional  to  lx  and  to  K', 
as  the  radiation  from  R-R  has  been  assumed  uniform.  If  S"  is 
far  enough  from  S'  (that  is,  if  I  is  large  compared  with  h),  the 
distribution  of  intensity  of  radiation  falling  on  the  portion  of  S" 

between  the  planes  P'  and  P"  and  of  length  —  above  and  below 

A-A  will  be  uniform  and  proportional  to  lx  Rnd  to  K'.  Of  the 
energy  falling  on  this  portion  of  S"  of  width  lx  and  height  h,  a 
fractional  part  will  pass  through  S",  between  the  planes  P'  and 
P",  proportional  to  K".  As  T  has  a  length  3h,  its  midpoint  being 
at  A-A,  all  of  the  energy  which  passes  through  the  portion  of  S" 
between  P'  and  P"  will  fall  on  T.  Thus  the  energy  incident  upon 
T  from  the  strip  of  R-R  included  between  P'  and  P"  is  propor¬ 
tional  to  lx  and  to  the  product  of  K*  and  A'",  The  total  energy, 
then,  incident  upon  T  from  the  entire  surface  of  R-R  will  be  the 
sum  of  all  the  energies  coming  from  R-R  between  closely  spaced 
planes  such  as  P'  and  P'^  included  between  the  planes  F-F  and 
G-G,  or  the  total  energy  incident  upon  T  will  be  proportional  to 
the  integral  of  the  product  of  the  ordinates  of  /  and  <f>  between 
the  limits  O  and  2m  for  /,  and  O  and  m  for  <f>,  provided  m  is  small 
compared  with  /,  so  that  R-R  is  practically  the  same  distance 
from  T  for  the  wedge  cut  by  any  two  planes^  such  as  P'  and  P". 
If  W  represents  the  energy  incident  upon  T,  then 


Let  us  recall  the  assumptions  which  have  been  made  con¬ 
cerning  the  dimensions  of  the  machine.  They  are: 

1.  k  is  small  compared  with  1.  This  restriction  is  necessary  if 
the  distribution  of  the  intensity  of  radiation  incident  upon  the 
vertical  elements  of  S"  is  to  be  uniform ;  otherwise  the  energy  which 
passes  through  5"  between  P'  and  P"  is  not  proportional  to  the 
ordinate  at  S". 
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2.  m  is  small  compared  with  /.  This  restriction  is  necessary  if 
all  the  vertical  elements  of  R-R  are  to  produce  the  same  increase 
of  energy  incident  upon  T,  assuming  that  the  product  of  the 
ordinates  at  every  value  of  x  for  <f>,  and  2x  for  /,  are  constant.  . 

3.  The  width  of  T  is  small  compared  with  m.  This  is  neces¬ 
sary  if  the  correct  ordinates  of /  and  are  to  be  multiplied;  other¬ 
wise  the  multiplication  is  not  limited  to  ordinates  which  corre¬ 
spond  to  *  for  /  twice  the  values  of  *  for  <f>. 

If,  now,  5'  is  turned  through  an  angle  of  180°,  about  a  vertical 
axis  through  O,  (S'  extending  as  a  solid  sheet  for  all  negative 
values  of  x)  and  displaced  with  at  a  distance  t  from  the 
point  O,  then 


W  «e  j*j(t-x)i\t(2x)dx 

which  is  of  exactly  the  same  form  as  /  i4(X)£(l— X)dX;  all  that 

Jo 


is  necessary  is  to  plot  to  the  correct  scale  on  S". 

If,  instead  of  revolving  S',  it  is  simply  displaced  in  the  direction 
of  decreasing  values  of  x  by  a  distance  t.  S'  being  made  to  extend 
along  the  direction  of  increasing  values  of  x  and  J(x)  being  cut 
out  of  S'  for  values  of  *  greater  than  2m,  then  ^ 

*  n+2m  < 

/  J(x+t)i\>(2x)dx, 


or  the  limits  can  be  adjxisted  to  give 

W  oo  Jj(x+t)<f>(2x)dx. 

Although  this  is  not  one  of  the  integrals  for  which  the  machine 
was  principally  devised,  still,  it  is  included  in  those  which  the 
machine  will  evaluate. 

If,  with  S'  in  its  original  position,  S"  is  moved  along  A-A, 
always  remaining  perpendicular  to  A~A  and  with  the  point  P 
always  along  the  same  horizontal  line  lying  in  the  plane  G-G,  the 
scales  of  both  the  ordinates  and  the  abscissae  of  are  multiplied 
by  the  same  factor,  and 

n  j  f(x)^(2n£)dx 
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80  that  by  moving  S"  in  the  proper  manner  and  with  the  proper 
limits,  and  with  the  correct  scales  for  x  on  S",  the  energy  on  T 
may  be  made  to  indicate 


fB 

♦* J  Kx)^{tix)dx 


over  a  range  of  n  limited  in  its  maximum  value  by  how  far  S" 
can  be  moved  toward  S'  without  violating  the  restriction  that  h 
be  small  compared  with  the  distance  between  the  two  screens, 
and  in  its  minimtun  value  by  the  restriction  that  the  width  of 
T  be  small  compared  with  the  width  of  S"  between  the  planes 
G-G  and  F-F. 

The  expression  J  {nx)  dx  includes,  of  course, 

and  hence  this  latter  integral  can  be  evaluated  by  sliding  the 
screen  S".  However,  for  this  special  case,  it  is  sufficient  to  be 
able  to  evaluate  integrals  of  the  form 

Mx)Mx-\-t)dx 

as  a  function  of  t.  This  may  be  demonstrated  as  follows: 

J^ix)  sin  {nx)dx~  Jjix)  sin 


Let  X  ■«  e’'. 

Then  this  expression  becomes 

'‘loc  B 

f{e)  sin 

'loc  A 

Now  let 

sin 


/" 


and/(e-)(0-F(N). 


Then  this  becomes 


/ 


toe  B 

F(y)  i^(log  n-Fy)dy 

log  A 


L 
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which  is  of  the  form 


/ 


h{x)fi{x-\-t)dx. 


/•« 

A  similar  demonstration  applies  to J  ’  /(x)  cos  {nx)dx. 

Thus  the  Fourier  Transform  may  in  general  be  evaluated  approx¬ 
imately  by  any  device  which  will  give  j  fi{x)fi{x-\-t)dx,  provided 

that  /(*)  converges  to  zero  with  sufficient  rapidity.  Practically, 
however,  there  are  limitations  to  the  functions  which  may  be 
evaluated  in  this  way,  involving  the  behavior  of  sin  (O  ^<1 


Practical  Application  of  the  Basic  Idea.  As  far  as  the  physical 
dimensions  of  the  machine  were  concerned,  the  prime  reqtiisite 
was  that  the  screens  out  of  which  the  functions  are  cut  be  large 
enough  that  graphical  methods  be  of  reasonable  engineering 
accuracy;  the  middle  screen,  S",  being  the  smaller,  was  the 
limiting  factor  in  this  respect.  It  was  decided  that  S"  should  be 
12  by  12  inches,  thus  allowing  both  a  maximum  ordinate  and  a 
maximum  abscissa  of  12  inches.  This  fixed  the  length  of  S'  at 
24  inches,  giving  a  maximum  abscissa  of  this  length.  As  the 
accuracy  of  the  ordinates  should  be  the  same  on  each  screen,  the 
height  of  S'  was  made  12  inches. 

For  the  length  between  screens  and  between  S"  and  T,  8  feet  was 
chosen.  Thus  a  vertical  element  of  the  radiator  at  O  or  q,  and  a 
similar  element  at  A- A  are  weighted  in  the  ratio  (cos  (tan"‘  A)  ]*:  1 
or  0.996:1,  and  the  product  of  small  apertures  at  the  bottom  of 
S'  and  the  top  of  S",  and  small  apertures  at  the  same  height  are 
weighted  in  the  Atio  (cos  (tan"*  j))*:  1  or  0.985:1.  The  error  of 
this  latter  ratio  may  seem  large  at  first  sight,  but  it  must  be 
remembered  that  these  are  the  two  most  extreme  cases  and  that 
ordinarily  the  two  ordinates  will  be  mtiltiplied  with  far  greater 
accuracy. 

The  length  of  the  receiver  was  made  36  inches  to  allow  for  maxi¬ 
mum  ordinates  of  12  inches,  and  the  width  of  the  receiver  was  set 
at  i  inch.  With  this  width  receiver,  each  ordinate  of  S'  is  multi- 
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plied  by  approximately  the  average  ordinate  over  a  width  of  ^ 
inch  in  S",  which  with  ordinary  ftmctions  gives  very  nearly  the 
same  result  as  the  multiplication  of  the  two  functions  ordinate 
by  ordinate.  With  the  receiver  as  actually  built,  the  average 
ordinate  mentioned  above  becomes  a  weighted  average  with  heavi¬ 
est  weighting  at  the  axis  of  the  receiver,  which  decreases  any 
inaccuracy  due  to  the  finite  width  of  T. 

Infra-red  radiation  from  a  black  body  at  a  temperature  of  about 
300^  C.  was  used,  as  it  fulfilled  best  the  major  requirements  that 
the  radiation  be  capable  of  production  from  a  plane  surface,  with 
uniform  intensity  over  that  surface,  in  quantities  large  enough  to 
be  measurable,  that  it  be  unable  to  pass  through  material  suit¬ 
able  for  making  the  screens,  and  that  it  be  of  such  a  nature  that 
an  instrument  could  be  constructed  to  measure  the  total  radiation 
falling  on  a  long,  narrow  strip.  To  measure  the  total  radiation 
falling  on  the  |  by  36  inch  receiver,  256  thermocouples  of  approx¬ 
imately  the  same  sensitivity  were  placed  at  equal  intervals  along 
this  36-inch  length,  and  by  connecting  these  elements  in  series 
and  measuring  the  total  e.m.f.  by  means  of  a  sensitive  galvanom¬ 
eter,  the  average  value  of  the  radiation  falling  on  the  receiver 
per  unit  length  should  be  obtained  with  a  high  degree  of  accuracy. 

As  the  distance  between  R-R  and  S'  does  not  affect  the  accuracy 
of  the  machine  as  long  as  R~R  is  made  large  enough  so  that  a 
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no.  s 

Fig.  3  is  a  photograph  of  the  machine  as  it  was  constructed, 
giving  some  idea  of  its  size  and  general  appearance.  The  radiator 
is  shown  at  the  left  of  the  photograph,  against  the  concrete 


straight  line  from  any  point  on  S"  through  any  point  on  S'  inter¬ 
sects  R-R,  the  radiator  was  placed  a  few  inches  from  the  screen 
just  in  front  of  it. 

The  air  between  the  radiator  and  the  thermopile  mtist  neces¬ 
sarily  absorb  some  part  of  the  radiation,  but  as  long  as  the  per  cent 
absorption  remains  constant,  this  will  not  affect  the  acctiracy  of 
the  device. 

Because  the  thermopile  is  sensitive  to  radiation  from  surround¬ 
ing  objects,  it  must  be  shielded  from  them'.  To  accomplish  this, 
shields  and  baffles  at  constant  temperature  were  placed  as  shown 
in  Fig.  2,  so  that  at  no  point  on  T  is  there  received  any  radiation 
except  from  S'  or  S"  and  the  baffles  and  shields.  The  dotted  lines 
in  Fig.  2  illustrate  this  statement.  The  screen  S'  was  made  to 
slide  horizontally  along  its  length  and  eventually  S"  may  be  made 
to  move  along  the  length  of  the  machine. 
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coltimn.  The  screen  near  the  radiator  is  carried  on  a  frame  which 
slides  on  a  guide,  both  of  which  can  be  seen  projecting  from  the 
machine  near  the  radiator.  The  middle  screen  is  placed  in  a 
stationary  frame  which  is  inside  the  beaver-board  walls,  access 
to  this  screen  being  by  way  of  a  lid  at  the  middle  of  the  machine. 
The  thermopile,  in  its  case,  is  mounted  vertically  inside  the  ma¬ 
chine  at  the  extreme  right  end.  The  physical  difficulties  which 
had  to  be  overcome  and  the  methods  and  apparatus  employed 
are  to  be  described  in  another  paper. 

Results  Obtained.  The  results  obtained  may  be  summarized 
in  a  very  few  words,  as  follows:  a  device  has  been  constructed  which 
will  evaluate  practically  any  integral  of  the  type 

for  given  values  of  t,  provided  the  fimctions  A  and  E  remain  finite 
and  have  a  finite  number  of  discontinuities  between  o  and  t.  The 
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time  required  for  the  evaluation  at  any  one  value  of  t,  after  the 
functions  have  been  properly  set  up  in  the  machine,  is  less  than 
one  minute,  and  the  error  to  be  expected  in  the  result  is  generally 
less  than  two  per  cent  for  ordinary  functions.  The  time  required 
to  set  up  the  functions  in  the  machine  will  vary  widely  with  the 
functions  themselves,  but  a  fair  estimate  would  be  the  time  required 
to  plot  the  two  functions  on  rectangular  cross-section  paper,  plus 


fifteen  minutes  to  two  hours,  dep)ending  upon  the  type  of  functions. 
Most  of  this  time  is  consumed  in  cutting  the  functions  out  of  the 
thin  metal  screens  which  are  used. 

Figs.  4,  5  and  6  show  the  results  of  evaluating,  at  several  points, 
three  simple  integrals,  which  were  chosen  because  they  are  easily 
evaluated  formally,  thus  furnishing  a  check  of  the  accuracy  of  the 
machine,  while  as  far  as  testing  the  ability  of  the  machine  to  give 
the  integral  of  the  product  of  two  functions  is  concerned,  these 
simple  functions  served  as  well  as  more  complicated  ones.  In 
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Fig.  4,  J  Kdt  is  plotted  as  a  function  of  t,  K  being  a  constant. 

This  integral  was  evaluated  principally  as  a  test  of  the  uniformity 
of  temperature  along  the  length  of  the  radiator,  and  it  will  be 
seen  that  all  points  lie  quite  close  to  a  straight  line.  The  twenty- 
eight  readings  for  this  curve  required  about  thirty  minutes,  the 
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aperture  being  opened  to  some  value  of  t,  a  reading  taken  and  the 
aperture  closed,  so  that  the  zero  reading  might  be  checked  at 
each  point.  Figs.  5  and  6  show  the  results  of  the  measurement,  at 
fifteen  values  of  t,  of  integrals  of  the  types 

J*(a-b\)  [C-kit-\)d\  and 

respectively  a,  6,  c  and  k  being  constants  although  not  the  same 
in  the  two  cases.  It  will  be  noted  that  in  Figs.  5  and  6  the  curves 
obtained  by  means  of  the  machine  check  to  quite  fair  engineering 
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accuracy  with  the  calculated  curves,  shown  dotted  in  each  case. 

The  machine  was  calibrated  in  each  case  by  taking  a  reading  with 
the  aperttu^  open. 

Thus  there  seems  to  be  little  doubt  that  this  apparatus  has 
progressed  to  the  point  where  it  is  practically  applicable  to  the 
evaluation  of  integrals  of  the  type  commonly  known  in  electrical 
engineering  as  Carson’s  Extension  Formula.  Much  refinement 
towards  increased  stability  and  accuracy  seems  possible,  the  in¬ 
tention  being  eventually  to  make  the  machine  self-recording  and 
capable  of  plotting  a  result  instead  of  giving  only  a  series  of  points. 

The  machine  should  prove  a  practical  and  useful  tool  in  the  solu¬ 
tion  of  many  problems. 
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